A Geometric Characterization of Leader-Follower Formation Control
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Abstract— The paper focuses on leader-follower formations of straightforward. Nevertheless a large inter-robot comimun
nonholonomic mobile robots. A formation control alternative to  cation bandwidth is required.
those existing in the literature is introduced. We show thatthe In the leader-follower approach a robot of the formation
geometry of the formation imposes a bound on the maximum . . L
admissible curvature of leader trajectory. An peculiar feaure de5|gne_d as the leader, moves along a predefined trf’;\Jec-
of the proposed strategy is that the followers position is no tory while the other robots, the followers, are to main-
rigidly fixed with respect to the leader reference frame but tain a desired posture (distance and orientation) to the
varies in suitable cones centered in the leader referencedme. |eader [5], [16]. The main criticism to the leader-follower
Our approach also applies to hierarchical multirobot forma-  gh5r4¢h s that the formation does not tolerate leadetsfaul
tions described by rooted tree graphs. Simulation experimets L . .
confirm the effectiveness of the proposed control schemes. and eXh'l?'t_s P‘?Of disturbance rejection features. In s_piite

these deficiencies the leader-follower approach is péatityu
. INTRODUCTION appreciated because of its simplicity and scalability.
In the last few years formation control became one ofhe leader-follower formation control of nonholonomic mo-

the leading research areas in mobile robotics. By formatidH€ "oPots is the subject of this work. We propose a leader-
control we simply mean the problem of controlling thefollower setup that is alternative to those existing in the
relative position and orientation of the robots in a groupterature [5], [13]. The main difference is that the dedire
while allowing the group to move as a whole [2]. The use ofingle between the I_eader and the follower is measured_ in
robot formations ranges from military to civilian appliats  the follower frame instead of the leader frame. In this
such as terrain and utilities inspection, disaster moinigyr ramework, we design a formation control strategy that
environmental surveillance, search and rescue and pt@metgenerates smoother_ trajectories Whl_le guaranteeing lower
exploration. Different robot formation typologies haveshe Ccontrol effort (especially for large distances between the
studied in the literature: ground vehicles [5], [7], [1213], robots) with respect to other controllers proposed in the

unmanned aerial vehicles (UAVs) [3], [10], aircraft [8]]{o ltérature as shown in [4].

and surface and underwater autonomous vehicles [6], [14]N€ Main contribution of this work is that of showing how
e geometric properties of the formation affect the sehef t

Existing approaches to robot formation control generally f t = X )
into three categories: behavior based, virtual structure a 2dmissible curvatures of leader trajectory and the velocit
leader following. bounds of the followers. Differently from [5], in our setjn

In the behavior based approach [1], [11] several desirdfje followers are not rigidly disposed _with re.s.pect to th_e
behaviors (e.g. collision avoidance, formation keepiaggét Igade_r refe_rence frame, but their _relat|ve positions vary |
seeking) are prescribed to each robot. Robot final actidfin€ in suitable cones centered in the leader frame thus
is derived by weighting the relative importance of eactinaking the formation more flexible. - _ .
behavior. The theoretical formalization and mathematic&t@Sic results are extended to multirobot hierarchical for-
analysis of this approach is difficult and consequently it ig1ations described by rooted tree graphs. To the best of
not easy to guarantee the convergence of the formation tcP4" knowledge this coordination scheme, a generalization o
desired configuration. Ieader_ foIIO\_N|ng (of Whlch mherlts pros and cons), has not
The virtual structure approach [15] considers the robd€€N investigated yet in the literature.

formation as a single virtual rigid structure so that the 1he rest of the paper is organized as follows. Sect. I
behavior of the robotic system is assimilable to that off devoted to the problem formulation. In Sect. Il and IV
a physical object. Desired trajectories are not assigned flie exact formau_on control problem_ and the stabilization
each single robot but to the entire formation as a wholdroblem are studied. In Sect. V basic results are extended

