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Abstract. Recent research has focused on using the power of look-aead
speed up the resolution of the Max-SAT problem. Indeed,-alogad techniques
such as Unit Propagation (UP) allow to find conflicts and tackiyi reach the
upper bound in a Branch-and-Bound algorithm, reducing ¢aech-space of the
resolution. In previous works, the Max-SAT solvensizsatz9 andmazsatz14
use unit propagation to compute, at each node of the brarttih@md search-
tree, disjoint inconsistent subsets of clauses in the ntisghformula to estimate
the minimum number of clauses that cannot be satisfied by ssigranent ex-
tended from the current node. The same subsets may stilldsemqtrin the sub-
trees, that is why we present in this paper a new method to mzenthem and
then spare their recomputation time. Furthermore, we m®poheuristic so that
the memorized subsets of clauses induce an ordering amdrauses to detect
more inconsistent subsets of clauses. We show that this ppmach improves
maxsatz9 andmaxsatz14 and suggest that the approach can also be used to
improve other state-of-the-art Max-SAT solvers.
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1 Introduction

The Max-SAT (short for Maximum Satisfiability) problem isfiod an assignment of
logical values to the variables of a propositional formupressed in terms of a con-
junction of clauses (i.e. disjunction of literals) thatisti¢s the maximum number of
clauses. This optimization problem is a generalizationhef $atisfiability Decision
problem. During the last decade, the interest in studying-®AT has grown signif-
icantly. These works highlight Max-SAT implications in fgaoblems, as diverse as
scheduling [1], routing [2], bioinformatics [3], ..., metting considerable progresses
concerning efficient Max-SAT solving based on the Brancti-Bound (BnB) scheme.
The almost common characteristic of the successive pregsder the BnB scheme
is to propose new ways of computing the Lower Bouhd]. Given a Max-SAT in-
stanceX’, the BnB algorithm implicitly enumerates the search-spdHadl possible as-
signments using a binary search-tree. At every node, BnBpeoes the Upper Bound
(UB), which is the minimum number of conflict clausesirobtained so far for a com-
plete assignment, witlh B which is an underestimation of the minimum number of
conflict clauses of” by any complete assignment obtained by extending the pastia
signment at the current node lfB > U B, the algorithm prunes the subtree below the

* This work was partially supported by Région ChampagneeAnes.



current node, since a better solution cannot be obtainedtie current node. In previ-
ous works, the quality of B was improved of several manners. Thus, [4-6] define new
inference rules based on special cases of resolution thatéde to outperform state-of-
the-art solvers [7, 8]. In addition, another way to imprduB is to make an intensive
use of unit propagation with look-ahead techniques at eade of the BnB algorithm
in order to find disjoint inconsistent clause-subsets (raisS in the following) [9,
10]. These inconsistent cores of clauses allaig/ to quickly equal or exceetl B and
to decrease the mean-size of the BnB search-tree. Howewee, characteristics as the
mean number of clauses belonging to these cores influendeeaguiality of LB and
consequently on the efficiency of the BnB algorithm. Moreaothee detection of these
disjoint inconsistent clause-subsets is not increment@,i10]. In other words, a num-
ber of inconsistent clause-subsets detected at a nodeteateover and again in the
two subtrees of the node.

In this paper, we focus on the study of the characteristi¢gsiconsistent clause-
subsets and their influence on the lower bound quality. Aftesenting some prelim-
inaries, we study structures and characteristics of insterg clause-subsets and pro-
pose a heuristic to estimate the usefulness of a given imstens subset of clauses in
LB calculus. We then describe our heuristic-based approaghpgomove LB and to
make theL B calculus more incremental. This approach is applied to tlasx-BAT
solversmaxsatz9 [10] andmaxsatz14 [4], and experimental results on random and
Max-Cut instances where some are from the 2007 Max-SAT atialt show that our
approach significantly improvesaxsatz9 andmazsatz14.

2 Prediminaries

A CNF-formula (Conjunctive Normal Form formula)l’ is a conjunction of clauses
where each clause is a disjunction of literals. A literahs {positively or negatively)
signed form of a boolean variable. Anterpretation of X' is an assignment over the
truth values spac€l'rue, False} to its variables. It is a partial interpretation if only a
subset of the variables a&f are assigned. A positive (resp. negative) literal is satisfi
the corresponding variable has the value.e (resp.False). A clause is satisfied if at
least one of its literals is satisfied. is satisfied according to an interpretation if all its
clauses are satisfied. The Max-SAT problem is to find an asgghwhich minimizes
the number of falsified clauses &f. This optimization problem is a generalization of
the Satisfiability decision problem which is to determineet¥ter a satisfying assign-
ment of all clauses oF exists or not.

In this paper, each further referencefofmula meansCNF-formula. Moreover, a
conjunction of clauses; A c2 A ... A ¢, IS Simply represented by a set of clauses
{c1, ¢2,..., cm}. We denotéi-cl a clause which contains exactiliterals. The 1el
and 2¢l clause may be respectively namadt andbinary clause. Ak-SAT formula
is a formula which exclusively consists ofd- An empty clause contains no literal,
it represents a conflict since it cannot be satisfied. Whenlitaral / is assigned to
True, applying one-literal rule consists in satisfying all cdas containing (i.e. re-
moving them from the formula) and removing all from all remaining clauses. The
Unit Propagation (denoted/ P) is the iterative process which consists in applying one-
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literal rule to each literal appearing in at least one urauiske. This process continues
until all unit clauses disappear frof or an empty clause is derived.

