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Abstract. Recent research has focused on using the power of look-aheadto
speed up the resolution of the Max-SAT problem. Indeed, look-ahead techniques
such as Unit Propagation (UP) allow to find conflicts and to quickly reach the
upper bound in a Branch-and-Bound algorithm, reducing the search-space of the
resolution. In previous works, the Max-SAT solversmaxsatz9 andmaxsatz14
use unit propagation to compute, at each node of the branch and bound search-
tree, disjoint inconsistent subsets of clauses in the current subformula to estimate
the minimum number of clauses that cannot be satisfied by any assignment ex-
tended from the current node. The same subsets may still be present in the sub-
trees, that is why we present in this paper a new method to memorize them and
then spare their recomputation time. Furthermore, we propose a heuristic so that
the memorized subsets of clauses induce an ordering among unit clauses to detect
more inconsistent subsets of clauses. We show that this new approach improves
maxsatz9 andmaxsatz14 and suggest that the approach can also be used to
improve other state-of-the-art Max-SAT solvers.
Keywords: Max-SAT, Unit Propagation, Inconsistent Subset.

1 Introduction

The Max-SAT (short for Maximum Satisfiability) problem is tofind an assignment of
logical values to the variables of a propositional formula expressed in terms of a con-
junction of clauses (i.e. disjunction of literals) that satisfies the maximum number of
clauses. This optimization problem is a generalization of the Satisfiability Decision
problem. During the last decade, the interest in studying Max-SAT has grown signif-
icantly. These works highlight Max-SAT implications in real problems, as diverse as
scheduling [1], routing [2], bioinformatics [3], . . . , motivating considerable progresses
concerning efficient Max-SAT solving based on the Branch-and-Bound (BnB) scheme.

The almost common characteristic of the successive progresses for the BnB scheme
is to propose new ways of computing the Lower Bound (LB). Given a Max-SAT in-
stanceΣ, the BnB algorithm implicitly enumerates the search-spaceof all possible as-
signments using a binary search-tree. At every node, BnB compares the Upper Bound
(UB), which is the minimum number of conflict clauses inΣ obtained so far for a com-
plete assignment, withLB which is an underestimation of the minimum number of
conflict clauses ofΣ by any complete assignment obtained by extending the partial as-
signment at the current node. IfLB ≥ UB, the algorithm prunes the subtree below the
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current node, since a better solution cannot be obtained from the current node. In previ-
ous works, the quality ofLB was improved of several manners. Thus, [4–6] define new
inference rules based on special cases of resolution that are able to outperform state-of-
the-art solvers [7, 8]. In addition, another way to improveLB is to make an intensive
use of unit propagation with look-ahead techniques at each node of the BnB algorithm
in order to find disjoint inconsistent clause-subsets (named ICS in the following) [9,
10]. These inconsistent cores of clauses allowLB to quickly equal or exceedUB and
to decrease the mean-size of the BnB search-tree. However, some characteristics as the
mean number of clauses belonging to these cores influence on the quality ofLB and
consequently on the efficiency of the BnB algorithm. Moreover, the detection of these
disjoint inconsistent clause-subsets is not incremental in [9, 10]. In other words, a num-
ber of inconsistent clause-subsets detected at a node are detected over and again in the
two subtrees of the node.

In this paper, we focus on the study of the characteristics ofthe inconsistent clause-
subsets and their influence on the lower bound quality. Afterpresenting some prelim-
inaries, we study structures and characteristics of inconsistent clause-subsets and pro-
pose a heuristic to estimate the usefulness of a given inconsistent subset of clauses in
LB calculus. We then describe our heuristic-based approach toimproveLB and to
make theLB calculus more incremental. This approach is applied to the Max-SAT
solversmaxsatz9 [10] andmaxsatz14 [4], and experimental results on random and
Max-Cut instances where some are from the 2007 Max-SAT evaluation1 show that our
approach significantly improvesmaxsatz9 andmaxsatz14.

2 Preliminaries

A CNF-formula (Conjunctive Normal Form formula)Σ is a conjunction of clauses
where each clause is a disjunction of literals. A literal is the (positively or negatively)
signed form of a boolean variable. Aninterpretation of Σ is an assignment over the
truth values space{True, False} to its variables. It is a partial interpretation if only a
subset of the variables ofΣ are assigned. A positive (resp. negative) literal is satisfied if
the corresponding variable has the valueTrue (resp.False). A clause is satisfied if at
least one of its literals is satisfied.Σ is satisfied according to an interpretation if all its
clauses are satisfied. The Max-SAT problem is to find an assignment which minimizes
the number of falsified clauses ofΣ. This optimization problem is a generalization of
the Satisfiability decision problem which is to determine whether a satisfying assign-
ment of all clauses ofΣ exists or not.

In this paper, each further reference offormula meansCNF-formula. Moreover, a
conjunction of clausesc1 ∧ c2 ∧ ... ∧ cm is simply represented by a set of clauses
{c1, c2, . . . , cm}. We denotek-cl a clause which contains exactlyk literals. The 1-cl
and 2-cl clause may be respectively namedunit andbinary clause. Ak-SAT formula
is a formula which exclusively consists of k-cl. An empty clause contains no literal;
it represents a conflict since it cannot be satisfied. When oneliteral l is assigned to
True, applying one-literal rule consists in satisfying all clauses containingl (i.e. re-
moving them from the formula) and removing all¬l from all remaining clauses. The
Unit Propagation (denotedUP ) is the iterative process which consists in applying one-

1 http://www.maxsat07.udl.es/



literal rule to each literal appearing in at least one unit clause. This process continues
until all unit clauses disappear fromΣ or an empty clause is derived.