In this case the behavior of the robot formation is predietab ©0 Multirobot hierarchical formations. In Sect. VI simudat
and consequently the control of the robot formation iexperiments confirm the effectiveness of the proposed abntr
schemes. In Sect. VII the major contributions of the paper
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control functionsvr, wr, and an initial state such thdt,,
and Rr make a(d, ¢)-formation, that is equations (3) and

L (4) hold for all .
The second problem we deal with, is that of stabilizing
p these trajectories.
d// Problem 2 Gtabilization): Find the conditions on leader
/¢ motion and the control functionsy, wr, such that, start-
: ing from an arbitrary initial state, equations (3)-(4) are
Or asymptotically satisfied.
In Sect. V we extend Definition 1 to multirobot
F & hierarchical formations (or(D,®)-formations) and a

generalization of Problem 1 is discussed.
Fig. 1. Basic leader-follower setup.

1. EXACT FORMATION CONTROL

The following Theorem gives a solution to Problem 1.
Il. PROBLEM FORMULATION Theorem 1:In the previous hypotheses and notation, let
The basic leader-follower setup considered in this paper > 0 and ¢ : |¢| < I be given. For any robot
is presented in Fig. 1. It consists of a leader roBgtand a R, verifying conditions (5) there exist initial conditions
follower Rr whose kinematics is described by the unicycler#(0), yr(0),0r(0) and controlo g (¢), wp(t) such thatRy,

model . ) and Ry are in(d, ¢)-formation and bounds (6) are verified
TL =vLcosvr if and only if
yr = vrsinfy, (1) Kd<1 @)
0, = wy, VLK <Qp 8
and . Vi, cos (0V |¢| — arcsin(Kdcos@)) < Vp cos¢.  (9)
TE = UF CO8 Or Furthermorevr andwy are given by
Up = vpsinfp )
0F = wr vp = ULM
cos ¢
where the vectord, = (zr, y.), F = (zr, yr) represent sin 3 (10)
the position of the leader and respectively the follower. Wp =L dcos o

Analogouslyf;, 0 are the orientation of the leader and
follower with respect to the reference systémy). Finally, wheres =60, — 6 and,vt >0
vr, vp andwy, wp are the linear and angular velocities of

the robots. With reference to Fig. 1, consider the following 1B6(t)| < arcsin(Kdcos ¢) . (11)
Definition 1: Setd > 0 and ¢ : |¢| < 7 ; the robotsR;,  Proof: see [4], Theorem 1. [ |
and 2 make a(d, ¢)-formation, if, V¢ > 0: Remark 1:From inequality (11) it follows that3 is
L) — F()| = d 3) bounded. This implies the following geometric property

arg(L(t) — F(t) —0p(t) = ¢. (4) L(t) — F(t) € C(0L(t) + ¢, arcsin(Kd cos ¢)) (12)

It is required that the velocities of the leader and the felo |\ herev 0, v € [0,27],
verify the following constraints:
C(0,7) = {z € R*[(x, 7()) > ||z[| cos v}

0 < vy, < Vi
P - R 6 | -
< wp/vp < is a cone of aperturgy centered in the origin, whose sym-
0 < v < Vg metry axis is given byr(#) = (cos 6, sin )7 (_sge Fig. 2).
“Qp < wp < Qp (6) Differently from [5], the followers are not rigidly dispode
o - with respect to the leader reference frame, but their xaati
htrggolf vp(t) > 0 positions vary in time in suitable cones and only these cones

remain stable with respect to the leader reference frame.
where Vi, Vi, Qr € RT are the leader and follower To prove (12) remark that, from (11)

maximum linear velocity and the follower maximum angular

velocity, and K represents the leader trajectory maximum (L — F', 7(0r, + ¢)) = (d7(0F + @), 7(01 + ¢))

cur_vature (note that_ for_ a unicycle robot the instantaneous — dcos 8 > dcos(arcsin K d cos ¢).

trajectory curvature is given by, /vy).
The first problem we discuss can be stated as follows. With respect to the conej is the angle between the line
Problem 1 Exact formation control): Find the condi- connecting the leader to the follower and the symmetry axis

tions on leader motion that guarantee the existence of tlo¢ the cone.



