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Abstract—This paper studies a general class of formations of that stabilizes the shape of a relative sensing network to a
unicycle robots. One of the robots plays the role of the leade desired formation has been proposed: the algorithm refies o
and the formation is induced through a constraint function £ 10 global minimization of the stress majorization funatio

that depends on the position and the orientation of the vehies. . -
We investigate the flexibility of such formations with respet ~associated to the network and represents an improvement

to the leader's reference frame by introducing the notion of ~OVver the approaches in [11], [12]. As it is evident from the
formation internal dynamics we characterize its equilibria and  previous literature review, most of the research in thelrigi

provide sufficient conditions for their existence. The theoy is  framework has focused on graph-theoretical issues aial litt
specialized to a particular constraint function F' that leads to  gytention has been devoted to tpaysical constraintsof

a formation where robot 7 follows a convex combination of the . .
positions of the precedingi — 1 robots. Sufficient conditions are ~ th€ @gents. In this respect, two challenging open problems

presented in this scenario that guarantee that the positiomnd ~ include the characterization of rigidity for formations of
orientation of the vehicles with respect to the leader’s refrence  nonholonomic mobile robot&hat involve both distance and

frame are confined in a specific polyhedral region, regardles  grientation constraints) and the definition of general s#as
of the trajectory of the leader, provided that its curvature is ot gych formations sharing the same rigidity properties.
sufficiently small. This d 2 )
paper draws patrtial inspiration from [14] and ad
. INTRODUCTION dresses these problems from a nonlinear control perspectiv
Over the past few years multi-agent systems and coopé/e first define a general class of formations of unicycle
rative control have been the subject of vigorous research inbots, where one of the robots acts as the leader and the
the robotics and control communities [1], [2]. The reasonformation is induced through a constraint functidhthat
behind this success must be sought in multiple factors, sudepends on the position and the orientation of the vehicles.
as, e.g., in the recent technological advances in wirele¥¥e then state conditions dn that guarantee that the controls
communications, in the wider availability of low-cost pro-of the robots are uniquely defined. In this setting, the nedat
cessing units, in the growing interest in parallel and embegbosition and orientation of the followers with respect to
ded computing, in the definition of increasingly demandinghe leader’s reference frame is not fixed (i.e. the formation
tasks requiring the coordinate action of multiple autonamo is not rigid). The flexibility of the formation with respect
agents to be accomplished. to the leader's reference frame is investigated by intro-
Due to its wide applicability in real-world scenarios,ducing the original notion oformation internal dynamics
the formation control problemhas received special atten- The equilibrium configurations of the internal dynamics are
tion in the multi-agent systems literature. The idea behincharacterized by two main results. A first theorem stateis tha
formation control is that of controlling the relative pasit the relative distance and orientation of each follower with
and orientation of the agents in a group, while allowing theespect to the leader’s reference frame are fixed if and only
group to move as a whole. Current work on formation contrdf the vehicles either move along circular paths or parallel
falls into three broad categoriesirtual structure[3]-[5], straight lines. A second theorem shows that such equilibria
behavior-based6], andleader-follower{7]. This paper deals always exist if the trajectory of the leader is a circle of
with a leader-following scheme. sufficiently small curvature or a straight line. The thewsy i
Recently, the interest in formation control has been awakdlustrated on a specific constraint functidn that defines a
ned by the introduction of the original notion Bfidity, that formation where robot follows a convex combination of the
essentially measures how much a formation can be deformpdsitions of the preceding— 1 vehicles, thus generalizing
by a smooth motion without affecting the relative distancgrevious results of the authors [15]. Some of the material
between neighboring agents. Moving from [8], Anderson'sf this work has already been announced in [16]: the main
group has begun to systematically apply the rigid grapélistinguishing feature of the present paper is a third theo-
theory to the analysis of multi-agent formations and hatem which provides sufficient conditions for the constraint
shown the relevance of the rigidity notion in several engifunction of Sect. I, that guarantee that the position and
neering fields [9], [10]. In [11], [12], graph rigidity ideas orientation of the robots relative to the leader are confined
have been used to design decentralized gradient contrel law suitable polyhedral region, regardless of leader’sdtajg,
for the stabilization of a group of kinematic points to aas long as its curvature is sufficiently small.
target formation. Recently, in [13], a distributed alglonit The rest of the paper is organized as follows. Sect. Il
presents the theoretical foundation of the work. A caseystud
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Setvy = (v1,v2,...,0,) aNd wy = (w1, wa,...,wy)
where (v;, w;) is the control function ofi-th follower. We
can then rewrite the kinematic equations of the 1 robots
in a compact form as,

529(57U01w07vf1wf)7 (2)
where (vg, wy) is the control of the leader and
g = (90,91,---,9n) is such thatvVi = 0,...,n:
Fig. 1. Variables of the unicycle robot. gi(§,v0, w0, vf,wyr) = (v; cos by, v;sinb;, w;). The follow-

ing proposition presents a controlled invariance conditio
that plays a key role in the next developments.
Proposition1: Let F' be a constraint function and suppose
ny) :( \/@9@; Z)HT ER(g;, 7(9() (5 ((%339751_119)T, thatVi=1,...,n, V&€ F:
= (—sinf, cos6)", = (7(0), v(0)); Given a .
7(}ifferential manifold M, T, M denotes the tangent plane det(cos 0i 9z, Fy(§) + sin0; 8y, Fi(€), 9p, Fi(€)) # 0. (3)
of M at x € M; Given two functions f(¢) and g(t), Then the following facts hold:

f(t) o g(t) = f(g(t)) indicates their composition. i) F is a differential manifold of dimension + 3.
Il. LEADER-FOLLOWER FORMATIONS OF UNICYCLES i7) For each¢ € F and for each(vg, wo) € R* there
Consider the following definition of robot as a velocity€XiSt Unique controls; (€, vo, wo), wy (&, vo, wo) such that
controlled unicycle model [15]: 9(&, vo, wo, vy (&, vo, wo), wy (€, vo, wo)) € Te F. .
Definition 1 (Unicycle robot): A functionr = (z,y,6) € Proof: Denote by F'(¢) the Jacobian matrix of
CH([0,+o0), R? x S') is called aunicycle robot(or a £ Since rankf’(¢)) = 2n by (3), we get thati)
robot, for short) if there exists a control functia, w) € ~ holds by the implicit function theorem. To prové),
C°([0, +00) , R?) such that, set Vi = 1,....,n, Vj = 0,....n, 9¢F(§) =
. 0z, Fi(§), 0y, Fi(€), 00, F3(£)), which is a2 x 3 matrix,
T =wcosf, y=wsinfg, 0=w. cosf; 0

and Vi = 1,...,?’L, A’L](&) = angi(g)(sinej O) =

For anyt € [0, +00), (z(t), y(t)) denotes the position of (cosb; s, Fy(€) + sinb, 0, Fy(€), o, F(€)). Thgn,lby hy-

the robot at time, 6(t) its heading;7(6(t)) the normalized

velocity vector and)(6(t)) the normalized vector orthogonal POthesis (3),¥ (vo,wo) € R?, vy = (v1,v2,..-,00),
to 7((t)), (see Fig. 1). The next definition introduces ar“rf_ = (wi,wa,...,w,) are given by the unique so-
ordered set of. + 1 robots, withn > 1. ut|orl_1710f the triangular systemA; ;(&)(vi, wi) =
Definition 2 ((n + 1)-tuple of robots): Let — Yo Aij (@), w) i =1, . L
) A Remark1: Condition (3) in Proposition 1 guarantees that
X =R xS5)"" ={=(§o,---,&) | if the vehicles are inF-formation at timet = 0, then there
& = (24,9,0;) ER*x SY, Vi=0,...,n}. exist unique controlsyy, wy for the followers such that
. , they remain inF-formation for all¢ > 0, independently
A C' mapR : [0,400) — X defined byR(f) = of leader’s controlsy, wp.
(ro(t),...,ma(t)), wherer; = (z;,y;,0;), i = 0,1,....n, The following proposition shows that a regularity condi-

is a robot, is called ar{n + 1)-tuple of robots The set tjon slightly stronger than (3) guarantees tbeal stabiliz-
X is called theconfiguration spacer, the leader and  gpjlity of the formation, i.e., there exists a neighborhood of
1,72,y the followers F such that ifR(0) belongs to this set, we can find controls

Let us now introduce the following class of functions:  for the followers that allow them to be asymptotically in
Def|n|t|0n 3 (Constl’alnt funCtlon)ZLet F be theC1 map formation, regard'ess of |eader’s trajectory.

defined on’ given by F = (Fy, F, ... ), whereF; : — proposition2 (Local stabilizability):
X — R ,Vi=1,...,n. The mapF is called aconstraint | et Fle) ={€cX||F(&)] < €}. Suppose that there
functionif V¢ € &, existse > 0 such thaty ¢ € F(e),
O, Fi(§)=0,i=1,....n—1,j=i+1,...,n, (1) det(cos 0; O, Fi(€) +sin 0; 9, Fi(€), 09, F5(€)) #0. (4)
i.e., everyF; depends only or&o, ..., &;). ThenY (vo,wo) € C°([0, +o00[, R), there exist control func-
Definition 4 (Constraint set): tions vr (&, vo,wo), wr(&,vo,wo) € C°([0,+oc[,R) such

The setF = {{ € X'| F({) = 0} is called theconstraint set  thatV ¢ e F(e), the solutionR(t) of

it is the set of configuration§ compatible with the con- . _

StraintSFl,FQ,...,Fn. 52g(ga’UOawOa’UF(ga’U07w0)7wF(§7U01w0))1 5(0)25, (5)
The constraint functior¥” on the ordered set of + 1 5 gych that lim IF(R(t))| = 0.

robots, or(n+ 1)-tuple of robots, imposes a structure on the t—+00 : _ )

set of constraints: in fact, constraifi} depends only on the Proof: By hypothesis (4), using the notation of the

position and orientation of the robots that have index less @roof of Proposition 1, it su{ﬁces to defing-, wr in such

equal thani. The following definition introduces the notion @ way that A;;(§) = >77_ Ay (€) (vj, w;)" — k Fi(€),

of F-formationused throughout the paper. Vi=1,...,n, k > 0, is solved. Therefor&/{ € F(e),

Definition 5 (F-formation): Let ' be a constraint func- V¢ > 0, Vi = 1,...,n, the solutionR(t) of system (5)
tion. An (n + 1)-tuple of robotsR is said in F'-formationif  has the propertydiE-(R(t)) = —kF;(R(t)), Yt > 0,
F(R(t))=0,Vt>0,ie.,ifR(t)eF, Vt>0. Vi=1,...,n, which implies the thesis. [ |



Definition 6 (Regular constraint function)Let F' be a Remark4: Let F' be a rototranslation invariant constraint
constraint function.F" is calledregular if condition (3) is function. Sef” = {£ = (&, ...,&,) € X | & =0, F(§) =0}.

satisfied. Then the map,
Remark2: In Definition 3 we introduce@n scalar con-
straints on then + 1)-tuple of robots. This is a necessary Fr— T[]~ Hog(8), ()

condition for the uniqueness of the contrais, wy and it is 4 pijection. Moreover afn + 1)-tuple of robotsR is in
is not a loss of generality since with less constraints it i$;_t5rmation if and only itH_,, ) (R(t) € T, ¥t > 0.

always possible to restate the problem by adding a suitable 5 ¢ suggested by (7)F, is the set of all configurations of

set of fictitious ones. o : followers in the leader’s reference frame that are comfeatib
To properly study the relative interaction between the i the constraint function

robots, we now introduce the notion aftotranslation in- Definition 10 (Reduced rr'10tion)Given an(n + 1)-tuple

variant function i.e., a function invariant to a rigid body ¢ b “the reduced motiorof R is the map[R] :

motions and changes of orlentation. [0, +00) — X/~ defined by[R] () = [R(£)], ¥t > 0.
efinition 7 (Rototranslation invariance)For any pa-  ““\ote'that[R] describes the motion of the followers in the

ra2meter%7 (z, y,29) elR x S, define the mapl, : . qers reference frame.