We focus our work on complete Max-SAT solvers which are basedon a BnB al-
gorithm. This class of solvers actually provides the best performances on Max-SAT
solving2. GivenΣ, these solvers implicitly enumerate the whole search-space of the
formula by constructing a depth-first search-tree. At everynode, they use two impor-
tant values:UB, the minimum number of conflict clauses inΣ obtained so far for a
complete assignment, andLB, an underestimation of the minimum number of conflict
clauses ofΣ by any complete assignment extending the partial assignment at the current
node. IfLB < UB, the current partial assignment is extended by choosing a decision
variablex, which is successively set toTrue andFalse in order to split the current
sub-formula into two new simplified ones using the one-literal rule, the process being
recursively continued from each of the two new formulas. IfLB ≥ UB the solvers
prune the subtree under the current node, since all completeassignments extending the
current partial assignment are worse than the best one foundso far. The solution of a
BnB solver is the assignment with the minimumUB after enumerating all assignments.

As it allows to prune subtrees,LB is essential in efficient Max-SAT solving. In [11],
LB is defined as follows:

LB(ΣA) = #Empty(ΣA) +
∑

x∈ΣA

min(#Unit(x, ΣA), #Unit(¬x, ΣA)) (1)

where#S is the number of elements of the set S,ΣA is the current state of a formula
Σ according to a partial assignmentA, Empty(ΣA) is the set of empty clauses ofΣA,
andUnit(lit, ΣA) is the set of unit clauses containing the literallit. Many works have
extended this estimation. The equation 1 can be generalizedto:

LB(ΣA) = #Empty(ΣA) + #ICS(ΣA) (2)

whereICS(ΣA) is a set of disjoint inconsistent clause-subsets from the formulaΣA.
Subsets of the form{x,¬x}, x ∈ ΣA are included inICS(ΣA). Thanks to binary
clauses using the Directional Arc Consistency notion (DAC)defined in [12] for Max-
CSP, [13, 14] have improved theLB computation.

More recently, the equation 2 has led to new rules:

1. The Star rule ([15, 16]) consists in searching inconsistent cores of clauses of the
form {l1, ..., lk,¬l1 ∨ ... ∨ ¬lk}.

2. The UP-rule [9] detects inconsistent clause-subsets inΣA using unit propagation.
The detection can be described as follows. LetΣA1 be a copy ofΣA. Unit prop-
agation repeatedly applies one-literal rule to simplifyΣA1 until there is no more
unit clause or an empty clause is derived. If an empty clause is derived, letS be the
set of clauses used to derive the empty clause. ThenS is an inconsistent subset of
clauses, i.e., all clauses inS cannot simultaneously be satisfied by any assignment.
For example, let us consider the following set of clauses of aformulaΣ1:

Σ1 =







c1 : x1 c4 : ¬x2 ∨ ¬x4 c7 : ¬x4 ∨ x6

c2 : ¬x1 ∨ x2 c5 : ¬x1 ∨ ¬x3 ∨ x4

c3 : ¬x1 ∨ ¬x2 ∨ x3 c6 : ¬x1 ∨ x5







2 seehttp://www.iiia.csic.es/∼maxsat06/



Following the UP process,x1 has to beTrue, c2 andc6 become unit clauses, and
so on. Finally,c5 is empty and the setS = {c1, c2, c3, c4, c5} is an inconsistent
subset of clauses.
The detection of other disjoint inconsistent subformula continues, after excluding
the clauses ofS, until no more empty clause can be derived.LB is then the number
of empty clauses inΣA plus the total number of disjoint inconsistent subsets of
clauses detected.

3. The failed literals technique [10] (denotedUP ∗

FL) is an extension ofUP -rule. After
applyingUP -rule toΣA to detect disjoint subsets of clauses, it detects additional
disjoint inconsistent subsets of clauses by finding failed literals after excluding the
inconsistent subsets of clauses already found fromΣA. This detection can be illus-
trated as follows. If unit propagation inΣA∪{x} and unit propagation inΣA∪{¬x}
both lead to a conflict then clauses inΣA implying the two contradictions constitute
an inconsistent subset.

TheUP ∗

FL heuristic has been proved much more effective inmaxsatz9 [10] and
maxsatz14 [4] than previous state-of-the-art lower bounds. However,theLB calculus
based onUP ∗

FL in maxsatz9 andmaxsatz14 is not incremental (inmaxsatz14, an
incremental part of theLB is computed byinference rules ; we mention them in
section 5.2) . WhenLB is still less thanUB, the solver should extend the current par-
tial assignment i.e., the solver should branch. Before branching to a new node, all the
inconsistent clauses-subset are erased. The new node does not inherit neither the incon-
sistent clause-subsets detection of its parent, nor the information of these inconsistent
clause-subsets such as their size. TheUP ∗

FL function is entirely re-executed at the new
node.

The aim of our work is to enable a search-tree node to inherit some inconsistent
clause-subsets of its parent, which avoids the entire re-execution of theUP ∗

FL function
and could improve the quality ofLB.

3 Improving UP
∗

FL

The purpose ofUP ∗

FL is to detect as many inconsistent clause-subsets as possible in
a formula. Since an inconsistent subset of clauses has to be excluded before detecting
other inconsistent subsets of clauses,UP ∗

FL should detect small enough inconsistent
subsets of clauses, leaving more clauses in the formula to facilitate the detection of other
inconsistent subsets of clauses.UP ∗

FL uses a heuristic on the ordering of unit clauses
during unit propagation to detect small inconsistent clause-subsets, but when there are
several unit clauses in the formula, it selects one in an undetermined ordering to start an
unit propagation. However, we believe that the number of inconsistent subsets detected
by UP ∗

FL is strongly correlated to the ordering of initial unit clauses. Moreover, as we
noticed above,UP ∗

FL recomputes the whole inconsistent subset detection in every node
of a search-tree, which is time-consuming.

For example, letΣ2 be the following set of clauses

Σ2 =











c1 : x1 c5 : ¬x3 ∨ x5 c9 : ¬x6 ∨ x4 c13 : ¬x8 ∨ x9

c2 : ¬x1 ∨ x2 c6 : ¬x4 ∨ ¬x5 c10 : ¬x6 ∨ x5 c14 : ¬x8 ∨ x10

c3 : ¬x2 ∨ x3 c7 : ¬x9 ∨ ¬x10 c11 : ¬x3 ∨ x7

c4 : ¬x3 ∨ x4 c8 : x6 c12 : ¬x7 ∨ x8













1. unit clause ordering in UP ∗

FL detection.

• UP ∗

FL first callsUP-rule detection. Following the empiricalUP ∗

FL techniques
of themaxsatz solver,c1 is propagated first, then new unit clauses produced
during the unit propagation are stored in a queue and propagated in a first in
first out ordering. Thus, the UP-rule first assignsx1 = True through the clause
c1. The variablesx2 = True, x3 = True, x4 = True, x5 = True, andx7 =
True, throughc1, c2, c3, c4, c5, c11 respectively. We then get an empty clause
c6 and the inconsistent subset of clausesS is equal to{c1, c2, c3, c4, c5, c6}.
Only clauses{c7, c8, c9, c10, c11, c12, c13, c14} can participate in finding other
inconsistent clause-subsets. However, while propagatingc8, the UP-rule as-
signsx6 = True, x4 = True, x5 = True throughc8, c9, c10, respectively, no
more conflict is found.

• Consider now another ordering of the unit clauses inΣ2 that propagates firstc8.
The following assignments are then performed:x6 = True, x4 = True, and
x5 = True throughc8, c9, andc10, respectively. We encounter an empty clause
c6. The associated inconsistent subset of clauses isS′ = {c6, c8, c9, c10}.
The candidates clauses belonging to other inconsistent clause-subsets are then
{c1, c2, c3, c4, c5, c7, c11, c12, c13, c14}. We then propagatec1, x1 = True,
x2 = True, x3 = True, x4 = True, x5 = True, x7 = True, x8 = True,
x9 = True, andx10 = True throughc1, c2, c3, c4, c5, c11, c12, c13, andc14,
respectively. Asc7 is now empty, a second and disjoint inconsistent clause-
subsetS′′ = {c1, c2, c3, c7, c11, c12, c13, c14} is obtained.

2. Re-computation of inconsistent clause-subsets.
Let us consider now the same subformulaΣ2 and assuming that the next decision
variable chosen by the solver does not belong to{x1, x2, x3, x4, x5, x6, x7, x8, x9,
x10}. Σ2 is unchanged.UP ∗

FL probably finds the same conflicts, so the re-compu-
tation could be avoided if the inconsistent clause-subsetsof the parent node were
memorized.

Within a practical framework, we propose a method to solve totally or partially the
UP ∗

FL weaknesses mentioned above. The idea is to memorize the small inconsistent
subsets of clauses computed at a given node and maintain themfor all the corresponding
subtrees. This allows to avoid costly re-detection of inconsistent subsets and induce a
natural orderingUP ∗

FL detection. Indeed, storing (small) inconsistent subsets of clauses
is equivalent to grant a privilege to the variables which minimize the number of clauses
to detect a conflict. We could just store a sorted list of variables, which would give us
the same ”good” conflictual clause subsets at each node than if we had memorized these
sets: it draws a variable ordering. Thus, the goal of our approach is double:

• Inconsistent subsets of clauses stored at a node of the search-tree will not be re-
computed at the child-nodes. These subsets are directly added toLB. Once a small
inconsistent subset is found, the solver does not spend timeto detect it again.

• Since we will empirically determine ”interesting” inconsistent clause-subsets,
UP ∗

FL begins its computation in the child-nodes with the stored interesting sub-
sets. In addition to the advantage that these interesting inconsistent clause-subsets
are given without specific detection, they induce a natural ordering of unit clauses
for detecting small inconsistent subsets of clauses so as toimproveLB.



For example, letΣ3 be the following set of clauses

Σ3 =











c1 : x1 c5 : ¬x3 ∨ x5 c9 : ¬x6 ∨ x4 c13 : ¬x8 ∨ x9

c2 : ¬x1 ∨ x2 c6 : ¬x4 ∨ ¬x5 c10 : ¬x6 ∨ x5 c14 : ¬x8 ∨ x10

c3 : ¬x2 ∨ x3 ∨ x11 c7 : ¬x9 ∨ ¬x10 c11 : ¬x3 ∨ x7

c4 : ¬x3 ∨ x4 c8 : x6 c12 : ¬x7 ∨ x8











Propagatingc1, UP ∗

FL does not find any empty clause. Propagatingc8, UP ∗

FL finds
an inconsistent subsetS′ = {c6, c8, c9, c10} as forΣ2 in the previous example, which
we store. After branching next onx11 and assigningFalse to x11, Σ3 becomesΣ2.
Without the storage ofS′, UP ∗

FL propagatesc1 and finds an unique inconsistent clause-
subsetsS={c1, c2, c3, c4, c5, c6} as in the previous example, since after the clauses inS
are removed fromΣ2, no more conflict is found using unit propagation.

However, with the storage of the inconsistent subsetS′ = {c6, c8, c9, c10}, after
branching next onx11 and assigningFalse to x11, S′ is first counted inLB and its
clauses are excluded in the conflict detection.UP ∗

FL naturally detects the second in-
consistent subsetS′′ = {c1, c2, c3, c7, c11, c12, c13, c14}.

The above example shows that by memorizing small inconsistent subsets of clauses
and ”forget” large ones, we are able to detect more inconsistent subsets of clauses.

4 Clause sets storage

We have seen in the previous section that the storage of inconsistent subsets of clauses
and their reuse are helpful. We should now answer two questions: (i) should we memo-
rize all inconsistent subsets of clauses for child-nodes? (ii) if not, what are inconsistent
subsets of clauses that should be stored? For this purpose, we should analyze the impact
of branching on a variable.

Let us consider an inconsistent subsetSk = {ck1
, ck2

, ..., ckn
} found at a node of

the search-tree byUP ∗

FL. Note thatSk is a minimal inconsistent subset of clauses in
the sense that it becomes consistent if any clause is removedfrom it, meaning that any
literal in Sk should also have its negated literal inSk. Let x be the next branching
variable. We can distinguish three cases:

1. Variable x appears in clauses of Sk.
In this case, the literalsx and¬x belong toSk. Sk has no meaning anymore after
branching because it contains satisfied clauses, andSk remains inconsistent but
is not probably minimal anymore. We should then find the minimal inconsistent
subset ofSk and allow other clauses ofSk to be used in the detection of other
conflicts.
To illustrate this case, let us consider the following inconsistent clause subset:

Sk =

{

c1 : ¬x ∨ y c3 : ¬y ∨ ¬z c5 : ¬z ∨ t
c2 : ¬y ∨ z c4 : x ∨ z c6 : ¬z ∨ ¬t

}

On the one hand, whenx is set toTrue, the clausec4 is then satisfied. The subset
of clauses{y,¬y ∨ z,¬y ∨ ¬z} from c1, c2 andc3 is inconsistent. This allows
the set of clausesR = {¬z ∨ t,¬z ∨ ¬t} from c5 and c6 to take part of other
conflictual sets. On the other hand, whenx is set toFalse, the subset of clauses



{z,¬z∨ t,¬z ∨¬t} from c4, c5 andc6 is inconsistent andR = {¬y∨ z,¬y∨¬z}
from c2 andc3 can be used to detect other conflicts.

2. Variable x does not appear in clauses of the Sk, but some of the clauses shortened
by the assignment of x form a smaller inconsistent subset S′

k using some clauses of
Sk.
S′

k andSk are inconsistent but not disjoint. Only one ofS′

k andSk can contribute
to increaseLB. It would be more useful to keepS′

k instead ofSk.
For example, consider the inconsistent clause-subsetSk such as:

Sk =

{

c1 : ¬w ∨ y c3 : ¬y ∨ ¬z c5 : ¬z ∨ t
c2 : ¬y ∨ z c4 : w ∨ z c6 : ¬z ∨ ¬t

}

and the two clausesc7 : ¬x ∨ z ∨ t andc8 : ¬x ∨ z ∨ ¬t. After branching tox
andx=True, c7 andc8 are reduced toz ∨ t andz ∨¬t, respectively. Thus, one can
exhibitS′

k which consists of:

S′

k =

{

c5 : ¬z ∨ t c7 : z ∨ t
c6 : ¬z ∨ ¬t c8 : z ∨ ¬t

}

In order to maximize the possibility of finding other inconsistent clause-subsets,
a solver should forgetSk in order to detectS′

k, allowing clauses inSk \ S′

k to
participate in further conflict detection.

3. Variable x does not appear in clauses of Sk and there is no new smaller inconsistent
subset using clauses of Sk.
In this third case, it is generally useful to memorizeSk, since otherwiseUP ∗

FL
would probably re-detect it at the child-nodes. Memorizingit avoids this re-detec-
tion.

Given a formulaΣ, the first aim of our work is to induce a natural ordering for unit
clauses ofΣ so that as many inconsistent subsets of clauses as possible are detected.
The second aim is to avoid the repeated detections of the sameinconsistent subsets of
clauses at different nodes of a search-tree to make theLB computation more incremen-
tal. For these two aims, we should keep all inconsistent subsets of clauses in case 3 and
avoid keeping any inconsistent subset of clauses in case 1 and case 2 when branching.

Figure 1 shows the branch and bound algorithm for Max-SAT with storage of in-
consistent subsets of clauses. The first call to the functionis max-sat(Σ, #clauses, ∅).
Given a formulaΣ, the algorithm begins by removing all clauses in each inconsistent
subset stored inICSS (lines 4-6). Then it computes the setC of further inconsistent
subsets of clauses usingUP ∗

FL (line 7). If LB reachesUB the solver backtracks, other-
wise all removed clauses are reinserted (lines 13-15). The heuristicdecideStorage(S)
decides if the new inconsistent subset of clausesS should be stored (lines 17-19). This
heuristic is essentially based on the probability thatS is in case 2. Finally, in lines 21-
25, all inconsistent subsets containing the next branchingvariablex are removed from
ICSS before branching so that any inconsistent subset of clausesin case 1 is not stored
anymore.

Since all inconsistent subsets of clauses containing the next branching variablex
(case 1) are excluded, the heuristicdecideStorage(S) only decides ifS would probably
lead to the case 2. If the heuristic performs well, most inconsistent subsets of clauses
stored inICSS should be in case 3 and consequently an effective lower boundLB can
be obtained. So the heuristicdecideStorage(S) is essential in our approach.



max-sat(Σ, UB, ICSS)
Require: A CNF formulaΣ, an upper boundUB, and a set of inconsistent subsets of clauses

ICSS

Ensure: The minimal number of unsatisfied clauses ofΣ

1: if Σ = ∅ or Σ only contains empty clausesthen
2: return#Empty(Σ);
3: end if
4: for all inconsistent subsetS in ICSS do
5: remove clauses ofS from Σ

6: end for
7: C ← UP ∗

F L(Σ);
8: LB ← #Empty(Σ) + #ICSS + #C

9: if LB ≥ UB then
10: return∞;
11: end if
12: x← selectVariable(Σ)
13: for all inconsistent subsetS in ICSS do
14: reinsert clauses ofS into Σ

15: end for
16: for all inconsistent subsetS in C do
17: if decideStorage(S)=True then
18: ICSS ← ICSS ∪ {S}
19: end if
20: end for
21: for all inconsistent subsetS in ICSS do
22: if S containsx (case 1)then
23: removeS from ICSS

24: end if
25: end for
26: UB ← min(UB, max-sat(Σx̄, UB, ICSS))
27: returnmin(UB, max-sat(Σx, UB, ICSS))

Fig. 1. A branch and bound algorithm for Max-SAT with storage of inconsistent subsets of clauses

It is obviously not conceivable to build a function that could definitely decide if
a clause subset would never hide a smaller set since it would need to consider every
node of the subtrees rooted at the current node. So we rather use a heuristic to define
decideStorage(S).

We conjecture that the more clauses an inconsistent clause-subsetS contains, the
higher is the probability that some of its clauses are involved in a smaller new inconsis-
tent subset of clauses after branching. In other words, a larger inconsistent clause-subset
S has higher probability to be in case 2 and a smaller inconsistent clause-subsetS has
higher probability to be in case 3. This conjecture suggeststhat the size ofS is an effec-
tive characteristic to be used indecideStorage(S) to decide ifS is in case 3 and should
be stored. Our empirical results in the next section seem to confirm this conjecture.

5 Experimental results

As indicated in Algorithm 1, our approach can be implementedin all branch-and-bound
methods dedicated to complete Max-SAT solving of which theLB computation is
based on the detection of disjoint inconsistent subsets of clauses. We have chosen to



graft it into themaxsatz solver [10] which is the best performing Max-SAT solver in
the Max-SAT evaluation 20063. Nevertheless, in order to validate the strength of our
approach, we have tested it on the two last versions ofmaxsatz: version 9 with ”Failed
Literals” [10] (denotedmaxsatz9) and version 14 with ”Failed Literals” and ”Infer-
ence Rules” [4] (denotedmaxsatz14). These two solvers extended by our approach
are respectively namedmaxsatz9icss andmaxsatz14icss in the following, whereicss
denotes Inconsistent Clause Subset Storage. Moreover, we comparemaxsatz9icss and
maxsatz14icss with Toolbarv3 [17, 18] andMaxSolver [19], two other state-of-the-
art Max-SAT solvers. The experimentations have been done ona 2.6 GHz Bi-Opteron
with 2 GB of RAM under Linux OS (kernel 2.6).

5.1 Size of the inconsistent clause-subsets
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Fig. 2. mean computation time of themaxsatz14 solver with or without inconsistent subsets
storage for randomly generated 2-SAT formulae and 3-SAT formulae with 80 variables with the
ratio #clauses

#vars
from 10 to 80 (2-SAT) and from 7 to 17 (3-SAT). ThedecideStorage heuristic

chooses to store all inconsistent subsets (maxsatz14icss(yes)) or the inconsistent subsets of at
most five clauses (maxsatzicss(5)) with at most two unit clauses, respectively

We use a heuristic based on the size of an inconsistent subsetS of clauses to indi-
cate whetherS is in case 3 or not. We empirically determine thatS should probably be
in case 3 if it contains at most five clauses of which at most twounit clauses. Figure 2
shows the influence of the storage of inconsistent clause-subsets according to their size.
It compares the mean run-time of themaxsatz14 solver on sets of 2-SAT and 3-SAT
formulae with 80 variables when the#clauses

#vars ratio increases, where thedecideStorage

predicate in algorithm 1 chooses to store inconsistent subsets with at most five clauses
(maxsatz9/14icss(5)), of which at most two unit clauses, and with all inconsistent
subsets (maxsatz9/14icss(yes)), with at most two unit clauses, respectively. The rea-
son of limiting the number of unit clauses in a stored inconsistent subset is that an unit
clause is likelier to be involved in other inconsistent subsets detected by unit propaga-
tion, so that inconsistent subsets containing more than twounit clauses should not be
stored, since these unit clauses can be used to possibly detect more inconsistent sub-
sets after branching. We have developed amaxsatz9/14icss(yes) without limit on the
number of unit clauses which gives the worst results on each instance. Note that both

3 seehttp://www.iiia.csic.es/∼maxsat06/
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Fig. 3. mean computation time ofmaxsatz9 andmaxsatz9icss(5) on sets of randomly gener-
ated 2-SAT formulae of 80 and 100 variables according to the ratio #clauses
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from 10 to 60/30

maxsatz14icss(5) andmaxsatz14icss(yes) are based onmaxsatz14, the currently
fastest solver for Max-2-SAT and Max-3-SAT in our knowledge.