M is a positive constant and’(t) = L(t) — F(t) —
d7(0r(t) + ¢) is the error vector. Then for any initial state
.’L‘L(O), yL(O), HL(O), ,TF(O), yF(O), HF(O), the solution of
systems (1), (2), withvg, wr given by (17), is such that
lim; 1~ E(t) =0, (6) hold and there exist > 0, such
that |3(t)| < o, = arcsin(x2 d cos¢), Vit > ty.

Proof: Let 1, yr, 0, zFr, yr, O be the solution of
systems (1),(2) withvg, wr given by (17) and initial
ConditionS:vL(O), yL(O), HL(O), .”L'F(O), yF(O), QF(O)

Let AT = {t|B(t) > a,} and A~ = {t|B(t) < —ay}.

First it will be shown that
@( arcsin(Kd cos ¢) 500 Vie At
t) < —c, te
F & { : (19)

B(t) > ¢, Vte A

Fig. 2. The cone (6 (t) + ¢, arcsin(K d cos ¢)). where ¢ = (Qp — KV.) A (x2 — x1) Vor. which is
positive by (14) and (16). In fact, suppose thgtc A"
and ((to) > a, then, by (17),8(ts) = wr — Qr <

IV. STABILIZATION —(Qr — K Vi) < —cif B(to) = ay, then, by (17) and (18)
We now suppose that the leader and the follower sta[;(to): wr(to) — wr(to)
from grb_ltrary initial conditions. It is assumgd that thader B 1(to)(E(to), v(0r(to))) + vL(fo) sin ay,
velocity is bounded from below by a positive const&pt , = wr(ty) — doos o
namely,0 < Vo, < v, < Vp. The control strategy consists 0 (to)(E(to), v(0r(to)))
of two steps. < _<_F v (to) —wL(t0)>+ to 0 7\’/ rito
In the first step the follower rotates with zero translationa Vi dcos ¢

IN

velocity until its direction is sufficiently close to that of —(x2vr(to) —wr(to)) +

the leader in order to satisfy the conditidn| < o, + sign(E(to), v(0r(to))) (x1vL(to) — |wr(to)])
wherea, is a suitable positive constant. In the second step < _(y, — y;)V, < —c.

the follower performs the control defined in the previous

section with an added stabilizing term in order to reduce theherefore, by (19) there exists a unige> 0 such that
error asymptotically to zero. The stabilizing term is chrose

accurately in order to satisfy the input bounds (6). B0 > e, ¥t €0, to),

Theorem 2:Suppose that B < ay, Vi =to.
Kd<1 (13) Then by definition ofv, wr ands, the follower bounds are
Vi K < Qp (14) satisfied, being/t > to (by (17), (18)):
Vi cos (0V |¢] — arcsin(Kdcos¢)) < Vp cos¢  (15) lwr| < n (&, V(@;C)i:-qsm sin oy < Qp — Kvp, + Kv, < Qp,
and lety:, y» be any constants such that 0< ZMUE 70r + @) +vrcos(B-¢)
Kd < x1 <x2 <L (16) - cos ¢ = E=TE
Set the following control functions <1 (E, 7(0r + ¢)>|;UL cos(f = ¢) <Vp.
COS
0 if |8] > ay . )
Finally, from (18) it follows that
vFr = n(E, 7(0r + ¢)) + vr cos(f — ¢) it 15 <
COS(b I | |—aX 77>QF—KVL (K_XI)VOL/\
: . - Bl 1]l
sign(3) Qp it |6] > ay )
— . (Ve — cos (0 V arcsin(K d cos ¢)) (cos ¢) ') cos ