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Abstract— In this paper a stabilizing control scheme to
steer hierarchical formations of unicycle robots is proposed.
Hierarchical formations are characterized by modular leader-
follower units suitably interconnected. Robots linear velocity
and trajectory curvature are forced to satisfy some given
bounds. An original contribution of the paper is the study of the
effect of these bounds on the admissible paths of the robots and
the derivation of inter-robot constraints propagation formulae.
A peculiar feature of the proposed control strategy is that the
position of the follower in the basic unit is not rigidly fixed with
respect to the leader but varies in proper circle arcs centered
in the leader reference frame. Simulation experiments illustrate
the theory and show the effectiveness of the proposed design.

I. INTRODUCTION

A growing interest on coordination and control of multiple
autonomous agents matured in the last decade. Recently,
terms borrowed from nature like swarm, herd, flock entered
stably in the robotic language as to indicate robot clusters
(see e.g., [1]–[3]). This trend has been supported by the
striking technological advances on computation and com-
munication capabilities and by the basic observation that
multiagent systems can perform tasks beyond the ability of
individual vehicles.

In the context of multirobot systems research, formation
control has a leading position. By formation control we
simply mean the problem of controlling the relative position
and orientation of the robots in a group while allowing
the group to move as a whole [4]. Typical applications of
robot formations are terrain and utilities inspection, disaster
monitoring, environmental surveillance, search and rescue,
planetary exploration. Research on formation control dealt
with ground vehicles [5], [6], surface and underwater au-
tonomous vehicles (AUVs) [7], [8], unmanned aerial vehicles
(UAVs) [9],microsatellite clusters [10].

One of the most important approaches to formation control
is the leader-follower [4], [11]. A robot of the formation,
designed as the leader, moves along a predefined trajectory
while the other robots, the followers, are to maintain a de-
sired distance and orientation to the leader. Leader-follower
architectures are known to have poor disturbance rejection
properties. In addition, the over-reliance on a single agent for
achieving the goal may be undesirable especially in adverse
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conditions. Nevertheless this approach is extremely simple
since a reference trajectory is clearly defined by the leader
and the internal formation stability is induced by stability of
the individual vehicles control laws.

In this paper, extending our previous works [12], [13], we
introduce hierarchical formations of nonholonomic mobile
robots and propose an original stabilization control scheme.
Hierarchical formations (or (D, Φ,N )-formations) are char-
acterized by elementary leader-follower units (LF units in
short) suitably interconnected. The global motion of the
formation depends on the root leader whose control input
is predefined. Hierarchical formations (that represent rooted
trees in the context of group theory) possess some remarkable
properties. Interlacing multiple LF units, arbitrary complex
formations can be built in a modular fashion. In addition, the
LF units simplify the analysis of formation behavior since
the global properties of the formation can be directly entailed
from the properties of these basic substructures.
The vehicles in the hierarchical formation are modelled
as unicycle robots with bounded velocity and trajectory
curvature. An original contribution of the paper is the study
of the effect of these bounds on the admissible paths of
the robots. In this respect, suitable inter-robot constraints
propagation formulae are analytically derived.

Going into more detail in the structure of the paper, a first
theorem provides a sufficient condition and a control law for
two robots to be asymptotically in formation for any initial
condition and any motion of the leader, while still respecting
the bounds. A second theorem extends the previous result to
the case of multirobot formations.

Note that differently from [4], in the LF units the follower
is not rigidly disposed with respect to the leader, but its
relative position varies in time in suitable circle arcs fixed in
the leader reference frame, thus guaranteeing more flexibility
to the formation.

The rest of the paper is organized as follows. In Sect. II
some basic definitions are provided and the problem studied
in the paper is presented. In Sects. III and IV an original
solution to the stabilization problem of a two robots and
a multirobot formation is proposed. In Sect. V simulation
experiments illustrate the theory and show the effectiveness
of the proposed designs. In Sect. VI the major contributions
of the paper are summarized and future research lines are
highlighted.

Notation: ∀ a, b ∈ R, a ∧ b = min{a, b}, a ∨ b =
max{a, b}; ∀ t > 0, sign (t) = 1; sign (0) = 0; ∀ t < 0,
sign (t) = −1; ∀x = (x1, ..., xn)T , y = (y1, ..., yn)T ∈ R

n

(n ≥ 1), 〈x, y〉 =
∑n

i=1 xi yi, ‖x‖ =
√〈x, x〉; ∀ θ ∈ R,

τ(θ) = (cos θ, sin θ)T , ν(θ) = (− sin θ, cos θ)T .



II. BASIC DEFINITIONS AND PROBLEM FORMULATION

Consider the following definition of robot as a velocity
controlled unicycle model.

Definition 1: R = (x, y, θ)T ∈ C1([0, +∞), R3) is called
a unicycle robot with initial condition R ∈ R

3 and control
(v, ω) ∈ C0([0, +∞), R2) if the following system is verified{

ẋ = v cos θ, ẏ = v sin θ, θ̇ = ω

(x(0), y(0), θ(0))T = R.
(1)
�

System (1) represents the differential kinematics of the uni-
cycle robot and ∀ t ≥ 0 such that v(t) �= 0 , κ(t) = ω(t)/v(t)
is the curvature of the path followed by the robot at time t.
Denote by P (t) = (x(t), y(t))T the position of R at time t,
θ(t) its heading, τ(θ(t)) the normalized velocity vector and
ν(θ(t)) the normalized vector orthogonal to τ(θ(t)). Hence,
{τ(θ(t)), ν(θ(t))} represents the robot reference frame at
time t (see Fig. 1).

Definition 2: The triple (D, Φ,N ), where D =
(d1, d2, . . . , dn) ∈ R

n, Φ = (φ1, φ2, . . . , φn) ∈ R
n,

N = (l1, l2, . . . , ln) ∈ N
n, is said to be admissible

(to make a formation) if ∀ i = 1, . . . , n, di > 0, |φi| < π
2 ,

li ∈ {0, . . . , i − 1}. �
The following definition introduces the notion of hierar-

chical formation (or (D, Φ,N )-formation) used through the
paper (refer to Fig. 2).

Definition 3: Let (D, Φ,N ) ∈ R
n × R

n × N
n be an

admissible triple. We say that n + 1 robots R0, R1, . . . ,Rn

are in (D, Φ,N )-formation with leader R0 at time t, if
∀ i = 1, . . . , n,

Pli(t) = Pi(t) + di τ(θi(t) + φi) (2)

and simply that R0, R1, . . . ,Rn are in (D,Φ,N )-formation
with leader R0, if (2) holds ∀ i=1, . . . , n, ∀ t ≥ 0. �
Rli is called the leader relative to the i-th follower Ri and
each pair (Rli ,Ri) is referred to as a leader-follower unit or
LF unit in short. The global motion of the formation depends
on robot R0, the root leader, whose control (v0, ω0) is given.
Definition 3 states that n + 1 robots R0,R1, . . . ,Rn are in
(D, Φ,N )-formation with leader R0 if, for any robot Ri

with i = 1, . . . , n, the position Pi of the follower Ri is
always at distance di from the position Pli of the relative
leader Rli and the angle between vectors τ(θi) and Pli −Pi

is constantly equal to φi, i.e. the position Pli of the relative
leader remains fixed with respect to the reference frame

R = (x, y, θ)T
P

θ

τ(θ)

ν(θ)

Fig. 1. Variables of the unicycle robot.

φ1

R1

d1

R0

d2

φ2

R2

d3
φ3

R3

Fig. 2. A sample (D, Φ,N )-formation with four robots. In this case
D = (d1, d2, d3), Φ = (φ1, φ2, φ3) and N = (0, 0, 2).

{τ(θi), ν(θi)}. An equivalent way to state Definition 3 is
the following: set the error vector,

Ei(t) = Pli(t) − (Pi(t) + di τ(θi(t) + φi))

then R0,R1, . . . ,Rn are in (D, Φ,N )-formation with leader
R0 if and only if Ei(t) = 0, ∀ i = 1, . . . , n, ∀ t ≥ 0.

Note that hierarchical formations represent rooted trees in
the context of graph theory. In the particular case that l i = 0
for all i, all the robots have R0 as relative leader, while if
li = i−1 for all i, a “convoy-like” formation is obtained, i.e.
a formation where the i-th robot has the (i−1)-th as relative
leader. Finally, remark that if n = 1, then D = d1, Φ = φ1,
N = 0, that is R0 and R1 are in (d1, φ1)-formation with
leader R0, following the definition given in [13].

