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Abstract— This paper deals with leader-follower formations a desired relative posture (distance and angle) from it. By
of nonholo_nomlc mobile IfObOtS. Formalizing the problem |_n leader-follower approach we 0n|y need to Specify leader
a geometric framework, it is proposed a controller that is o400 and the desired relative posture between leader

alternative to those existing in the literature. It is shown . .
that the geometry of the formation imposes a bound on the and followers. Despite the drawback of a single center of

maximum admissible curvature of leader trajectory. A pecular ~ failure, this paradigm is particularly appreciated beeaus

characteristic of the proposed strategy is that the positio of the ~ of its simplicity and modularity, in particular when new

followers is not fixed with respect to the leader reference fime  followers join the formation.

but varies in suitable cones. Thg formation geometry adapts This paper deals with leader-follower formations of

to the followers dynamics and this allows lower control effat . . . .

with respect to other approaches based on rigid formations. nonhomnqm'c mobile ropo_ts' '_erdu?'ng a Contm”er. that
is alternative to those existing in the literature. In pariar

. INTRODUCTION similarly to [3], we control the formation by keeping
During the last few years there has been a growingonstant two variables_, a distance and an angle. The main
interest on coordination and control of multiple mobileP0int here is that, differently from [3], we propose to
robots. Formation control revealed one of the most promisin'S€ @n angle which is referred to the follower and not to
research areas, including works on ground vehicles [3], [4]he leader. This allows the use of a decentrallzed sensing
[12], unmanned aerial vehicles (UAVs) [9], [14], aircraftSyStem that guarantees to our approach a higher degree of

[6], [8], and surface and underwater vehicles [5], [7], [_15]_distributi0n. F_ormalizing the leader-follower controbﬂnie_m
By formation control, we simply mean the problem ofin & geometric framework we show how the properties of
controlling the relative position and orientation of théots the formation affect the set of the admissible curvatures of

in a group while allowing the group to move as a whole [2]_Ieader trajectory and the aperture of the cone containing

Several approaches have been proposed in the Iiteratﬂi?@ admissible positions of the follower. Analytical and
for the formation control of mobile robots: behavior basedSimulation results show that our strategy guarantees lower
virtual structure, leader following. control effort with respect to the approach in [3].

In the behavior based approach [1], [10] different possiblghe paper is organlzed as follows. In Sect. Il the basic leade
behaviors (e.g. formation keeping, target seeking, eie) gfollower setup |s.presented. In Sect. llI an_q IV we solve
assigned to each robot. Robot final action is derived bij?® €xact formation problem and the stabilizing problem.
weighting the relative importance of each behavior. Sincl Sect. V we point out the main differences between our
the system does not lend itself to a simple mathematic§PNtrol strategy and that introduced in [3]. Sect. VI is
analysis, exact formation control is hard to guarantee. devoted to the simulation experiments. In Sect. VII the

The virtual structure approach [16] considers the robet fof&jor contributions of the paper are summarized and future
mation as a single virtual rigid structure. Desired trajeiets  IN€S Of research are highlighted. _
are not assigned to each single robot but to the entire fd}l_gtatlon. The following notations will be used.
mation as a whole. Differently from the previous approacHl,q{ ={teR|t>0} Va,b € R, aAb = minfa, b},
the behavior of the whole group is totally predictable and = nmax{a, by, Vay € R™ (n 22 1)
the formation is precisely maintained. Nevertheless a widd® ¥) = 2imaTive |zl = V(z @) Vo e R \{0;
inter-robot communication is necessary. arg(z) = 0, whered & [972”% andz = ||5CH.(C059’SH19:2 ;
In the leader-follower approach a robot of the formation i¥0 € R, 7(0) = (cosf, sind)", v(0) = (—sind, cosf)".
designed as the leader while the others are the followers [3]
[11_], [13]. The leader moves along predefined_trajecto_ries Il. PROBLEM FORMULATION
while the followers have to follow the leader while keeping
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Problem 2 Gtabilization): Find the conditions on leader
motion and the control functionsz, wg, such that, starting
from an arbitrary initial state, equations (3)-(4) are apym
totically satisfied.