Considering the 2-SAT curve with high#clauses
#vars ratios in Figure 2(a), the mean

time is more than twice faster when thedecideStorage predicate chooses to store sub-
sets with a low number of clauses (seemaxsatz14icss(5) curve) than for an unlim-
ited storage (seemaxsatz14icss(yes) curve). Moreover, at this point of the curve, the
search-tree size ofmaxsatz14icss(yes) is almost three times bigger than the search-
tree size ofmaxsatz14icss(5) (see table 4). Note thatmaxsatz14icss(yes) is slower
thanmaxsatz14 in which no inconsistent subset is stored, butmaxsatz14icss(5) is
faster thanmaxsatz14.

For 3-SAT formulae, it is less easy to find an inconsistent subset of clauses, and
it is less probable that a clause in an inconsistent subset tobe involved in a smaller
subset of clauses. So we observe in Figure 2(b), that it is better to store all detected in-
consistent subsets of clauses andmaxsatz14icss(yes) is the best option. Nevertheless,
maxsatz14icss(5) is not far frommaxsatz14icss(yes) and is faster thanmaxsatz14.

We finally note in Figure 2 that when the#clauses
#vars ratio of the formula increases,

the gain with the inconsistent subsets storage becomes moresignificant in terms of
computation time.
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5.2 Comparative results
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Figure 3 and Figure 4 comparemaxsatz9icss(5), maxsatz9, andToolbarv3 on
Max-2-SAT and Max-3-SAT problems. It is clear that with the inconsistent clause-
subsets storage,maxsatz9icss(5) is significantly faster thanmaxsatz9. Using pow-
erful inference rules,Toolbarv3 is faster thanmaxsatz9icss(5) and maxsatz9 for
Max-2-SAT, but bothmaxsatz9icss(5) andmaxsatz9 are faster thanToolbarv3 for
Max-3-SAT.

Figure 5 and Figure 6 comparemaxsatz14, maxsatz14icss(5) andToolbarv3 on
Max-2-SAT and Max-3-SAT problems. Bothmaxsatz14, maxsatz14icss(5) are sub-
stantially faster thanToolbarv3 for Max-2-SAT and Max-3-SAT problems andmax-
satz14icss(5) is significantly faster thanmaxsatz14.

Table 2 and Table 1 show the average computation time improvement (in %) of
maxsatz9icss(5) andmaxsatz14icss(5) compared withmaxsatz9 andmaxsatz14,
respectively, for Max-2-SAT and Max-3-SAT problems. It is clear that the improvement
becomes more important when the#clauses

#vars increases.
Table 4 and Table 3 compare the size of search-trees ofmaxsatz9, maxsatz14,

maxsatz9icss(5), maxsatz14icss(5), andToolbarv3 for Max-2-SAT and Max-3-SAT



solver/ #clauses

#vars
7.14 8.57 10.00 11.43 12.85 14.28 15.71 17.15 18.56 20.00 21.43 22.85

60v/maxsatz9 11 14 18 22 25 29 32 37 40 43 46 49
70v/maxsatz9 11 15 18 20 24 27 30 34 38 42 46
80v/maxsatz9 12 15 18 20 24 25 29 33
60v/maxsatz14 5 5 9 9 13 16 18 21 24 25 27 29
70v/maxsatz14 3 5 6 9 12 15 17 20 22 24 26
80v/maxsatz14 3 5 7 8 11 14 16 19

Table 1. average computation time improvement (in %) provided by theicss(5) approach when it is grafted to the two best
versions of maxsatz on sets of randomly generated 3-SAT formulae which consists of 60, 70 and 80 variables and for ratio
#clauses

#vars
from 7.14 to 22.85

solver/ #clauses

#vars
10 12 15 17 20 30 40 50 60 70 80

60v/maxsatz9 34 39 54 59 65 76 80 81 84 82 83
70v/maxsatz9 36 50 55 57 69 83 86 88 88 87
80v/maxsatz9 42 52 57 64 72 84 89 89 90
100v/maxsatz9 47 50 68 72 83
60v/maxsatz14 2 1 5 3 7 5 6 7 7 6 8
70v/maxsatz14 −6 2 9 8 6 10 9 9 9 10
80v/maxsatz14 13 8 10 7 12 13 11 10 11
100v/maxsatz14 0 11 16 19 17 18

Table 2. average computation time improvement (in %) provided by theicss(5) approach when it is grafted to the two
best versions of maxsatz on sets of randomly generated 2-SATformulae which consists of 60 to 100 variables and for ratio
#clauses

#vars
from 10 to 80

problems. The inconsistent clause subsets storage allowsmaxsatz9icss(5) andmax-
satz14icss(5) to compute better lower bounds and to have smaller search-trees.

Algorithms/ #clauses

#vars
8.57 10.00 12.85 14.28 17.15 20.00 21.43 22.85

60v/maxsatz9 1.21 3.22 14.61 27.44 59.65 130.18 180.79 262.86
60v/maxsatz9icss(5) 1.18 3.13 14.13 26.12 53.80 109.98 148.24 209.32

60v/Toolbarv3 115.06 258.54 878.23 1, 279.87 2, 465.58 4, 034.10 4, 065.77 4, 439.90
60v/maxsatz14 1.20 2.54 9.88 17.32 33.03 64.01 84.47 114.44

60v/maxsatz14icss(5) 1.19 2.52 9.83 17.19 32.70 63.27 82.96 112.02
70v/maxsatz9 4.93 19.61 94.64 166.50 471.22 1, 397.55 2, 188.83

70V/maxsatz9icss(5) 4.75 19.01 92.35 161.23 436.11 1, 199.83 1, 796.31
70v/Toolbarv3 987.95 2, 615.78 4, 228.95 5, 229.80 3, 941.12 3, 941.12 3, 941.12
70v/maxsatz14 4.80 14.84 63.75 104.27 268.73 694.23 1, 012.11

70v/maxsatz14icss(5) 4.78 14.83 63.31 103.21 264.87 681.41 994.00
80v/maxsatz9 22.57 113.01 644.61 1, 303.28 5, 388.91

80v/maxsatz9icss(5) 21.64 109.11 632.50 1, 278.88 5, 095.61
60v/Toolbarv3 5, 629.36 7, 927.10 4, 530.50 4, 530.50
80v/maxsatz14 19.67 81.28 409.06 716.40 2, 965.09

80v/maxsatz14icss(5) 19.53 80.80 406.62 710.32 2, 921.41

Table 3. Average search-tree size (in104 nodes) ofToolbarv3, maxsatz9, maxsatz9icss(5), maxsatz14 and
maxsatz14icss(5) on sets of randomly generated 3-SAT formulae of 60, 70 and 80 variables with ratio#clauses

#vars
from

8.57 to 22.85

The comparison ofmaxsatz14 andmaxsatz14icss(5) deserves more discussions.
maxsatz14 is maxsatz9 augmented with 4 inference rules [4]. An inference rule in
maxsatz14 transforms a special inconsistent subset of binary and unitclauses into an
empty clause and a number of other clauses, so that the conflict represented by the
empty clause does not need to be re-detected in the subtree and the new clauses can
be used to detect other conflicts. For example, Rule 3 inmaxsatz14 transforms the
set of clauses{x1, x2,¬x1 ∨ ¬x2} into an empty clause and a binary clausex1 ∨ x2.
The empty clause contributes to increase the lower bound by one, and the binary clause
x1 ∨ x2 can be used to detect other conflicts.



Algorithms/ #clauses

#vars
10 12 15 17 20 30 40 50 60

60v/maxsatz9 0.1 0.2 0.6 1.1 1.3 4.7 8.3 13.8 19.0
60v/maxsatz9icss(5) 0.1 0.1 0.4 0.7 0.8 2.2 3.6 5.5 7.0

60v/Toolbarv3 0.8 1.1 1.8 3.2 3.0 5.6 8.1 12.9 11.8
60v/maxsatz14 0.03 0.04 0.09 0.15 0.14 0.27 0.44 0.66 0.71

60v/maxsatz14icss(5) 0.03 0.04 0.09 0.1 0.1 0.3 0.4 0.6 0.7
70v/maxsatz9 0.3 0.5 2.4 4.1 10.6 54.1 131.3 282.6 434.3

70v/maxsatz9icss(5) 0.2 0.4 0.1 0.3 5.6 18.3 41.7 75.1 121.2
70v/Toolbarv3 2.1 2.6 6.3 12.4 15.6 48.3 46.3 88.3 109.1
70v/maxsatz14 0.07 0.09 0.3 0.4 0.7 1.9 2.7 4.9 7.1

70v/maxsatz14icss(5) 0.08 0.1 0.3 0.4 0.8 1.8 2.6 4.7 6.8
80v/maxsatz9 1.3 5.1 12.3 21.2 25.6 238.9 1, 238.2 2, 161.4 3, 317.6

80v/maxsatz9icss(5) 1.1 4.0 7.9 11.4 11.2 71.5 283.4 523.1 734, 6
80v/Toolbarv3 14.3 25.7 43.5 51.31 35.19 166.39 345.93 578.73 322.58
80v/maxsatz14 0.3 0.5 1.2 1.5 1.5 6.3 19.2 24.9 27.8

80v/maxsatz14icss(5) 0.2 0.5 1.2 1.5 1.4 6.1 18.4 23.7 25.7
100v/maxsatz9 33.6 69.4 768.4 1, 078.4 4, 364.8 12, 348.8

100v/maxsatz9icss(5) 26.0 48.2 324.9 404.6 1, 040.2 2, 349.1
100v/Toolbarv3 236.8 528.8 2, 235.3 1, 489.5 3, 307.4 8, 513.2
100v/maxsatz14 3.8 7.2 32.1 40.8 95.6 258.3

100v/maxsatz14icss(5) 4.1 7.0 29.7 36.9 88.8 233.8

Table 4. Average search-tree size (in104 nodes) ofToolbarv3, maxsatz9, maxsatz9icss(5), maxsatz14 and
maxsatz14icss(5) on sets of randomly generated 2-SAT formulae of 60 to 100 variables with ratio#clauses

#vars
from 10

to 60

So the empty clause made explicit using an inference rule inmaxsatz14 makes
the lower bound computation in different search-tree nodesmore incremental, since the
conflict does not need to be re-detected in the subtree. The new added clauses using the
inference rule allows to improve the lower bound.

The inference rules implemented inToolbarv3 are independently designed for weight-
ed Max-SAT, and are similar to those implemented inmaxsatz14 when applied to (un-
weighted) Max-SAT. Note that all these inference rules are limited to unit and binary
clauses.

Unfortunately, the inference rules implemented inmaxsatz14 andToolbarv3 are
for special subsets of clauses and cannot be applied to transform all inconsistent subsets
of clauses. For example, no inference rule is applied inmaxsatz14 andToolbarv3 to
the inconsistent clause set{x1, x2, x3,¬x1 ∨ ¬x2 ∨ ¬x3}, which has to be re-detected
in every node of a search-tree. This set is indeed equivalentto the set{∅, x1 ∨ x2, x1 ∨
x3,¬x1 ∨ x2 ∨ x3}, which is time-consuming to detect and to treat.maxsatz14 is
limited to detect some special patterns which are shown practically efficient as inference
rules.