We focus our work on complete Max-SAT solvers which are based BnB al-
gorithm. This class of solvers actually provides the besfopmances on Max-SAT
solving?. Given X, these solvers implicitly enumerate the whole searchespécthe
formula by constructing a depth-first search-tree. At evergle, they use two impor-
tant valuesU B, the minimum number of conflict clauses I obtained so far for a
complete assignment, add3, an underestimation of the minimum number of conflict
clauses o’ by any complete assignment extending the partial assighabére current
node. If LB < U B, the current partial assignment is extended by choosingisida
variablex, which is successively set tbrue and False in order to split the current
sub-formula into two new simplified ones using the one-diteule, the process being
recursively continued from each of the two new formulasLB > U B the solvers
prune the subtree under the current node, since all comgdstgnments extending the
current partial assignment are worse than the best one feaiffar. The solution of a
BnB solver is the assignment with the minimdh® after enumerating all assignments.

As it allows to prune subtrees,B is essential in efficient Max-SAT solving. In [11],
LB is defined as follows:

LB(Z4) = #Empty(Xa) + > min(#Unit(z, 2a), #Unit(~z, £a)) (1)
T€EX A

where#S is the number of elements of the set’3, is the current state of a formula
X according to a partial assignmefif Empty(X 4) is the set of empty clauses 8y,
andUnit(lit, X 4) is the set of unit clauses containing the litdrial Many works have
extended this estimation. The equation 1 can be generabzed

LB(Xa) = #Empty(Xa) + #1CS(Xa) (2)
whereICS(X,) is a set of disjoint inconsistent clause-subsets from thadita X 4.
Subsets of the for{z, ~z}, x € ¥4 are included infC'S(X4). Thanks to binary
clauses using the Directional Arc Consistency notion (DA€Efined in [12] for Max-
CSP, [13, 14] have improved theB computation.
More recently, the equation 2 has led to new rules:

1. The Star rule ([15, 16]) consists in searching inconststeres of clauses of the
form {ll, v, 0l V.V ﬁlk}.

2. The UP-rule [9] detects inconsistent clause-subsels jrusing unit propagation.
The detection can be described as follows. Eat; be a copy of¥ 4. Unit prop-
agation repeatedly applies one-literal rule to simplify; until there is no more
unit clause or an empty clause is derived. If an empty clauderived, letS be the
set of clauses used to derive the empty clause. Thisman inconsistent subset of
clauses, i.e., all clauses ficannot simultaneously be satisfied by any assignment.
For example, let us consider the following set of clausesfofmula X’ :

Cc1:2 cq P T2 V gy cr Ty VT
1=K co:x1 VI cs 1 VxsVay
cg3:x1 Ve Vary cg:x1 Vs
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Following the UP process;; has to bél'rue, co andcg become unit clauses, and
so on. Finally,cs is empty and the sef = {c1, ¢2, 3, ¢4, c5} iS an inconsistent
subset of clauses.

The detection of other disjoint inconsistent subformulatoules, after excluding
the clauses af/, until no more empty clause can be derivéd® is then the number

of empty clauses i’ 4 plus the total number of disjoint inconsistent subsets of
clauses detected.

3. The failed literals technique [10] (denotéd;: , ) is an extension off P-rule. After
applyingU P-rule to X4 to detect disjoint subsets of clauses, it detects additiona
disjoint inconsistent subsets of clauses by finding failiedldls after excluding the
inconsistent subsets of clauses already found ffomThis detection can be illus-
trated as follows. If unit propagation i, U{x} and unit propagation i’ 4 U{ -z}
both lead to a conflict then clausesity implying the two contradictions constitute
an inconsistent subset.

The U P;;, heuristic has been proved much more effectivenimzsatz9 [10] and
maxsatz14 [4] than previous state-of-the-art lower bounds. Howetver . B calculus
based orU P}, in maxsatz9 andmaxsatz14 is not incremental (innaxsatz14, an
incremental part of thd B is computed byin ference rules ; we mention them in
section 5.2) . Wheld B is still less thari/ B, the solver should extend the current par-
tial assignment i.e., the solver should branch. Beforedireng to a new node, all the
inconsistent clauses-subset are erased. The new nodeatdelerit neither the incon-
sistent clause-subsets detection of its parent, nor tleenrdtion of these inconsistent
clause-subsets such as their size. TH&., function is entirely re-executed at the new
node.

The aim of our work is to enable a search-tree node to inhenitesinconsistent
clause-subsets of its parent, which avoids the entire eewion of thel/ P, function
and could improve the quality diB.

3 ImprovingU Py,

The purpose o/ P}, is to detect as many inconsistent clause-subsets as Eogsibl
a formula. Since an inconsistent subset of clauses has techeded before detecting
other inconsistent subsets of clausEs?;.; should detect small enough inconsistent
subsets of clauses, leaving more clauses in the formulailadte the detection of other
inconsistent subsets of clausésP;;; uses a heuristic on the ordering of unit clauses
during unit propagation to detect small inconsistent @asisbsets, but when there are
several unit clauses in the formula, it selects one in ant@nchined ordering to start an
unit propagation. However, we believe that the number afmsistent subsets detected
by U P}, is strongly correlated to the ordering of initial unit cl@ssMoreover, as we
noticed abovelJ P ;, recomputes the whole inconsistent subset detection ity expefe
of a search-tree, which is time-consuming.

For example, le’; be the following set of clauses

Ccl:T1 cs5 - x3 Vs Cg : xg V X4 c13 : xg V X9
Co X1 VIy Cg:xgV Iy cl0: g VIs cC14:x8V T1o
c3: w2 Vx3 C7:—x9gV Ty C11:x3V Iy
Cq:x3V Ty C3:Tg c12 1 ~x7 V X8
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1. unit clause ordering in U Py detection.

o U P}, first callsUP-rule detection. Following the empiricél P}, techniques
of themaxsatz solver,c; is propagated first, then new unit clauses produced
during the unit propagation are stored in a queue and propadda a first in
first out ordering. Thus, the UP-rule first assigns= T'rue through the clause
c1. The variables; = True, x5 = True, z4 = True, vs = True, andz; =
True, throughes, co, c3, ¢4, c5, c11 respectively. We then get an empty clause
cg and the inconsistent subset of clauses equal to{cy, c2, c3, ¢a, ¢5,¢6}-
Only clauseq ¢z, cs, ¢, c10, €11, C12, C13, C14} CaN participate in finding other
inconsistent clause-subsets. However, while propagatinthe UP-rule as-
signszg = True, x4 = True, x5 = True throughces, cg, c19, respectively, no
more conflictis found.

e Consider now another ordering of the unit clauseSirthat propagates first.
The following assignments are then performegl= T'rue, x4 = True, and
x5 = T'rue throughes, cg, ande; g, respectively. We encounter an empty clause
cg. The associated inconsistent subset of clause$ is= {cg, cs, 9, c10}-
The candidates clauses belonging to other inconsisteméelaubsets are then
{Cl, Cc2,C3,C4,C5,C7,C11,C12, C13, 014}. We then propagate;, r; = True,
ro = True, x3 = True, x4 = True, x5 = True, x7 = True, xg = True,
x9 = True, andx1y = True throughey, co, ¢s3, ¢4, ¢s5, €11, €12, €13, andceyy,
respectively. Asc; is now empty, a second and disjoint inconsistent clause-
subsetS” = {Cl7 c2,C3,C7,C11,C12,C13, 014} is obtained.

2. Re-computation of inconsistent clause-subsets.
Let us consider now the same subformillaand assuming that the next decision
variable chosen by the solver does not belonfuitg =2, x5, x4, x5, 6, 7, X3, T9,
x10}. X9 is unchanged/ Pj; probably finds the same conflicts, so the re-compu-
tation could be avoided if the inconsistent clause-sulisfetise parent node were
memorized.

Within a practical framework, we propose a method to soltalioor partially the
U P}, weaknesses mentioned above. The idea is to memorize théisowisistent
subsets of clauses computed at a given node and maintairfdnatithe corresponding
subtrees. This allows to avoid costly re-detection of irgistent subsets and induce a
natural ordering/ Pz, detection. Indeed, storing (small) inconsistent subdetimases
is equivalent to grant a privilege to the variables whichimiae the number of clauses
to detect a conflict. We could just store a sorted list of \@ds, which would give us
the same "good” conflictual clause subsets at each nodeftivarhiad memorized these
sets: it draws a variable ordering. Thus, the goal of our@ggt is double:

e Inconsistent subsets of clauses stored at a node of thenseaecwill not be re-
computed at the child-nodes. These subsets are directgdadd B. Once a small
inconsistent subset is found, the solver does not spenddmetect it again.

e Since we will empirically determine "interesting” incostént clause-subsets,
U P, begins its computation in the child-nodes with the storedrgsting sub-
sets. In addition to the advantage that these interestoansistent clause-subsets
are given without specific detection, they induce a naturdéiong of unit clauses
for detecting small inconsistent subsets of clauses soiagimve L B.



For example, let’; be the following set of clauses

c1 T cs :x3 VT Cog: Tg V Ty c13 1 xg V Ty
Oy = Cco i x1 VT2 Ccg i xg V X5 Cclo: g Vs C14: X8V 10

C3 1 T2 V T3 V 11 C7 © g \% 10 C11 T3 V P

cq X3V Iy [ c12 : X7 V I8

Propagating;, U P};; does not find any empty clause. Propagatind’/ P}, finds
an inconsistent subsét = {cg, cs, co, c10} as forX in the previous example, which
we store. After branching next ary; and assigningalse to x11, X3 becomesYs.
Without the storage of’, U P}, propagates; and finds an unique inconsistent clause-
subsetsS={cy, ¢, c3, ¢4, c5, ¢ } @s in the previous example, since after the clausés in
are removed front’s, no more conflict is found using unit propagation.

However, with the storage of the inconsistent sultifet= {cg, cs, c9, c10}, after
branching next orr;; and assigning”alse to x11, S’ is first counted inLB and its
clauses are excluded in the conflict detectibiP;;; naturally detects the second in-
consistent subset” = {Cl, c2,C3,C7,C11,C12,C13, 014}.

The above example shows that by memorizing small incomgistéosets of clauses
and "forget” large ones, we are able to detect more incarsistubsets of clauses.

4 Clause setsstorage

We have seen in the previous section that the storage of $sigtent subsets of clauses
and their reuse are helpful. We should now answer two quest{§ should we memo-
rize all inconsistent subsets of clauses for child-nodi&si?fot, what are inconsistent
subsets of clauses that should be stored? For this purpestould analyze the impact
of branching on a variable.

Let us consider an inconsistent subSgt= {cx, , ¢x,, -.., ¢, } found at a node of
the search-tree by P}, . Note thatS;, is a minimal inconsistent subset of clauses in
the sense that it becomes consistent if any clause is renfimuadt, meaning that any
literal in S; should also have its negated literal $h. Let 2 be the next branching
variable. We can distinguish three cases:

1. Variable z appearsin clauses of S.
In this case, the literals and—x belong toS. Sk has no meaning anymore after
branching because it contains satisfied clauses,Sndemains inconsistent but
is not probably minimal anymore. We should then find the malimconsistent
subset ofS;, and allow other clauses f; to be used in the detection of other
conflicts.
To illustrate this case, let us consider the following ingistent clause subset:

S, — ci:xVy c3:yV-z c5:zVeE
F=Ye:—yVz ciaVz cg:zV it

On the one hand, whenis set toT'rue, the clause, is then satisfied. The subset
of clauses{y, —y V z,—y V =z} from ¢;, ¢ andes is inconsistent. This allows
the set of clause® = {-z Vv t,—z V -t} from ¢5 andcs to take part of other
conflictual sets. On the other hand, wheis set toFalse, the subset of clauses



{z,-2Vt,—zV -t} fromey, c5 andeg is inconsistentan® = {—y Vv z, ~y V -z}
from c; andcs can be used to detect other conflicts.

2. Variable x does not appear in clauses of the Sy, but some of the clauses shortened
by the assignment of - form a smaller inconsistent subset .S}, using some clauses of
Sk.

S}, and Sy, are inconsistent but not disjoint. Only one $§f andS;, can contribute
to increasd. B. It would be more useful to keefy, instead ofS,.
For example, consider the inconsistent clause-sufjsstich as:

g, — cp:wVy c3:yVvV-oz cs:zVie
k= co:YyVz cgrwVz cg:—z Vit

and the two clauses; : —x V z V t andcg : —z V z V —t. After branching tar
andx=True, c; andcg are reduced te V t andz V —t, respectively. Thus, one can
exhibit.S;, which consists of:

g — cs 2z Vi cr:zVi
E™ Yeg:mzVat cg:zV-t

In order to maximize the possibility of finding other incosteint clause-subsets,
a solver should forge$, in order to detectS;, allowing clauses inS; \ Sj, to
participate in further conflict detection.

3. Variable x doesnot appear in clauses of S;, and thereisno new smaller inconsistent
subset using clauses of Sy.
In this third case, it is generally useful to memorigg, since otherwisd/ P;.,
would probably re-detect it at the child-nodes. Memorizirayoids this re-detec-
tion.

Given a formulaY, the first aim of our work is to induce a natural ordering foitun
clauses ofY so that as many inconsistent subsets of clauses as possldetacted.
The second aim is to avoid the repeated detections of the sawoisistent subsets of
clauses at different nodes of a search-tree to maké theomputation more incremen-
tal. For these two aims, we should keep all inconsistentessluf clauses in case 3 and
avoid keeping any inconsistent subset of clauses in casd ta@® 2 when branching.

Figure 1 shows the branch and bound algorithm for Max-SAhwsibrage of in-
consistent subsets of clauses. The first call to the fundiamax-satl, #clauses, 0).
Given a formulaX, the algorithm begins by removing all clauses in each inisterst
subset stored idC'SS (lines 4-6). Then it computes the g@tof further inconsistent
subsets of clauses usibgP;;, (line 7). If LB reached/ B the solver backtracks, other-
wise all removed clauses are reinserted (lines 13-15). €hedticdecideStorage(S)
decides if the new inconsistent subset of clausefould be stored (lines 17-19). This
heuristic is essentially based on the probability thias in case 2. Finally, in lines 21-
25, all inconsistent subsets containing the next branchamigblex are removed from
1CS S before branching so that any inconsistent subset of clansese 1 is not stored
anymore.

Since all inconsistent subsets of clauses containing tkebranching variable:
(case 1) are excluded, the heurigtieide Storage(S) only decides ifS would probably
lead to the case 2. If the heuristic performs well, most istsient subsets of clauses
stored infC'S'S should be in case 3 and consequently an effective lower béudhdan
be obtained. So the heuristiecide Storage(S) is essential in our approach.



max-sat(x, UB, ICSS)

Require: A CNF formula X, an upper bound/ B, and a set of inconsistent subsets of clauses
ICSS

Ensure: The minimal number of unsatisfied clausesiof

1: if X = @ or X' only contains empty clausé¢ken

2 return# Empty(X);

3: end if

4: for all inconsistent subset in IC'S'S do

5:  remove clauses f from X

6: end for

7: C — UPpp(X);

8. LB — #Empty(X) + #ICSS + #C

9: if LB > UB then

10:  returnoo;

11: end if

12: z «— selectVariable(X)

13: for all inconsistent subsef in IC'S'S do

14:  reinsert clauses & into X

15: end for

16: for all inconsistent subsef in C do

17:  if decideStorage(S)=True then

18: ICSS — ICSSU{S}

19: endif

20: end for

21: for all inconsistent subset in IC'S'S do

22: if S containsr (case 1then

23: removeS from IC'SS

24 endif

25: end for

26: UB «— min(UB, max-sat(Xz,UB,ICSS))

27: returnmin(U B, max-sat(X,, UB, ICSS))

Fig. 1. A branch and bound algorithm for Max-SAT with storage of insistent subsets of clauses

It is obviously not conceivable to build a function that abwlefinitely decide if
a clause subset would never hide a smaller set since it wazdd to consider every
node of the subtrees rooted at the current node. So we radkex beuristic to define
decideStorage(S).

We conjecture that the more clauses an inconsistent ckulssetS contains, the
higher is the probability that some of its clauses are ingdlw a smaller new inconsis-
tent subset of clauses after branching. In other wordsgatamconsistent clause-subset
S has higher probability to be in case 2 and a smaller incargisiause-subsét has
higher probability to be in case 3. This conjecture suggestisthe size of is an effec-
tive characteristic to be useddacideStorage(S) to decide ifS is in case 3 and should
be stored. Our empirical results in the next section seerorifiren this conjecture.

5 Experimental results

As indicated in Algorithm 1, our approach can be implemeimed branch-and-bound
methods dedicated to complete Max-SAT solving of which fh8 computation is
based on the detection of disjoint inconsistent subset$aokes. We have chosen to



graft it into themaxsatz solver [10] which is the best performing Max-SAT solver in
the Max-SAT evaluation 2086 Nevertheless, in order to validate the strength of our
approach, we have tested it on the two last versionsisatz: version 9 with "Failed
Literals” [10] (denotednaxsatz9) and version 14 with "Failed Literals” and "Infer-
ence Rules” [4] (denotethaxrsatz14). These two solvers extended by our approach
are respectively namedaxsatz9;..s andmazxsatz14;.,, in the following, wherecss
denotes Inconsistent Clause Subset Storage. Moreovenmearenaxsatz9;.ss and
maxsatzl4,.ss With Toolbar,s [17,18] andM axSolver [19], two other state-of-the-
art Max-SAT solvers. The experimentations have been doree2xf GHz Bi-Opteron
with 2 GB of RAM under Linux OS (kernel 2.6).

5.1 Sizeof theinconsistent clause-subsets

1600

T T T 1) 16000 T T T
maxsatz14..s(yes) —5— maxsatzl4 —&—
maxsatz14 - maxsatzl4;.s¢(5) -

1400 - maxsatz14;.(5) -~ / 14000 - maxsatzl4ms‘:(§lses) =]
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Fig.2. mean computation time of thewaxsatz14 solver with or without inconsistent subsets
storage for randomly generated 2-SAT formulae and 3-SAmédae with 80 variables with the
ratio Zgl2%=cs from 10 to 80 (2-SAT) and from 7 to 17 (3-SAT). ThiecideStorage heuristic
chooses to store all inconsistent subseta{satz14;.ss(yes)) or the inconsistent subsets of at
most five clausestazsatzicss(5)) with at most two unit clauses, respectively

We use a heuristic based on the size of an inconsistent slifetlauses to indi-
cate whethef is in case 3 or not. We empirically determine tiSashould probably be
in case 3 if it contains at most five clauses of which at mostuwit clauses. Figure 2
shows the influence of the storage of inconsistent claubsessiaccording to their size.
It compares the mean run-time of thezzsatz14 solver on sets of 2-SAT and 3-SAT
formulae with 80 variables when t%;lj;% ratio increases, where thlecide Storage
predicate in algorithm 1 chooses to store inconsistentetalgth at most five clauses
(mazsatz9/14,.55(5)), of which at most two unit clauses, and with all inconsisten
subsetsiazsatz9/14;.5s(yes)), with at most two unit clauses, respectively. The rea-
son of limiting the number of unit clauses in a stored incstesit subset is that an unit
clause is likelier to be involved in other inconsistent ibgletected by unit propaga-
tion, so that inconsistent subsets containing more thanutvitoclauses should not be
stored, since these unit clauses can be used to possibist dedee inconsistent sub-
sets after branching. We have developeda@:satz9/14;.ss(yes) without limit on the
number of unit clauses which gives the worst results on eastamnce. Note that both
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Fig. 3. mean computation time ofiazsatz9 andmaxsatz9;.ss(5) on sets of randomly gener-
ated 2-SAT formulae of 80 and 100 variables according todtie % from 10 to 60/30

mazsatz14;.s5(5) andmaxsatz14;.5s(yes) are based omaxsatz14, the currently
fastest solver for Max-2-SAT and Max-3-SAT in our knowledge

Considering the 2-SAT curve with higﬁ% ratios in Figure 2(a), the mean
time is more than twice faster when tliecide Storage predicate chooses to store sub-
sets with a low number of clauses (se@zsatz14;.55(5) curve) than for an unlim-
ited storage (seswazsatz14;..5(yes) curve). Moreover, at this point of the curve, the
search-tree size ohaxsatz14,.55(yes) is almost three times bigger than the search-
tree size ofnaxsatz14;..5(5) (see table 4). Note thabaxsatz14;.ss(yes) is slower
thanmaxsatz14 in which no inconsistent subset is stored, buizsatz14;.55(5) is
faster thanmaxsatz14.

For 3-SAT formulae, it is less easy to find an inconsistensstbf clauses, and
it is less probable that a clause in an inconsistent subde¢ tavolved in a smaller
subset of clauses. So we observe in Figure 2(b), that it ettt store all detected in-
consistent subsets of clauses amarsatz14;..5s(yes) is the best option. Nevertheless,
maxsatz14;.s5(5) is not far frommazsatz14,.ss(yes) and is faster thamaxsatz14.

We finally note in Figure 2 that when thﬁ% ratio of the formula increases,

the gain with the inconsistent subsets storage becomes sigmiicant in terms of
computation time.
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toolbar,; —m— toolbar,; —m—
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Fig. 4. mean computation time ofiaxsatz9, maxsatz9icss(5) andT oolbar,3 on sets of ran-
domly generated 3-SAT formulae which consists of 70 and 8abkes according to the ratio
#elauses from 7 to 17/15
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Figure 3 and Figure 4 compareaxsatz9;.ss(5), mazxsatz9, andToolbar,s on
Max-2-SAT and Max-3-SAT problems. It is clear that with thednsistent clause-
subsets storageparsatz9;.55(5) is significantly faster thamazsatz9. Using pow-
erful inference rulesy oolbar,s is faster thanmazsatz9;.s5(5) and maxsatz9 for
Max-2-SAT, but bothmaxsatz9;.ss(5) andmaxsatz9 are faster tha oolbar,s for
Max-3-SAT.

Figure 5 and Figure 6 compareaxsatz14, maxsatz14;.55(5) andT oolbar,s on
Max-2-SAT and Max-3-SAT problems. Bothazsatz14, maxsatz14;.s5(5) are sub-
stantially faster thaff"oolbar,s for Max-2-SAT and Max-3-SAT problems andaz-
satz14;.55(5) is significantly faster thamaxsatz14.

Table 2 and Table 1 show the average computation time imprewe (in %) of
mazrsatz9ic.ss(5) andmazxsatz14,.55(5) compared withmazsatz9 andmazsatz14,
respectively, for Max-2-SAT and Max-3-SAT problems. Itisar that the improvement
becomes more important when tﬁ% increases.

Table 4 and Table 3 compare the size of search-treesaafsatz9, maxsatz14,
marsatz9icss(5), maxsatz14;.55(5), andT oolbar,s for Max-2-SAT and Max-3-SAT



[solver/ #Eglauses17.14]8.57]10.00[11.43]12.85]14.28]15.71[17.15]18.56]20.00]21.43]22.85]

#vars
60v/maxsatz9 || 11 | 14 | 18 22 25 29 32 37 40 43 46 49
70v/mazsatz9 || 11 | 15 | 18 20 24 27 30 34 38 42 46
80v/maxsatz9 12 | 15 18 20 24 25 29 33

60v/mazsatzl4 || 5 9 9 13 16 18 21 24 25 27 29
70v/mazsatz14 || 3 6 9 12 15 17 20 22 24 26
80v/maxsatzl4 || 3 7 8 11 14 16 19

(S5 Ny

Table 1. average computation time improvement (in %) provided byithes (5) approach when it is grafted to the two best
versions of maxsatz on sets of randomly generated 3-SATuiaenwhich consists of 60, 70 and 80 variables and for ratio
#olauses from7.141022.85

/ F#clauses
vars

[solver 10[12[15[17]20[30]40]50]60]70]80]
60v/mazxsatz9 [[34[39[54]59]65]76]80[81[84[82[83
70v/mazsatz9 ||36|50|55|57|69|83(86|88(88(87
80v/maxsatz9 |42 |52(57|64|72|84|89|89|90
100v/maxsatz9 || 47]50(68|72(83
60v/maxsatzl4 || 2 |1 [|5[3[7[5]|6[|7|7

70v/mazsatz14 ||—6[2 9| 8|6 (10999 (10
80v/mazsatz14 || 13| 8 |10| 7 {12(13|11|10|11

100v/mazsatz14|| 0 |11|16{19]|17|18

Table 2. average computation time improvement (in %) provided byidhes(5) approach when it is grafted to the two
best versions of maxsatz on sets of randomly generated 2(@Alulae which consists of 60 to 100 variables and for ratio
#elauses from 10 to 80

Foars

problems. The inconsistent clause subsets storage atlowsatz9;.55(5) andmaz-
satz14;.55(5) to compute better lower bounds and to have smaller seagels-tr

Fvars

[Algorithms/Eaeses T 857 | 10.00 | 12.85 [ 14.28 [ 17.15 | 20.00 | 21.43 [ 22.85 |

60v/maxsatz9 1.21 3.22 14.61 27.44 59.65 130.18 | 180.79 | 262.86
60v/mazsatz9;css(5) 1.18 3.13 14.13 26.12 53.80 109.98 | 148.24 | 209.32
60v/Toolbar,s 115.06 | 258.54 | 878.23 |1,279.87|2,465.58(4,034.10|4, 065.77(4, 439.90
60v/mazxsatz14 1.20 2.54 9.88 17.32 33.03 64.01 84.47 114.44
60v/mazsatzl4,css(5) 1.19 2.52 9.83 17.19 32.70 63.27 82.96 112.02
70v/maxsatz9 4.93 19.61 94.64 166.50 | 471.22 |[1,397.55|2,188.83
T0V/maxsatz9icss(5) 4.75 19.01 92.35 161.23 | 436.11 (1,199.83|1,796.31
70v/Toolbar,s 987.95 |2,615.78|4,228.95(5,229.80(3,941.12|3,941.12(3,941.12
70v/mazsatz14 4.80 14.84 63.75 104.27 | 268.73 | 694.23 |1,012.11
70v/mazsatzl4;css(5) 4.78 14.83 63.31 103.21 | 264.87 | 681.41 | 994.00
80v/maxsatz9 22.57 113.01 644.61 [1,303.28](5,388.91
80v/maxsatz9icss (D) 21.64 109.11 | 632.50 |1,278.88|5,095.61
60v/Toolbar,s 5,629.36(7,927.10(4, 530.50|4, 530.50
80v/maxsatz14 19.67 81.28 409.06 | 716.40 |2,965.09
80v/maxsatzl4;css(5)|| 19.53 80.80 406.62 | 710.32 |2,921.41

Table 3. Average search-tree size (]ri)4 nodes) ofT'oolbar,s, mazsatz9, mazrsatz9;css(5), mazsatz14 and

mazsatzl4;.ss(5) on sets of randomly generated 3-SAT formulae of 60, 70 anca@@bles with ratio% from
8.571022.85

The comparison ofnazsatz14 andmazsatz14,.55(5) deserves more discussions.
mazxsatz14 is mazxsatz9 augmented with 4 inference rules [4]. An inference rule in
maxsatz14 transforms a special inconsistent subset of binary andclaises into an
empty clause and a number of other clauses, so that the ¢aeflicesented by the
empty clause does not need to be re-detected in the subtieth@mew clauses can
be used to detect other conflicts. For example, Rule &irxsatz14 transforms the
set of clause$x1, x2, 71 V —zo} into an empty clause and a binary clausev xs.
The empty clause contributes to increase the lower bounehbyand the binary clause
1 V xo can be used to detect other conflicts.
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#Hvars
60v/maxsatz9 0.1 0.2 0.6 1.1 1.3 4.7 8.3 13.8 19.0
60v/mazsatz9icss(5) 0.1 | 0.1 0.4 0.7 0.8 2.2 3.6 5.5 7.0
60v/Toolbar,s 0.8 1.1 1.8 3.2 3.0 5.6 8.1 12.9 11.8
60v/mazxsatz14 0.030.04| 0.09 0.15 0.14 0.27 0.44 0.66 0.71
60v/maxsatzl4;.55(5) || 0.03 | 0.04| 0.09 0.1 0.1 0.3 0.4 0.6 0.7
70v/maxsatz9 0.3 | 0.5 2.4 4.1 10.6 54.1 131.3 | 282.6 | 434.3
70v/mazsatz9icss(5) 0.2 | 0.4 0.1 0.3 5.6 18.3 41.7 75.1 121.2
70v/Toolbar,s 2.1 | 2.6 6.3 12.4 15.6 48.3 46.3 88.3 109.1
70v/mazsatz14 0.07 | 0.09 0.3 0.4 0.7 1.9 2.7 4.9 7.1
70v/mazsatz14,.55(5) || 0.08 | 0.1 0.3 0.4 0.8 1.8 2.6 4.7 6.8
80v/maxsatz9 1.3 ] 5.1 12.3 21.2 25.6 238.9 [1,238.2]2,161.4[3,317.6
80v/mazsatz9;css(5) 1.1 4.0 7.9 11.4 11.2 71.5 283.4 | 523.1 | 734,6
80v/Toolbar,s 14.3 | 25.7 | 43.5 51.31 | 35.19 | 166.39 |345.93 | 578.73 | 322.58
80v/maxsatz14 0.3 | 0.5 1.2 1.5 1.5 6.3 19.2 24.9 27.8
80v/mazsatzl4,css(5) 0.2 0.5 1.2 1.5 1.4 6.1 18.4 23.7 25.7
100v/maxsatz9 33.669.4| 768.4 |1,078.4[4,364.8[12,348.8
100v/mazsatz9;css(5) || 26.0 | 48.2 | 324.9 | 404.6 [1,040.2| 2,349.1
100v /T oolbar,s 236.8|528.8(2,235.3(1, 489.5(3,307.4| 8,513.2
100v/maxsatz14 3.8 | 7.2 32.1 40.8 95.6 258.3
100v/mazsatz14,.55(5)|| 4.1 | 7.0 29.7 36.9 88.8 233.8

Table 4. Average search-tree size (in)4 nodes) ofT'oolbar,s, maxsatz9, maxrsatz9icss(5), mazsatz14 and
maxzsatz14;..5(5) on sets of randomly generated 2-SAT formulae of 60 to 10Giées with ratio% from 10
to 60

So the empty clause made explicit using an inference rulednsatz14 makes
the lower bound computation in different search-tree noda® incremental, since the
conflict does not need to be re-detected in the subtree. Madded clauses using the
inference rule allows to improve the lower bound.

The inference rules implementediolbar,s are independently designed for weight-
ed Max-SAT, and are similar to those implementethix:satz14 when applied to (un-
weighted) Max-SAT. Note that all these inference rules amiéd to unit and binary
clauses.

Unfortunately, the inference rules implementediinzsatz14 andT oolbar,s are
for special subsets of clauses and cannot be applied tddramall inconsistent subsets
of clauses. For example, no inference rule is applieghitxsatz14 andT oolbar,s to
the inconsistent clause sty 22, x3, 721 V —22 V =23}, which has to be re-detected
in every node of a search-tree. This set is indeed equivalaghe sef ), x1 V 2,21 V
x3, w1 V x2 V x3}, which is time-consuming to detect and to treatuzsatz14 is
limited to detect some special patterns which are showrtipedly efficient as inference
rules.

Our inconsistent clause subsets storage approach alloeaiplete the inference
rules. In other words, when no inference rule is applicahkinconsistent clause subset
can be stored to make the lower bound computation incremantato improve the
lower bound. The experimental results show the effectigeioé our approach.