Definition 4: Let (D, Φ,N ) ∈ R
n × R

n × N
n be an

admissible triple. We say that n+1 robots R0, R1, . . . ,Rn

are asymptotically in (D, Φ,N )-formation with leader R0,
if ∀ i = 1, . . . , n,

lim
t→∞Ei(t) = Pli(t) − (Pi(t) + di τ(θi(t) + φi)) = 0 . �

In this paper the following problem will be studied.
Problem 1: Let (D, Φ,N ) ∈ R

n × R
n × N

n be an
admissible triple. Let R0, R1, . . ., Rn be n + 1 robots and
Wi, Vi, K−

i , K+
i , ∀ i = 0, . . . , n be real constants. We want

to find sufficient conditions on the velocity and curvature
bounds W0, V0, K−

0 , K+
0 of robot R0 that guarantee the

existence of controls vi, ωi, i = 1, . . . , n for robot Ri such
that for any initial condition Ri, the robots R0, R1, . . ., Rn

are asymptotically in (D, Φ,N )-formation with leader R0

and the followers satisfy the constraints: ∀ i = 1, . . . , n,

0 < Wi ≥ vi(t) ≤ Vi , K−
i ≤ κi(t) ≤ K+

i , ∀ t ≥ 0 . �

III. STABILIZATION OF TWO ROBOTS

Before dealing with Problem 1, it is worth studying a
simpler case, namely the asymptotic stabilization of a two
robots formation. To understand the choice of the controls
we are going to use, consider the following proposition.



Proposition 1: Suppose that two robots R0 and R1 are
in (d1, φ1)-formation with leader R0. Then it must be,

v1(t) = v0(t)
cos(β(t)−φ1)

cos φ1
, ω1(t) = v0(t)

sin β(t)
d1 cos φ1

(3)

where β(t) � θ0(t) − θ1(t).
Proof: Since E1(t) = P0(t)−(P1(t)+d1 τ(θ1(t)+φ1)) = 0,
differentiating it, we get that Ṗ0 = Ṗ1+ d1 θ̇1ν(θ1+φ1), that
is v0 τ(θ0) = v1 τ(θ1)+d1 ω1 ν(θ1+φ1) which implies, mul-
tiplying by the rotation matrix R(−θ1) = (τ(−θ1), ν(−θ1)),
that v0τ(β)= v1(1, 0)T +d1 ω1ν(φ1). Therefore it has to be,

v1 = v0

[
cosβ + sin β sin φ1

cos φ1

]
= v0

cos(β−φ1)
cos φ1

,

ω1 = v0
sin β

d1 cos φ1
. �

The stabilization control strategy we are going to present,
consists of two steps. In the first step the follower moves with
maximum linear and angular velocities until its direction is
sufficiently close to that of the leader in order to satisfy the
condition α− ≤ β ≤ α+, where α− and α+ are related to
the minimum and maximum admissible curvatures K −

0 , K+
0

of the path followed by the leader.
In the second step, the follower performs the control de-
fined in Prop. 1 with an added stabilizing term in order
to reduce the error asymptotically to zero. Note that since
∀ a, a1, a2 ∈ R

2 such that 〈a1, a⊥
2 〉 �= 0, a = 〈a, a⊥

2 〉
〈a1, a⊥

2 〉 a1 +
〈a, a⊥

1 〉
〈a2, a⊥

1 〉 a2, then the error vector E1 can be decomposed with
respect to vectors τ(θ1) and ν(θ1 + φ1) as follows,

E1 =
〈E1, ν(θ1 + φ1)⊥〉

〈τ(θ1), ν(θ1 + φ1)⊥〉 τ(θ1) +
〈E1, τ(θ1)⊥〉

〈ν(θ1 + φ1), τ(θ1)⊥〉 ν(θ1+ φ1)

= E1τ τ(θ1) + E1ν ν(θ1 + φ1)
(4)

with the obvious meaning of the symbols E1τ and E1ν .
The stabilizing controller given in (13) and (14) adds correct-
ing terms proportional to the error components to the controls
v1, ω1 in Prop. 1. The time-varying gain η(t) has been chosen
in such a way (see equ. (15)) that the bounds of the follower
are always satisfied. In the following theorem S 1 denotes the
quotient space R/� equipped with the canonical topology
being � the equivalence relation, x ∼ y ⇔ x − y = 2mπ,
m ∈ Z, where Z is the integer set.

Theorem 1: Let d1 > 0, φ1 : |φ1| < π
2 and let W0, V0,

K−
0 , K+

0 , V1, K−
1 , K+

1 be suitable constants such that

0 < W0, V0, V1 , K−
1 ≤ K+

1 ,

if φ1 < 0 , − 1
d1 cos φ1

if φ1 ≥ 0 , − 1
d1

⎫⎬⎭ < K−
0 ≤ K+

0 <

⎧⎨⎩
1

d1 cos φ1
, if φ1 > 0

1
d1

, if φ1 ≤ 0.

(5)

Let R0 = (PT
0 , θ0)T be a robot satisfying the following

constraints for all t ≥ 0,

0 < W0 ≤ v0(t) ≤ V0 , K−
0 ≤ κ0(t) ≤ K+

0 . (6)

If the following conditions are satisfied:

K̆−
0 < K−

0 ≤ K+
0 < K̆+

0 , V0 < V̆0 (7)

where

K̆±
0 = (sign K±

1 )
(
d2
1 cos2 φ1 +((K±

1 )−1−d1 sinφ1)2
)−1/2

with the convention that K̆±
0 = 0 if K±

1 = 0 and

V̆0 = V1 cosφ1

(
cos(0 ∧ (arcsin(K+

0 d1 cosφ1) − φ1)∧
∧ (φ1 − arcsin(K−

0 d1 cosφ1)))
)−1

then for any robot R1 = (PT
1 , θ1)T , there exist suitable

controls v1, ω1 such that

lim
t→∞E1(t) = 0 (8)

0 < W1 ≤ v1(t) ≤ V1 , K−
1 ≤ κ1(t) ≤ K+

1 , ∀ t ≥ 0 (9)

being

W1 =
W0

2 cosφ1
cos

(
arcsin((K+

0 + ε) d1 cosφ1) − φ1 ∨
∨φ1 − arcsin((K−

0 − ε) d1 cosφ1)
) (10)

where ε > 0 is a sufficiently small constant. Moreover
∀ ε > 0, ∃ t̄ ≥ 0 : ∀ t ≥ t̄,

arcsin((K−
0 −ε) d1 cos φ1) ≤ β(t) ≤ arcsin((K+

0 +ε) d1 cos φ1) . (11)

Remark 1: Let

Ad(δ, σ1, σ2) = {d τ(θ) | δ + σ1 ≤ θ ≤ δ + σ2}
be the arc of circle centered in the origin, radius d, angle of
the reference axis δ and aperture σ2−σ1 and Aε

d(δ, σ1, σ2) =
{x ∈ R

2|∃ y ∈ Ad(δ, σ1, σ2) : ‖y − x‖ < ε} the
ε-neighborhood of Ad(δ, σ1, σ2). Since, ∀ t ≥ 0,

P1(t) = P0(t) − d1τ(θ1(t) + φ1) − E1(t) =
= P0(t) + d1τ(θ1(t) + φ1 + π) − E1(t) =

= P0(t) + d1τ((θ0(t) + φ1 + π) − (θ1(t) − θ0(t)) − E1(t)

we immediately deduce from (8) and (11) that the following
property holds,

∀ ε > 0, ∃ t̄ : ∀ t ≥ t̄, P1(t) ∈ P0(t) + Aε
d1

(θ0(t) + φ1 + π,

− arcsin(K+
0 d1 cosφ) , − arcsin(K−

0 d1 cosφ1)) .

In other words, given any ε > 0, P1(t) belongs eventually
to the ε-neighborhood of the circular arc Ad1(θ0(t) +
φ1 + π,− arcsin(K+

0 d1 cosφ1),− arcsin(K−
0 d1 cosφ1))

which is fixed with respect to the reference frame
{τ(θ0(t)), ν(θ0(t))} of the robot R0 (see Fig. 3, where
σ1 = − arcsin(K+

0 d1 cosφ1), σ2 = − arcsin(K−
0 d1 cosφ1)

and δ = θ0(t) + φ1 + π in the case K−
0 < 0 < K+

0 ). �
Proof of Theorem 1: Take any ε > 0 sufficiently small

such that

if φ1 < 0, − 1
d1 cos φ1

if φ1 ≥ 0, − 1
d1

⎫⎬⎭ < K−
0 −ε ≤ K+

0 +ε <

⎧⎨⎩
1

d1 cos φ1
, if φ1 > 0

1
d1

, if φ1 ≤ 0

K̆−
0 < K−

0 − ε ≤ K+
0 + ε < K̆+

0

V0 cos
(
0 ∧ (arcsin((K+

0 + ε) d1 cosφ1) − φ1)∧
∧ (φ1 − arcsin((K−

0 − ε) d1 cosφ1))
)

< V1 cosφ1

(12)

and define Γε = {x ∈ S1|(K−
0 − ε) d1 cosφ1 ≤ sin x ≤

(K+
0 + ε) d1 cosφ1}. Set the controls as

v1(t)=

{
V1 , if β(t) /∈ Γε

v0(t)cos(β(t)−φ1)+η(t) 〈E1(t), τ(θ1(t)+φ1)〉
cos φ1

, if β(t)∈ Γε

(13)
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Fig. 3. The arc of circle Ad1

(
δ, σ1, σ2) and its ε-neighborhood.