Our inconsistent clause subsets storage approach allows tocomplete the inference
rules. In other words, when no inference rule is applicable,the inconsistent clause subset
can be stored to make the lower bound computation incremental and to improve the
lower bound. The experimental results show the effectiveness of our approach.

We have also testedMaxSolver [19], which is too slow to be showed in Figures 3,
4, 5 and 6, and in Tables 2, 1, 4, and 3.

Table 5 comparesMaxSolver, maxsatz9, maxsatz14, maxsatz9icss(5), max-
satz14icss(5), andToolbarv3 on max-cut instances submitted to the Max-SAT evalu-
ation 2006. Observe thatmaxsatz9icss(5) is significantly faster thanmaxsatz9 and
maxsatz14icss(5) is also generally faster thanToolbarv3 andmaxsatz14 as the in-
consistent clause-subsets storage complete inference rules inmaxsatz14.



Benchmarks maxsatz9 maxsatz9icss(5) Toolbarv3 maxsolver maxsatz14 maxsatz14icss(5)

brock200 98.43 38.40 40.33 18, 902 7.58 6.58
brock400 350.22 141.00 118.88 > 25, 200 27.22 24.49
brock800 53.47 19.37 16.74 18, 917 3.21 2.90

c − fat200 1.09 0.48 0.33 2.46 0.07 0.08
c − fat500 10, 743.42 10, 658.90 12, 737 12, 615.07 7, 313.89 7, 353.20
hamming6 12, 605 12, 601 12, 600 > 25, 200 12, 600.27 12, 600.22
hamming8 12, 603.77 12, 601.53 12, 600 12, 609.13 12, 600.22 12, 600.20
hamming10 15, 013.98 14, 009.33 13, 337.14 > 25, 200 12, 858.69 12, 803.17
johnson16 7.40 3.40 1.00 > 25, 200 0.39 0.30
johnson32 2, 535.20 1, 066.03 311.27 > 25, 200 127.13 111.03

keller 116.13 45.21 13.02 > 25, 200 4.47 3.39
maxcut60420 11.68 2.99 5.88 122.90 0.90 0.88
maxcut60500 68.76 15.86 27.01 523.37 3.00 2.94
maxcut60560 210.64 47.47 67.27 > 25, 200 6.40 6.03
maxcut60600 365.98 81.89 96.24 > 25, 200 9.20 8.58

phat300 164.27 63.14 81.92 8, 400.58 10.82 8.60
phat500 356.30 142.48 165.31 8, 404.01 33.06 31.07
phat700 123.76 49.01 54.66 8, 400.79 14.60 12.13
phat1000 51.28 20.09 21.80 8, 401.15 3.56 2.89
san2000 4, 033.84 1, 878.20 1, 345.57 > 25, 200 451.01 404.92
san4000 1, 250.98 561.10 434.97 20, 161.99 127.99 113.26
san1000 4.03 1.62 1.25 15.28 0.23 0.22
sanr200 1, 354.37 617.36 516.93 > 25, 200 134.10 116.50
sanr400 42.63 15.28 13.17 12, 606, 03 2.49 1.80

t4pm3 − 6666.spn 0.80 0.03 10.18 0.45 0.05 0.04
t5pm3 − 7777.spn 209.82 51.96 > 25, 200 15, 336.68 116.72 65.70

ramk3n10.ra0 262.230 261.850 594.46 > 25, 200 293.430 294.530
ramk3n9.ra0 0.120 0.120 0.27 > 25, 200 0.140 0.140

spinglass42 .pm3 0.160 0.070 17.81 > 25, 200 0.160 0.120
spinglass510 .pm3 190.310 54.200 > 25, 200 > 25, 200 101.290 60.910
spinglass51 .pm3 394.140 108.020 > 25, 200 > 25, 200 229.330 137.820
spinglass53 .pm3 309.470 87.590 > 25, 200 > 25, 200 160.510 105.610
spinglass55 .pm3 105.100 25.300 > 25, 200 > 25, 200 45.310 25.530
spinglass56 .pm3 578.410 154.120 > 25, 200 > 25, 200 343.910 206.920
spinglass57 .pm3 272.320 61.110 > 25, 200 > 25, 200 117.880 65.090
spinglass59 .pm3 162.930 47.600 > 25, 200 > 25, 200 102.170 62.310

Table 5. mean computation time (in sec.) ofmaxsatz9, maxsatz9icss(5), maxsatz14, maxsatz14icss(5),
Toolbarv3 andMaxSolver on some families of Max-Cut and Max-SAT evaluation benchmarks

6 Conclusion

We study the detection of disjoint inconsistent subsets of clauses inmaxsatz9 and
maxsatz14 and find that the detection could be more incremental and thatthe ordering
of initial unit clauses in a CNF formula is important for the lower bound computation.
We then propose an approach to store some inconsistent clause subsets at a node for its
subtrees. The selection of a clause subsetS to be stored is determined by a heuristic
based on the size of the clause subset, estimating the probability that the clauses ofS
are used to detect smaller inconsistent subsets thanS in the subtrees. The experimental
results show that our approach improvesmaxsatz9 andmaxsatz14 in terms of run-
time and search-tree size, by making the lower bound more incremental and by inducing
a natural ordering of initial unit clauses in a CNF formula. Our approach completes the
inference rules inmaxsatz14 and could be also used in any Max-SAT solver which
computes the lower bound by detecting disjoint inconsistent subsets of clauses.



As future work we also plan to apply the incremental lower bound to Max-SAT
solvers that deal with the many-valued clausal formalism defined in [20–22] and to
partial Max-SAT solvers [23].
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