We have also testetll ax Solver [19], which is too slow to be showed in Figures 3,
4,5and 6, and in Tables 2, 1, 4, and 3.

Table 5 compared/axSolver, maxsatz9, maxsatz14, maxsatz9;cs5(5), mazx-
satz14;.55(5), andToolbar,s on max-cut instances submitted to the Max-SAT evalu-
ation 2006. Observe thataxsatz9;.55(5) is significantly faster thamaxsatz9 and
maxsatz14;.45(5) is also generally faster thahoolbar,; andmazsatz14 as the in-
consistent clause-subsets storage complete infereresinuhazsatz14.



[ Benchmarks [[mazsatz9][maxzsatz9icss(5)[Toolbar,z[maxsolver[maxsatzld[mazsatz14dicss(D)]

brock200 98.43 38.40 40.33 18,902 7.58 6.58
brock400 350.22 141.00 118.88 > 25,200 27.22 24.49
brock800 53.47 19.37 16.74 18,917 3.21 2.90
c — fat200 1.09 0.48 0.33 2.46 0.07 0.08
c — fat500 10,743.42 10, 658.90 12,737 [12,615.07 ] 7,313.89 7,353.20
hamming6 12,605 12,601 12,600 | > 25,200 | 12,600.27 12, 600.22
hamming8 12,603.77 12,601.53 12,600 | 12,609.13 | 12,600.22 12,600.20
hammingl0 15,013.98 14,009.33 13,337.14| > 25,200 | 12,858.69 12,803.17
johnsonl6 7.40 3.40 1.00 > 25,200 0.39 0.30
johnson32 2,535.20 1,066.03 311.27 > 25,200 127.13 111.03
keller 116.13 45.21 13.02 > 25,200 4.47 3.39
max.ute0420 11.68 2.99 5.88 122.90 0.90 0.88
max.utg0500 68.76 15.86 27.01 523.37 3.00 2.94
max.ute0560 210.64 47.47 67.27 > 25,200 6.40 6.03
max.ute0600 365.98 81.89 96.24 > 25,200 9.20 8.58
prat300 164.27 63.14 81.92 8,400.58 10.82 8.60
prat500 356.30 142.48 165.31 8,404.01 33.06 31.07
prat700 123.76 49.01 54.66 8,400.79 14.60 12.13
prat1000 51.28 20.09 21.80 8,401.15 3.56 2.89
san200g 4,033.84 1,878.20 1,345.57 | > 25,200 451.01 404.92
san400q 1,250.98 561.10 434.97 [20,161.99 127.99 113.26
san1000 4.03 1.62 1.25 15.28 0.23 0.22
sanr200 1,354.37 617.36 516.93 > 25,200 134.10 116.50
sanr400 42.63 15.28 13.17 12,606, 03 2.49 1.80
t4pm3 — 6666.spn 0.80 0.03 10.18 0.45 0.05 0.04
tbpm3 — 7777.spn|| 209.82 51.96 > 25,200 | 15, 336.68 116.72 65.70
ramy3,10.ra0 262.230 261.850 594.46 > 25,200 | 293.430 294.530
ramy3,9.17a0 0.120 0.120 0.27 > 25,200 0.140 0.140
spinglassda.pm3 0.160 0.070 17.81 > 25,200 0.160 0.120
spinglassbio.pm3]| 190.310 54.200 > 25,200 [ > 25,200 101.290 60.910
spinglass5y.pm3 || 394.140 108.020 > 25,200 > 25,200 | 229.330 137.820
spinglassbs.pm3 || 309.470 87.590 > 25,200 [ > 25,200 160.510 105.610
spinglassbs.pm3 || 105.100 25.300 > 25,200 [ > 25,200 45.310 25.530
spinglassbe.pm3 || 578.410 154.120 > 25,200 | > 25,200 | 343.910 206.920
spinglassby.pm3 || 272.320 61.110 > 25,200 [ > 25,200 117.880 65.090
spinglassbg.pm3 || 162.930 47.600 > 25,200 [ > 25,200 102.170 62.310

Table 5. mean computation time (in sec.) ehaxsatz9, mazrsatz9;css(5), mazxsatzld, mazsatz1l4icss(5),
Toolbar,s and M axSolver on some families of Max-Cut and Max-SAT evaluation benctsar

6 Conclusion

We study the detection of disjoint inconsistent subsetslafises inmaxsatz9 and
maxsatz14 and find that the detection could be more incremental andtiairdering
of initial unit clauses in a CNF formula is important for ttemer bound computation.
We then propose an approach to store some inconsistenédabsets at a node for its
subtrees. The selection of a clause sulssat be stored is determined by a heuristic
based on the size of the clause subset, estimating the pligb#tat the clauses of
are used to detect smaller inconsistent subsetsShiarthe subtrees. The experimental
results show that our approach improveszsatz9 andmaxsatz14 in terms of run-
time and search-tree size, by making the lower bound morenmental and by inducing
a natural ordering of initial unit clauses in a CNF formulawr@pproach completes the
inference rules inmazsatz14 and could be also used in any Max-SAT solver which
computes the lower bound by detecting disjoint inconststahsets of clauses.



As future work we also plan to apply the incremental lower fmbto Max-SAT

solvers that deal with the many-valued clausal formalisiingdd in [20-22] and to
partial Max-SAT solvers [23].
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