R® xS T? [gg th ;S H_(I y,g) :H(R(Ig) (@ + Remark5: Let R = (ro,...,r,) be an(n + 1)-tuple of

.y +y) .0 + 0) where () = (r(6), n(6)). For any ohots [R] is constant if and only if there exist € I

£ = (Eo,---,fn) € X, setH,(§) = (Hp(&),---, Hp(€n))-  such thatH_,, ) (R(t)) = &, ¥t > 0.

AmapG € CHXx,R™),is calledrot()Qtransllatmn mvananhf Since F, is the quotient set ofF by the equivalence

G(§) = G(H,y(£)), VE € X, Vp e R® x 5. relation~, it has a lower dimension thaf as specified in

Remark3: Let F' be a rototranslation invariant constraint . "
the following proposition (see [16, Prop. 3] for the proof).
function and suppose that te + 1)-tuple of robotsk = Proposition4: If F' is a regular rototranslation invariant

(ﬁo""’T") is in f-formation. Therefore for anyA constraint function,F,. is a differential manifold of dimen-
C([0,+0), R), R(t) = Ro)\IS in F- formatlon Whence, if  gjon diffeomorphic tor". ™
[[vo(®)]| # 0, Ve > 0, taking A(?) fo 7)dr, it follows Remark6 (Flexibility of F-formations): A consequence
that the forward velocity of the Ieader ﬁ is always1. of Proposition 4 is that the/-formations arenot rigid.
This justifies the following assumption: This is because we are dealing with robots described by
Assumptionl: We henceforth suppose that the forwardconfiguration variables, buk' introduces only 2 constraints
velocity vy of the leader is equal tol. for each robot: this results in a residual degree of freedom

As a consequenceyy(t) represents theurvatureof the for each vehicle. More precisely, we can say that a formation
path (xo(t),yo(t)) followed by r, at time ¢. Let us now s rigid if the setF, is composed by only one equivalence

introduce the followingequivalence relatiori~” on X’. class: this is not true foF'-formations sincer, is a manifold
Definition 8: Given &, 9 € X, ¥ ~ ¢ if there exists a of dimensionn.

p € R? x S, such that) = H,(¢). Definition 11 (Formation internal dynamics):
Let [§] = {¥ € X | ¥ ~ &} and denote byY¥/~ =  SupposeF is a regular rototranslation invariant constraint

{[€] | € € &} the quotient set. Note thét is a rototranslation function such thaty ¢ € T,
invariant function if and only ifY¢ € X, G is constant
on [¢]. In the case of rototranslation invariant constraint det(0z, F(£), 0y, F/(§), . .., 0, F(§), 0y, F(£)) #0. (8)
functions, it is natural to define @duced constraint seds
follows:

Definition 9 (Reduced constraints setl:hereduced con-
straints setis the setF, = F/~.

By the implicit function theorem, there existsCa diffeo-
morphismy : T" — T, 8 = (f1,...,0.) ~ v(8) where
T™ is the n-torus. Let us identifyF,. with I' andVv { € T,

0 .

Owing to this definition, each element o, represents Ewo)icq)([o(fg)o)bﬂs)t’hf;\i“o ivé?]’ E)—OCE)G)X 'Fheﬁofén
a set of configurations for the formation that differ only byﬁ e seut%(t B.so) = 7 1(<I>p g(t 7(5)3)/) W ~ 0. which y
a rototranslation. The proof of the next proposition is give 1 ’ " wo Ty TNy B = T T
in [16, Prop. 2]. belongs toC' ([0, +00), T™). ThenS(t, 3, wp) is the unique

Proposition3: Let F' be a regular rototranslation invariantSOIUtIOn of the following system,

constraint function andRk', R* be two (n + 1)-tuples of B(t) = h(B(t),w ( ), B(0) =3, 9)
robots in F’-formation. Suppose that,
1 5 where V¢ € [0,400), V e T™ h(Bwy) =
R(0) ~ R7(0), L (v (@, (1,7(8))))(0). System (9) is calledreduced
then internal dynamicsof the formation.
RY(t) ~ R*(t), Yt > 0. System (9) describes the motion of the followers in the

B reference frame of the leader. Note that the equilibria ef th
Let wy € C°([0,+c0),R) be the control for the leader. function . represent the configurations that are constant in
Owing to Proposition 3 the following map is well defined:the leader’s reference frame.
D, 1 [0,400) X Fr — Fp, (8, [C]) ~ Doy (¢, [¢]), where The following theorem states that if property (10)
(see the statement below) holds, then the distance and rela-