1. EXACT FORMATION CONTROL

d The following Theorem gives a solution to Problem 1.
' Theorem 1:In the previous hypotheses and notations,

let ¢ > 0 and ¢ : [¢| < 7 be given. For any robot

S ¢ Ry verifying conditions (5) there exist initial conditions
2r(0),yr(0),0r(0) and controlr(t), wr(t) such thatRy,

Or and Ry are in(d, ¢)-formation and bounds (6) are verified
if and only if
F \ & Y
Kd<1 (7)
Fig. 1. Basic leader-follower setup. V. K <Q (8)
Vi cos (0V (|¢| — arcsin(Kd cos ¢))) < Vi cosd.  (9)
and Furthermorevr andwpg are given by
:i?F = VUf COS 9F
COS —
y:FZUFSiDHF (2) ’UF:’l}Léfis(b@
O = wr sin 3 (10)
Wp =0V ———
where the vectord = (z, y.), F = (xp, yr) represent dcos ¢

the position of the leader and respectively the foIIowerwhereﬁ — 0, —0p and,Vt > 0

Analogouslyf;, 0 are the orientation of the leader and -

follower with respect to the reference systémy). Finally, |B(t)] < arcsin(Kdcos o) . (11)
vr, vr andwy, wp are the linear and angular velocities of Remark 1:A consequence of property (11) is that the

the robots. With reference to Flg 1, consider the fO”OWingang|eﬁ is bounded. This |mp||es the fo”owing geometric
Definition 1: Setd > 0 and ¢ : |¢| < 7; the robotsRy,  property
and Ry make a(d, ¢)-formation, if, V¢ > 0:

1L - FO)ll = 4 3)
arg(L(t) — F(t)) — 0p(t) b @) whereVv 0, v € [0, 27],

_ 2
It is required that the velocities of the leader and the fedio €(0,7) = {I cR ‘<x » 7(0)) 2 |l COS'Y}

verify the following constraints: is a cone of aperturgy centered in the origin, whose sym-
0 < L < v metry axis is given by-(6) = (cos#, sin6)” (see Fig. 2).

L(t) — F(t) € C(0L(t) + ¢, arcsin(Kdcos¢))  (12)

K < wijor < K (5) D@ﬁerently from [3], the followers are not rigidly dispode _
with respect to the leader reference frame, but their xeati
0 < wvp < Vp positions vary in time in suitable cones and only these cones
0 < wp < Q (6)  remain stable with respect to the leader reference frame.

To prove (12) remark that, from (11)
(L—F, 70+ 9¢)) =
whereV;, Vi, Q € Rt are the leader and follower maximum =(d7(0r + ¢), (0L + ¢)) =
linear velocity and the follower maximum angular velocity, = dcos 3 > dcos(arcsin Kd cos ¢).
and K represents the leader trajectory maximum curvatuigygof of Theorem 1-Sufficiencytet a = arcsin(Kd cos ¢)
(note that for a unicycle robot the instantaneous trajgctorandxb yr, 01, =r, yr, Or be the solutions of systems (1),

curvature is given byor, /vr). (2), with the initial conditions such that (11) is verified at
The first problem we discuss can be stated as follows. ; _ § gpng wherevr andwp are given by (10). It is

Problem 1 Exact formation control): Find the condi-
tions on leader motion that guarantee the existence of the 3 UL (“’_L dcos¢ — sinﬁ) (13)

1itminf vp(t) > 0

. L =WwL —Wp =
control functionsvr, wr, and an initial state such thdt,, dcos¢ \ vp

and Ry make a(d, ¢)-formation, that is equations (3) and which represents a stable dynamic system with the forcing

(4) hold for all . term w;. Since the initial conditions are such that
The second problem we deal with, is that of stabilizings(0)| < «, then, by condition (7), it ig6(t)] < o, V¢ > 0.

these trajectories. Moreover, being|3(t)] < a, it is, by (10) and (8),



Therefore if 5(0) # a it is lim; o vp(t) < 0, since
Kd<1andif 5(0) = aitis still lim;_.. vp(t) <0, since
Kdcos¢ < 1, then in any case the first inequality of (6) is
not satisfied and (7) holds. If condition (8) does not hold,
assume that the leader has velodity and follows a circle

of curvaturek’, thentlixgo B(t) = arcsin(Kd cos ¢) and

tlim wF(t) = VLK >Q

which contradicts the second inequality of (6). Finally
assume that (9) is not satisfied. Let the leader follow aeircl
of curvatureK with velocity V. Therefore

///// . _ _ . _1
s arcsin(Kd cos ¢) tlirf}o vr(t) = Vg cos (¢ — arcsin(Kd cos ¢)) (cos )~ > Vi
. & which contradicts the first inequality of (6). [ |

IV. STABILIZATION

We now suppose that the leader and the follower start
from arbitrary initial conditions. It is assumed that thader
velocity is bounded from below by a positive const&ft,

Fig. 2. The ConEC(BL (t) + ¢, arcsin(Kd cos ¢))

0<VorL <vp < VL.
|wr(t) | < KV, < Q. Furthermoreyt > 0, |B(t) — ¢ | <
a+ |p| < I, since, by (7),Kdcos¢ < cos¢ =
sin(§ — |¢|); therefore by (10) and (9) it follows that
OE(St)vi (Z)(té) YFF (I:;n_allngt((; V(etr)'fi/_ $)a;£%) rae?r?a(ri)tng':d' et 1o satisfy the conditior3| < «,, wherea, is a suitable

F positive constant. In the second step the follower performs
vy, cos ¢ the control defined in the previous section with an added
\ R(_9L>[( >_ cor _ .
cos ¢ 0 stabilizing term in order to reduce the error asymptotjcall
—cos( — @) 7(B) —sin(3) v(—f + qg)} -0 to zero. The stabilizing term is chosen accurately in order t
satisfy the input bounds (6).

The control strategy consists of two steps. In the first step
the follower rotates with zero translational velocity Uit
direction is sufficiently close to that of the leader in order

E:L—F—dU(9L+¢)wF=

wherev 0 € R, R(0) = Z?jg _Czlsr;e . Since E(0) = 0, Theorem 2:Suppose that
E(t) =0, VYt > 0 and therefore (3) and (4) hold. Kd<1 (14)
Necessity: Suppose that for any robat;, verifying con- V. K <Q (15)

ditions (5) there exist initial conditionsx(0), y#(0),0#(0), .
and controlsvr(t),wr(t) such thatR; and Rp are in Vi cos (0V (I¢] — arcsin(Kdcos ¢))) < Vr cos¢ (16)

(d, ¢)-formation and bounds (6) are verified, then (10hnd lety,, y» be any constants such that
and (13) must hold.
By contradiction, assume that condition (7) is not satisfied Kd<xi<x2 <l (17)
thatisK'd > 1. Suppose thak, follows a circle of curvature gqt the following control functions
K with velocity V. Then if ¢ is such thatd cos ¢ > 0, itis:
0 if |8 > ay

3=V, (K—(d i >V (K—(d > 0.
B=Vy(K—(dcosp) 'sinf) > Vp(K—(dcosp)™") > vr = (B, (0 + ¢)) + v, cos(B — )

Therefores is monotonous increasing and unbounded and cos ¢
there exists a timet for which the follower velocity
vp :ULW is negative, which contradicts the first sign(3) if 3] > ay
inequality in (6). If Kdcos¢ < 1, then¢p # 0 and _ )
suppose thafz;, follows a circle of curvature-(sign ¢) K. “r n(E, v(0F)) + vpsinf
If Kdcos¢ < 1,leta: % < |a| < m be such thatina = dcos ¢