ω1(t) =

⎧⎪⎨⎪⎩
V1 K+

1 , if β(t) /∈ Γε and K+
1 ≥ 0

V1 K−
1 , if β(t) /∈ Γε and K+

1 < 0
v0(t) sin β(t)+η(t) 〈E1(t), ν(θ1(t))〉

d1 cos φ1
, if β(t) ∈ Γε

(14)
where η(t) is a bounded continuous function given by

η(t) =
(v0(t) − W0/2) cos(β(t) − φ1)

|〈E1(t), τ(θ1(t) + φ1)〉| ∧

∧ ((K+
0 + ε/2 − κ0(t)) ∧ (κ0(t) − (K−

0 − ε/2))) d1 cos φ1

|〈E1(t), ν(θ1(t))〉| ∧

∧ V1 cos φ1 − v0(t) cos(β(t) − φ1)

|〈E1(t), τ(θ1(t) + φ1)〉|
∧

∧ v0(t)(K+
1 d1 cos(β(t) − φ1) − sinβ(t))

|〈E1(t), ν(θ1(t))〉| + |K+
1 ||〈E1(t), τ(θ1(t) + φ1)〉|

∧

∧ v0(t)(sin β(t) − K−
1 d1 cos(β(t) − φ1))

|〈E1(t), ν(θ1(t))〉| + |K−
1 ||〈E1(t), τ(θ1(t) + φ1)〉| ∧ M

(15)

with the convention that 1
0 = +∞. M is a positive gain

constant. First of all we remark that

∃ t̄ ≥ 0 : β(t̄) ∈ Γε. (16)

In fact, suppose for instance that K+
1 ≥ 0, then if

∀ t ≥ 0, β(t) /∈ Γε, by (7): β̇(t) = ω0(t) − ω1(t) =
κ0(t) v0(t) − K+

1 V1 ≤ K+
0 v0(t) − K+

1 V1 ≤ (K̆+
0 v0(t) −

K+
1 V1) − ε v0(t) ≤ (K̆+

0 V0 − K+
1 V1) − εW0 ≤ −εW0,

being (K̆+
0 V0 − K+

1 V1) ≤ 0. In fact, suppose for
simplicity that cos(0 ∧ (arcsin((K+

0 + ε) d1 cosφ1) −
φ1) ∧ (φ1 − arcsin((K−

0 − ε) d1 cosφ1))) =
cos 0 = 1, by (9) and (12), K̆+

0 V0 − K+
1 V1 ≤{

d1
2 cos2φ1 + ((K+

1 )−1 − d1 sin φ1)2
}−1/2

V1 cosφ1 −
K+

1 V1 ≤ V1

{
d2
1 cos2φ1 + ((K+

1 )−1 − d1 sin φ1)2
}−1/2

(cosφ1 − {
cos2φ1 + (K+

1 d1 − sin φ1)2
}1/2) ≤ 0.

Therefore β(t) ≤ −εW0t + β(t0), ∀ t ≥ 0, which
implies straightaway property (16). Set β−1(Γε) =
{t ≥ 0 |β(t) ∈ Γε}, then by (14), ∀ t ∈ β−1(Γε): β̇(t) =
ω0(t) − ω1(t) = ω0(t) − v0(t) sin β(t)+η(t)〈E1(t), ν(θ1(t))〉

d1 cos φ1
=

v0(t)
d1 cos φ1

(κ0(t) d1 cosφ1 − sin β(t)) − η(t)〈E1(t), ν(θ1(t))〉
d1 cos φ1

,
which implies by definition (15) of η(t) that if
β(t̄) = arcsin((K+

0 + ε) d1 cosφ1), (β(t̄) =
arcsin((K−

0 − ε) d1 cosφ1)) then β̇(t̄) ≤ −εV0/2,
(β̇(t̄) ≥ εW0/2). This implies, together with (16), that

∃ t̄ ≥ 0:∀ t ∈ [0, t̄), β(t) /∈ Γε and ∀ t ≥ t̄, β(t) ∈ Γε (17)

which gives (11). To prove that constraints (9) are verified
for v1, remark that by (13) and (17), v1(t) = V1, ∀ t ∈ [0, t̄)
and ∀ t ≥ t̄, v1(t) = v0(t) cos(β(t)−φ1)+η(t)〈E1(t), τ(θ1(t)+φ1)〉

cos φ1
.

Therefore by definition of η(t) and (6), v1(t) ≥
v0(t) cos(β(t)−φ1)−η(t)|〈E1(t), τ(θ1(t)+φ1)〉|

cos φ1
≥ W0

2
cos(β(t)−φ1)

cos φ1
.

Therefore v1(t) > 0, ∀ t ≥ 0, by the following property:

∃ c1 > 0 : cos(β(t) − φ1) ≥ c1 , ∀ t ≥ t̄ . (18)

In fact suppose for instance that φ1 > 0, by (11)
and (5) β(t) − φ1 ≤ arcsin((K+

0 + ε) d1 cosφ1) − φ1 <
arcsin(1) − φ1 = π

2 − φ1 and β(t) − φ1 ≥
arcsin((K−

0 − ε) d1 cosφ1)−φ1 > − arcsin(cos φ1)−φ1 =
−π

2 which implies (18) and (10). Furthermore by (13)
and (15) v1(t) ≤ V1, ∀ t ≥ 0. To verify constraints (9)
for κ1(t), remark first of all that they are verified by (13),
(14) if t ∈ [0, t̄). If t ≥ t̄, since η(t) > 0 (see (19)) :
κ1(t) = ω1(t)

v1(t) = v0(t) sin β(t)+η(t)〈E1(t), ν(θ1(t))〉
d1v0(t) cos(β(t)−φ1)+η(t)〈E1(t), τ(θ1(t)+φ1)〉 ≤

v0(t) sin β(t)+η(t)|〈E1(t), ν(θ1(t))〉|
d1v0(t) cos(β(t)−φ1)−η(t)( sign K+

1 )|〈E1(t), τ(θ1(t)+φ1)〉| ≤ K+
1 ,

since, by (15), η(t) ≤
v0(t)(K+

1 d1 cos(β(t)−φ1)−sin β(t))

|〈E1(t), ν(θ1(t))〉|+|K+
1 ||〈E1(t), τ(θ1(t)+φ1)〉| and analogously,

κ1(t) ≥ K−
1 , ∀ t ≥ t̄ ; therefore constraints (9) are

completely satisfied. To conclude the proof it remains
to verify (8). Differentiating the error E1(t), by (13)
and (14) and recalling (4), we get that ∀ t ≥ t̄ :
Ė1(t) = v0(t) τ(θ0(t)) − v0(t)

( cos(β(t)−φ1)
cos φ1

τ(θ1(t)) +
d1

sin β(t)
cos φ1

ν(θ1(t) + φ1)
)−η(t)

( 〈E1(t), τ(θ1(t)+φ1)〉
cos φ1

τ(θ1(t))
+ 〈E1(t), ν(θ1(t))〉

cos φ1
ν(θ1(t) + φ1)

)
= −η(t)E1(t). Therefore

d
dt (‖E1(t)‖2) = −2η(t)(‖E1(t)‖2), ∀ t ≥ t̄ and then (8) is
satisfied since the following property holds,

∃ c > 0 such that η(t) ≥
(

c

‖E1(t)‖ ∧ M

)
, ∀ t ≥ t̄ . (19)

In fact to verify (19), first of all remark that by (6) it
follows straightaway that

(
K+

0 + ε/2 − κ0(t)
) ∧ (

κ0(t) −
(K−

0 − ε/2)
) ≥ ε/2, ∀ t ≥ 0. Moreover by (12),

V1 cosφ1 − v0(t) cos(β(t) − φ1) ≥ V1 cosφ1 − V0 cos(0 ∧
(arcsin(K+

0 d1 cosφ1)−φ1)∧(φ1−arcsin(K−
0 d1 cosφ1))) =

c2 > 0 and furthermore by (11), ∀ t ≥ t̄, K+
1 −

sin β(t)
d1 cos(β(t)−φ1)

≥ K+
1 − sign (K+

0 + ε)
{
((K+

0 + ε)−2 −
d2
1 cos2 φ1)1/2 + d1 sin φ1

}−1
> 0, since (K+

0 + ε) < K̆+
0 ,

which implies that ∃ c+
3 > 0 such that K+

1 d1 cos(β(t) −
φ1) − sin β(t) ≥ c+

3 ; analogously ∃ c−3 > 0 such that
sin β(t) − K−

1 d1 cos(β(t) − φ1) ≥ c−3 . Therefore bringing
together (18) with the previous inequalities, we obtain (19)
by the definition of η(t).



IV. STABILIZATION OF MULTIPLE ROBOTS

To generalize the results presented in Sect. III, it is
convenient to introduce the following functions.

Definition 5: Let d > 0 and φ : |φ| < π/2. Define the
following strictly increasing monotone functions: ∀κ such
that |κ| ≤ 1

d cos φ , set

χd,φ(κ) =
(
d sin φ + (sign κ) (κ−2 − d2 cos2 φ)1/2

)−1

and ∀κ ∈ R, set

χ−1
d,φ(κ) = (sign κ)

(
d2 cos2 φ +

(
κ−1 − d sin φ

)2)−1/2

with the convention that χd,φ(0) = χ−1
d,φ(0) = 0. �

To understand the meaning of the functions χd,φ(κ) and
χ−1

d,φ(κ), consider the following proposition.

Proposition 2: Let d1 > 0, φ1 : |φ1| < π/2 and R0 be
a robot which follows a circle of curvature κ0 with positive
constant velocity V0. Let R1 be another robot in (d1, φ1)-
formation with leader R0. Suppose that |β(0)| < π

2 and

if φ1 < 0, − 1
d1 cos φ1

if φ1 ≥ 0, − 1
d1

⎫⎬⎭ ≤ κ0 ≤
⎧⎨⎩

1
d1 cos φ1

, if φ1 > 0

1
d1

, if φ1 ≤ 0
(20)

then
lim

t→∞κ1(t) = χd1,φ1(κ0)

where κ1(t) is the curvature of the trajectory of R1 and
κ0 = χ−1

d1,φ1
(χd1,φ1(κ0)).

Proof: By Remark 1 it follows that

β̇(t) = ω0(t) − ω1(t) =
V0

d1 cosφ1
(κ0 d1 cosφ1 − β(t))

which implies, being |β(0)| < π
2 ,

lim
t→+∞ β(t) = arcsin(κ0 d1 cosφ1)

since |κ0 d1 cosφ1| ≤ 1, by (20). Therefore, by (3)

lim
t→+∞ κ1(t) = lim

t→+∞
ω1(t)
v1(t)

= lim
t→+∞

sinβ(t)
cos(β(t) − φ1)

=

= lim
t→+∞

(
d1 sin φ1+(sign κ0)

√
κ−2

0 −d2
1 cos2φ1

)−1=χd1,φ1(κ0).

Note that as in the proof of Theorem 1, it can be
shown that v1(t) > 0, ∀ t ≥ 0. Moreover we have that
χ−1

d1,φ1
(χd1,φ1(κ0)) = κ0.

Prop. 2 states that χd1,φ1(κ0) is the limit of the curvature
of the trajectory of a robot whose leader is following a circle
of curvature κ0, when the robots are in formation.

The following definitions are introduced to provide concise
statements in Theorem 2.

Definition 6: Let (D, Φ,N ) ∈ R
n × R

n × N
n be an

admissible triple. For every i = 0, . . . , n, let

Li = {j | i < j ≤ n and lj = i}
be the set of the indexes j such that Ri is the leader relative
to Rj . Recall that ∀ i = 1, . . . , n, li denotes the index of the
robot which is the leader of Ri. �

Remark that Ri is a relative leader if and only if Li �= ∅
and it is always L0 �= ∅ and Ln = ∅.

Definition 7: Let K−
i , K+

i , i = 1, . . . , n be 2n real
constants and set ∀ i = n, n − 1, . . . , 1,

K̆−
i = max{K−

i , χ−1
dj ,φj

(K̆−
j ) | j ∈ Li} ,

K̆+
i = min{K+

i , χ−1
dj ,φj

(K̆+
j ) | j ∈ Li}

and

K̆−
0 = max{χ−1

dj,φj
(K̆−

j ) | j ∈ L0} ,

K̆+
0 = min{χ−1

dj,φj
(K̆+

j ) | j ∈ L0} . �
Remark that K̆±

i = K±
i if Li = ∅, therefore K̆±

n = K±
n .

Moreover it is K̆−
i ≤ K̆+

i , if K−
i ≤ K+

i by the monotonicity
of χ−1.

Definition 8: Let (D, Φ,N ) ∈ R
n × R

n × N
n be an

admissible triple. Suppose that, ∀ i = 1, . . . , n − 1
if φi < 0, − 1

di cos φi

if φi ≥ 0, − 1
di

⎫⎬⎭< K−
li

≤ K+
li

<

⎧⎨⎩
1

di cos φi
, if φi > 0

1
di

, if φi ≤ 0.

(21)

is satisfied. Then ∀ i = 0, . . . , n, −π/2 <
arcsin(K−

li
di cosφi) − φi < arcsin(K+

li
di cosφi) −

φi < π/2. Therefore the following constants are well
defined ∀ i = n, n − 1, . . . , 1

V̆i =min{Vi, V̆j cosφj

(
cos(0 ∧ (arcsin(K+

i dj cosφj)− φj)

∧ (φj − arcsin(K−
i dj cosφj)))

)−1 | j ∈ Li}
and

V̆0 = min{V̆j cosφj

(
cos(0 ∧ (arcsin(K+

0 dj cosφj) − φj)∧
∧ (φj − arcsin(K−

0 dj cosφj)))
)−1 | j ∈ L0} . �

Remark that V̆i = Vi if Li = ∅, therefore V̆n = Vn. We are
now ready to state the main theorem of the paper.

Theorem 2: Let (D, Φ,N ) ∈ R
n × R

n × N
n be an

admissible triple, R0, . . . , Rn n + 1 robots and Vi > 0,
K−

i ≤ K+
i , ∀ i = 0, . . . , n, 3(n+1) real constants such that

∀ i = 1, . . . , n, (21) is satisfied. Suppose that there exists W0

such that,

0 < W0 ≤ v0(t) ≤ V0 and K−
0 ≤ κ0(t) ≤ K+

0 . (22)

Let K̆−
0 , K̆+

0 , V̆0 be as in Definitions 7 and 8. If the following
conditions are satisfied,

K̆−
0 < K−

0 ≤ K+
0 < K̆+

0 , V0 < V̆0 (23)

then there exists 2n suitable controls vi, ωi, ∀ i = 1, . . . , n
such that the robots R0, R1, . . . , Rn are asymptotically
in (D, Φ,N )-formation with leader R0 and the following
properties are verified,

0 < Wi ≤ vi(t) ≤ Vi , K−
i ≤ κi(t) ≤ K+

i , ∀ t ≥ 0 (24)

being Wi = Wli

2 cos φi
cos(arcsin((K̂+

li,ρ
+ ε) di cosφi)− φi ∨

φi−arcsin((K̂−
li,ρ

−ε) di cosφi)) where ε > 0 is a sufficiently

small constant and for any ρ > 0, K̂±
0,ρ = K±

0 and K̂±
i,ρ =

χdi,φi(K̂
±
li,ρ

± ρ), i = 1, . . . , n. Moreover ∀ ε > 0, ∃ t̄ :
∀ t ≥ t̄,

Pi(t) ∈ Pli(t)+ Aε
di

(θli(t)+ φi+ π,− arcsin(K+
li

di cosφi),

− arcsin(K−
li

di cosφi)) , ∀ i = 1, . . . , n .
(25)
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Fig. 4. (a) Trajectory of the robots and arcs of circle Aε
di

; (b) Errors Ei.

Proof: The proof relies on the iterative application of
Theorem 1. It is herein omitted for lack of space.

V. SIMULATION RESULTS

Simulation experiments have been conducted to illus-
trate the theory and show the effectiveness of the stabiliz-
ing controller presented in Theorem 2. We considered the
(D, Φ,N )-formation reported in Fig. 2, with d1 = 2m,
d2 = d3 = 1m and φ1 = 4π/9 rad, φ2 = φ3 = π/6 rad.
The initial conditions of the robots are R0 = (5, 2.5, π/3)T ,
R1 = (7, −1, π/4)T , R2 = (4.5, 0, π/10)T and R3 =
(5.8, −0.5, π/6)T . The root leader R0 moves along a cir-
cular path, with v0(t) = 1.2 m/s, ω0(t) = 0.25 rad/s.
We chose W0 = 1, V0 = 1.5, V1 = V2 = V3 = 3 and
K−

0 = −0.25, K+
0 = 0.5, K−

1 = K−
2 = K−

3 = −0.5,
K−

1 = K−
2 = K−

3 = 1. With these values condition (21) is
satisfied for i = 1, 2, 3 and condition (22) holds. Using the
propagation formulae in Definitions 7 and 8, we calculated
K̆±

0 , V̆0 (L0 = {1, 2}, L1 = L3 = ∅ and L2 = {3}). These

bounds satisfy condition (23). The control of the robots in
each LF unit is obtained from (13) and (14) (where we
set M = 1). It can be easily verified that vi, κi satisfy
condition (24) (ρ = 10−3). Fig. 4(a) shows the trajectory
of the robots and the arcs of circle Aε

di
, i = 1, 2, 3, defined

in Remark 1 (ε = 10−3). The vehicles are drawn every two
seconds. From the figure it is evident that property (25) holds.
Finally, in Fig. 4(b), the errors Ei converge asymptotically
to zero.

VI. CONCLUSIONS AND FUTURE WORK

In this paper hierarchical formations of unicycle robots
are introduced and an original stabilization control scheme is
proposed. Hierarchical formations are characterized by mod-
ular leader-follower units that can be easily interconnected
to build arbitrary complex structures. Robots linear velocity
and trajectory curvature are forced to satisfy suitable bounds.
An original contribution of the paper is the study of the effect
of these bounds on the admissible paths of the robots and the
derivation of inter-robot constraints propagation formulae.
A peculiar feature of the proposed control strategy is that
the follower position in the basic unit is not rigidly fixed
with respect to the leader but varies in proper circle arcs
centered in the leader reference frame.

Future research lines include the experimental validation
of our control strategy and the extension of our results to
vehicles with more involved kinematics (e.g. car-like robots).
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