Do (¢, [¢]) = L€ (6) tive orientation of each follower with respect to the ledsler
being ¢ the only solution of the system¢ =  reference frame are fixed if and only if the robots either move
9(&, 1, wo,vp(€,1,w0),ws(€,1,w0)), €(0) = ¢ where along circular paths or parallel straight lines. The probf o

g(+) is given by (2). the theorem is omitted due to space limitations.
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Fig. 2. Sample formation consisting of four robots, with, = 1/1,
1 =1,2,3andk =0,...,7— 1.

Theoreml1: Suppose that” is a regular rototranslation
invariant constraint function and that:

F does not contain any point of the set:
{¢ € X[ {(@i — 20, yi —w0)", T(60)) =0,
0; € {90, 90+7T}, Vi= 1,...,7’L}.
Suppose that am(+ 1)-tuple of robotsR is in F-formation.
Then the following properties are equivalent:

i) [R] is constant.
ii) wo IS constant, moreover:

a) if wg = 0, thenfy(t) = 0y, Vt > 0 and Vi
1,....n, Hi(t) € {90, 6‘0+7T}, vVt >0.

(10)

b) if wo # 0, then there exists(z, y) € R?
such that Vi = 0,...,n, ((z:(t), w:(¥)T —
(z, 9)T, 7(0:(t))) = 0,Vt>0. |

From a geometric viewpoint, the “nonalignment condi-

tion” (10) means that the manifoldF must not contain

IIl. AN APPLICATION TO A SPECIFIC CONSTRAINT
FUNCTION OF HIERARCHICAL TYPE

In this section the theoretical results presented in Séct. |
are illustrated on a specific constraint function. This ipart
lar function may be useful to describe formations occurring
in nature, such as, e.g. bird flocks, where is believed that
each animal follows an average of the preceding birds [17].
To define F = (Fy,...,F,), assign the following con-
stant parametery/q 1,....n, Ao,y Nii-1 > 0,

ik =1,d; >0, |¢;] < m/2, and set

i—1
Tk T

Fileo €1, &) kz_om(yk) (50) - dirt + 00,

(13)
With this constraint function, we require roboto follow a
convex combination of the positions of the preceding 1
robots at a fixed distaneg and with a fixed visual angle;
(see Fig. 2). Note that ifyi = 1,...,n, there exists an
integer /; such that0 < [; < i —1 and X\, = 0p,
where §;,;, denotes the Kronecker’s delta, théninduces
the kind of hierarchical formationsstudied in [15].F is a
regular constraint function since (1) holds and (3) is fatis
In fact det(cos; 0y, F; + sinb; 0,, F;, 09, F;) = d;cos¢;
and |¢;| < 7/2 by hypothesis. Clearly' is rototranslation
invariant and it verifies (10) and (8). TherefaFeis a nice
constraint function and we can apply the theory developed in
Sect. Il. In particular, from Proposition 1 we have thafif
is an(n + 1)-tuple of robots which is inF’-formation at the
initial time (i.e., F(R(0)) = 0), then for any trajectory of the
leader (i.e..Vwo € CY([0, +oo[,R), recall Assumption 1),
there exist and are unique the controls = (vy,...,v,),
wf = (wi1,...,wy) for the followers, such thaR is in F-
formation for anyt > 0 (i.e., F(R(t)) =0, ¥¢ > 0). These
controls are given by

vilt) = gz Lo Aok vk () cos(B1(8) — 0i(t) — ¢4),

0 ik vk (t) sin(Bx (£) — 0,(1)) .

(14)
From Theorem 1 we know that am -+ 1)-tuple of robots

configurations in which all the followers are placed ong in F-formation has a fixed configuration in the leader’s
a straight line passing through the leader and orthogongference frame (i.e[[R(¢)] is constant) if and only if the
to 7(6o), with the robots all oriented in the same direction.robots are moving along straight lines or circles. From Fheo

Definition 12 (Nice constraint function)Let I’ be a con-
straint function. F' is called anice constraint functionf
it satisfies the following four properties) F is regular,
i) F'is rototranslation invariantji) F' verifies property (10),
i) F verifies property (8).