—(sign ¢) Kd cos ¢. SincetliﬂngO B(t) = a, if 5(0) # @ and

B(t)=a,Vt>0,if 8(0) = a we have, by (10), that

it 8] < ay

if 6] < oy
(18)
wheren is given by

— min{(Q_ Kuvp)dcos¢ (vr x1 — |wr|) dcos ¢

im0 (0) = fim Vi (cos 50) + 0 sing) - (EvO (B v
\/ﬁ_ . 7 if si _ VF COS¢—ULCOS(6—¢) v COS(ﬁ—(b)
_ {VL( 1~ (Hdcoag)? ~ Kdsinlg]), if sinf(0) # 2 B O + o) 1B r@r o)
—Vi(v/1— (Kdcos$)? + Kdsin|¢[), otherwise (19)



M is a positive constant anfl' is the error vector defined
in the proof of Theorem 1.

Then for any initial state z5(0), y.(0), 6.(0),
2 (0), yr(0), 67(0), the solution of systems (1),(2), with
vp, wr given by (18), is such thafim; .., E(t) = 0,
(6) hold and there existsty, > 0, such that
16(t)] < ay, = arcsin(xa d cos @), Vit > to.

Proof: Let zr, yr, 01, zF, yr, O be the solution of
systems (1),(2) withvg, wr given by (18) and initial
ConditionS:vL(O), yL(O), eL(O),fL‘F(O), yF(O), QF(O)

Let AT = {t|B(t) > a,} and A~ = {t|B(t) < —ay}.
First it will be shown that

B(t) < —c, Yte AT
B(t) > e, Vte A”
where ¢ (Q — KVL) A\ (Xg — XI)VOL which is

positive by (15) and (17). In fact, suppose thate At
and G(ty) > oy, then, by (18),5(ty) = wr — Q <

—(Q — K Vi) < —cif B(to) = ay, then, by (18) and (19)

B(to) = wr(to) — wr(to)
= wr(ty) — n(to)(E(to), v(0r(to))) + vr(to) sin ay

dcos o
_ (ﬂ vr(to) — wL(to))—i— nlto)(Eto), v(Br (to)))
VL
—(x2vr(to) —wr(to)) +

dcos ¢
+ sign(E(to), v(0r(t0))) (x1 vL(to) — |wr(to)])
< —(x2 —x1)Vor < —c.
Therefore, by (20) there exist a unigtie> 0 such that
B)] > o, VtE 0, to),
1B(t)] < ay, V> to.

Then by definition ofvr, wr andn, the follower bounds are
satisfied, being/t > to (by (18), (19)):

(20)

IN

<

wr| < n(E, v(0r))+ v sin o, <O Kup + Kvy, <9,
dcos ¢
o < TIUE Tr + )] +vpeosB—0)
cos ¢
_ 1B T(0r +0)| +vpcos(B=0) _,
cos ¢

Furthermore for everyt > to, the error dynamic is
E(t) = —n(t) E(t). Finally, from (19) it follows that
Q—KVL (K_Xl)VOL

(72 (72—

nzmin{

(Vi — cos (0 V arcsin(K d cos ¢)) (cos ¢) 1) cos ¢
1E] ’

i
Thereforevt > ¢,
. 2 -
1B < —(clEQ I~ A M) |B@)

Vor cos(¢ + ay)
(P24

c
=-—AM.
IE]

which implies thattlim [E(t)]] = 0.

0r

Fig. 3. Leader-follower setup in [3].

V. AN ALTERNATIVE APPROACH

A different approach to leader-follower formation control
is that proposed in [3]. The authors consider the setup
in Fig. 3 (for the sake of simplicity a single follower is
shown). Two are the main differences from this setup and
that proposed in our paper (Sect. I1):

« the desired distance? between the leader and the
follower is calculated with respect to a point P placed
at distancey < p? along the follower translational axis.

« the desired relative orientation of the follower with
respect to the leader?, is expressed in the leader
reference frame.

Note thatp? and«? play the same role of and ¢.

Hereafter we will use the terms “centralized” and
“decentralized” to refer respectively to the approach pre-
sented in [3] and our approach. These terms do not refer here
to the control of the formation, as usual in the literatungt, b

to the sensing systenin fact in our approach the relative
angles between the leader and followers are referred to the
follower frame (angles in Fig. 1), and can be measured, for
instance, by on-board cameras mounted on each follower.
On the other hand in [3] the angle variables used to control
the formation are referred to the leader (angfein Fig. 3)

and in general require a centralized sensing system to be
measured. Centralized systems are usually cheaper but less
reliable than decentralized ones.

A. Exact formation control

The formation control problem in [3] can be formalized
in our geometric setting analogously to Problem 1, where,
instead of (3) and (4), it is now required that

p(t) = p? (21)
vty = o° (22)
hold for all ¢ < 0. Proposition 1 gives a solution to this

problem.

Proposition 1: Let p¢ > 0 and ¢¢ be given. There
exist initial conditionszr(0), yr(0), #7(0) and controls
vr(t),wr(t) defined in (27), that guarantee (21),(22) for



all ¢ and for any trajectory oRz,, if and only if the following
conditions hold

Ko <1 (23)

V14 (ph)2K? — 2K [sintpd|pd
Vi K <Q (24)
Vi /14 (p)2K2 — 2K [singpd|pd < Vi (25)

Proof: Conditions (21), (22) imply
rp + dcosfp Ty a (cos(0r, + %)
(yF + 5sin9p) B (yL) =7 (sin(@L + d)d)) - (26)
A time differentiation of (26) yields to the control inputs
vp = vp cos B — wr, pdsin(3 + )
wp =0"" (vL sin 8 4wy, p? cos( + z/Jd)) )

Set N = V14 (p9)2K? — 2K [sinyd] pd,
¢ = arcsin (de N1 cos wd), then it is

vp =vr Ncos(B+¢), wrp=206 'vy Nsin(8+().

It is requiredvy > 0, then it must bej3 + ¢| < Z and this
needs the internal dynamigsto be bounded. It is

B =wy —wr <UL (K — ¢ 'Nsin(8 + O)

which are bounded if and only iff N=' < 6!, from
which (23) follows. Moreover it is

[sin(6+ ()| < N&~*
from which (24) and (25) follow directly. |

(27)

B. Stabilization

From Figs. 1 and 3 we observe that (the robots are supposed
to point in the same direction),

pt = \d2+62—2dbcoso (29)
v = T+ o+p (30)
where
—arcsin( Osin¢ )
: VA 6% —2dbcosd )

Substitute (29) and (30) in (25) and compare (25) with
(9). Differently from (9), the left-hand side of (25) depend
almost linearly on the distancé and therefore for large
condition (25) is stronger than (9). In other words, for &rg
d, (25) constraind/z more than (9).

VI. SIMULATION EXPERIMENTS

We conducted extensive simulation experiments to
compare the stabilizing controllers presented in Sect. IV
and Sect. V-B. A formation consisting of two followers
has been considered. Hereafter we will refer to the first
and second follower using the subscripts “1” and “2".
We imposed the following control input to the leader:
v(t) = 1.3 m/s, wi(t) = —sin(1.1¢) rad/s, and
therefore K = 0.7692 rad/m. We chose the initial
conditions: (z.(0), y(0), 0(ONT = (5,2, 7/2)7,

(zr, (0), yr, (0), Op, (O))T - (3.5, 2.2, 7T/6)T

and (z5,(0), yr,(0), Op, (0))T = (6, 1.5, 27/3)T.

We considered two sets of desired values
D:(d/l,dg,(bl,(bg): Dy = (0.7, 0.7, —7T/3, 7T/3)
andDp = (1.2, 1.2, —7/3, 7/3). These values are relative

to the decentralized approach: the corresponding values
for the centralized have been computed using (29) and

The stabilizing controller presented in [3] can be rewnitte (30) with § = 0.2 m. We set the control gains in (18) and

using our formalism as follows.

Result 1: For any initial conditionszy(0), y.(0), 61(0)
andzr(0), yr(0), 0(0), if v, >0, lwr] < W € RT and
B3(0) < an for somea < 1, if the control functions for the
followers are defined as

vp = cos(B + 1) [k1(p? — p) + v cosy)] —
— psin(B + 1) [ka (v — ¥) —vp p~tsing + wi]
wp=0""(sin(B + ) [k1(p? = p) + vr cos ] +

+ pCOS(ﬁ + 1[1) [kQ(’l/)d — ZZJ) — VL p_l SiIl’l/) + wL} )(28)
where k;, ky, are positive gains, therip? — p, ¢ — )T
converges to zero exponentially agds bounded.

Proof: see [3]. [ |

C. Discussion: centralized VS decentralized approach

(28), M = 1 andk; = ko = 5 and we chose(; = 0.95,

x2 = 0.98, VF1 = VF2 =4 m/s, N =Qs=m rad/s. With
these bounds the conditions of Theorem 2 are satisfied.
Figs. 4(a), 4(b) show the trajectories of the robots and
the corresponding control input (18) using the def.
Figs. 4(c), 4(d) show the trajectories of the robots and the
control input (28) usingD 4. Analogously, Figs. 4(e), 4(f)
and 4(g), 4(h) show the trajectories of the robots and inputs
(18) and (28) using)p.

By comparing Fig. 4(a) with Fig. 4(c) and Fig. 4(b) with
Fig. 4(d), we observe that the trajectories of the robots
and the control inputs are similar. On the contrary, for
larger dy, d2 (as in Dg), the angular velocitiesvr, and
wp, in Fig. 4(h) are greater and rougher than those in
Fig. 4(f) and the corresponding trajectories present an
undesirable oscillating behavior (Fig. 4(g)). As discasse

By comparing equations (27) with (10), we note thain Sect. V-C, we observed that for even larggr, do, the
(27) are more involved than (10) and they also depend orelocitiesvy, andvg, in (28) are greater thangp, andvg,
wr, l.e. they depend on one more parameter. In practica (18). We tested the controllers on other trajectories and
besidesv;, alsow; needs to be transmitted from the leadethe results were similar. Therefore, when compared to the
to the follower and therefore a wider inter-robot data floncontrol strategy in [3], our approach generates smoother

is necessary. Note that fo¥ = 0, wg in (27) is not

trajectories and allows a lower control effort, especidtly

defined. For equations (28) and (18) similar conclusiond.hollarge distances between the leader and the followers.
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Fig. 4. Desired valued 4: (a) trajectories of the robots using control input (18)) @ontrol input (18), (c) trajectories using control inp@&8y,

(d) control input (28). Desired valueB g: (e) trajectories of the robots using control input (18), ¢bntrol input (18), (g) trajectories using control
input (28), (h) control input (28).

VIl. CONCLUSIONS AND FUTURE WORKS [3]

In this paper we study leader-follower formations of
nonholonomic mobile robots and we propose a controllef4]
that is alternative to those existing in the literature.

The formation control problem has been formalized in ap;
geometric framework able to explain how the geometric
properties of the formation affect the set of admissible
curvatures of leader trajectory. We also prove that durtieg t
control, the vectors connecting the followers to the leadef7]
keep inside given cones that remain stable with respect t%]
the leader reference frame.

Analytical results and simulation experiments show that th [9]
control strategy proposed in the paper is simpler, morﬁO]
intuitive and effective than other strategies existing lie t
literature.

Future research lines include the experimental validation (11]
our control law and the extension of our results to more
general robot formations described by rooted tree graphs.[12]
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