The following theorem provides a sufficient condition for,

the existence of the equilibrium configurations introduized
Theorem 1, when the angular velocity, of the leader is

constant and sufficiently small: for the sake of brevity, the

proof is omitted (see [16, Th. 2]). For any=1,...,n, let
II; : X — R? be the linear functiodl;(¢) = (z;, ¥;).
Theorem2: Let I’ be a nice constraint function. Set,

p =sup{||IL&)] |VEe T, Vi=1,...,n}. (11)
Thenp > 0 and for anyw such that
-1/p<w <1/p, (12)

there exists ar{n + 1)-tuple of robotsR such that[R] is
constant andvy(t) = @, YVt > 0. [

rem 2 we have thatuch a fixed relative configuration exists
whenwy is constant andwg| < 1/p wherep is given by (11).

In our specific casg can be bounded from above as follows,
p < max p (15)
1=1 n

wherep; = d; + Z};lo Aik pr and pp = 0. Moreover, the
formation internal dynamics is given by

Bi(t) = hi(B(t),wo(t)), i=1,...,n, (16)
whereV s = (81,...,0,) € T",
1—1
hi(B,w0) = —wo = — C(l)sqb» > Xikvi(B)sin(B; — Br),
T (17)
v;i(B) = cos ¢y Z ik Ui (B) cos(Br — B — ¢i), (18)
v k=0

and 5, = 0. System (16) has been obtained by computing
the time derivative of3; = 0; — 6y and using (14).



Given an(n + 1)-tuple of robots inF-formation, the fol-

lowing theorem provides a method to determine a polyhedrg

invariant region for the formation internal dynamics (16)
whose size depends on the bounds on leader’s curvature
Theorem3 (Invariant region for (16)):Let v = 1 and

let w, < wg be real constants. Sét = {1} x {v; v} x
-+ x{v;_;,v;" ,} and define the following set of constants:
By =B84 =0andvVi=1,...,n,

g = max{arg(ZZ;lo ik 2k eB) —

& di cos ¢
wo cos¢jﬁ+‘)’(207,..,2i_1)EV},
k

arcsin ( -

‘ ;c;t >\i,k Zk €
- i1 - (19)
B; = min{arg(37) _y Aip 21 €7 ) —

o di i
wo dicos ¢ )|(Zo,...,Zi71) EV},

i—1 By
‘Zk:())‘i,kzke k ‘

arcsin (

wrlere ‘Z;l = \_/—1, vy = vf = 1, v =
cos ¢; k=0 /\i,k Uk COS(maX{|¢i—(ﬁ2——6i )| ) |¢l_(ﬁk -
B, v = coi@, };10 Ai k) cosa;y, wherea; ), = 0

if ¢ — (B —B7) <0< ¢ — (B —57) andagp =
min{|¢;— (B, — 87 )|, |¢i— (B, — B;")|} otherwise. SeB =
By, 65 % --- x [8;, 5] Suppose that

v >0, 57| <x/4, (20)
and thatw, € C°([0, +oc[, R) is such that,
wy <wo(t) < wg. (21)
If 3 is the solution of (16) with3(0) € B, then
B(t) e B, YVt >0, (22)

andvi: =1,...,n, the functionv; given by (18) is such that,
v; <wvi(t) <of, Vi >0. (23)

Before proceeding to the proof of Theorem 3, we mak

the following remarks:

a) Property (22) guarantees that while the vehicles mov:
the relative orientation between rohioand the leader
is bounded by the constans . This condition limits
the possible variations in shape of the formation, in th
leader’s reference frame.

b)

the hypotheses of Theorem 3 are satisfied and co
dition (22) holds. In fact, wheny, = wi = 0,
then, for alli = 1,...,n, v; = v/ = 1 and hence
condition (20) of Theorem 3 is verified. This implies,
by continuity, that there exists a real constant 0
such that ifw, = —e, then (20) is still met.

Once the weights\; ; of function (13) have been
assigned, one can computg, v, 5;, B for all
values ofw; andwg for which (20) is satisfied. In this

way it is possible to obtain bounds on the velocity ofalong a circle of radiusl (hence,w,

2
There always exist (sufficiently small) values of POSpq
itive and negative curvature for the leader such thaf

following property is true (recall Assumption 1):

lleti:1<i<n fVk=0,...,i—1,Yt>0,
' By < B(t) < B, vp <w(t) <vf,  (24)
then,vt > 0,
< Bit) <67, (25)
v < wi(t) <of (26)

By (24), we observe thatv; (t),...,vi—1(t)) € [v],v]] x

-+ x [v;_1,v;,]. Note thatV represents the set of vertices
of the polyhedron{1} x [v;,v{] x -+ x [v;_;,v ;] and
that the cardinality of this set i@"~! (we shall denote
a generic element oV by z = (z0,...,2,-1)). Then,

if (24) is verified, there exis’~! nonnegative continu-
ous functions{y.(t)}.cv such thatd> ., u. = 1 and
(Lv1(t),...,vim1(t)) = > .cy p=(t)z. Therefore,

hi(B(t),wo(t)) = —wolt) = Y4 ik (X ey hs ()2 X

= k=0 Aijk
sin(3(t) = Br(t)) = 2_.cy = ()i (B(t), wo(t)),
(27)

where (3. .y p-(t)z)r denotes thek-th component of
ey ie(t)z and Yz € 'V, h;.(B3,wo) —wo —
koo Aok 2k sin(B; — Br). Set Sy = [By,Bf] x -+ x
Bi—1, B x {87}, S— = 87, B8] x -+ x [y, B1] %
{B; }, then by (19) it follows that/ z € V, h; (8, wo) <0,
Ve S+, Vwy € [wa,war], andhiﬂz(ﬁ,u}o) >0,vpe s,
Ywo € [wy ,wq |, which implies, by (27), thak; (3, wo) < 0,
VG e Sy andhi(B,wy) > 0,V3 € S_, and that (25) holds.
Finally, inequality (26) is true by direct computation. B

IV. SIMULATION RESULTS

Numerical simulations have been performed using the
constraint function (13) withd; = do = d3 1 and
(bl = ¢2 = ¢3 = 7T/4 We Set)\i_’k = 1/2, = 1,2,3,
k = 0,...,7— 1: in this way robot: follows exactly the
gverage of the positions of the preceding 1 robots in the
formation. Three different trajectories have been assigoe
the leader,. In thefirst simulationthe leader moves along a
circular path with constant curvatueg (t) = 0.25 (a circle
of radius4). At the initial time ¢ = 0 the robots are in
formation and all aligned with the-axis (i.e.,;(0) = 0,
;. = 0,1,2,3). The formation asymptotically reaches an
uilibrium configuration in which all the robots move
long concentric circles (see Fig. 3(a)) and each follower
Becupies a fixed position in the reference frame of the leader
This equilibrium configuration exists by virtue of Theorem 2
because in this case, using (15), we obtajip = 0.546.
Since condition (20) is satisfied, we can apply Theorem 3.
The time history of the internal dynamics variablgs is
reported in Fig. 3(d) where the dashed lines represent the
bounds 3. Note that in this case the bounds are very
tight: all the variabless; asymptotically converges to a
constant value. In theecond simulationthe leader moves
1). In this case

Proof of Theorem 3Let wy

the followers and on their misalignment with respechypothesis (12) of Theorem 2 is not satisfied. Furthermore,
to r for different choices of the maximum curvaturewe cannot apply Theorem 3 since condition (20) is not
allowed to the leader. verified. In fact, the followers do not converge to circular

€ C%J0,4+o00[,R) be trajectories (see Fig. 3(b)) and the variablés and 33

such that (21) holds and les € C([0,+oc[,T7)
be a solution of system (16) such that(0) € B.
Note that (22) and (23) hold if we show that the

diverge (see Fig. 3(e)). Finally, in thihird simulationthe
leader has a time-varying curvature;(t) = 0.25sin(t/4).
The trajectories of the robots are depicted in Fig. 3(c).iAs i
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Fig. 3. First row: trajectory of the four unicycles; Secormvr time history of 3; (solid) and boundsa’ii (dash),: = 1,2, 3; The columns report the
plots relative to the three simulations.
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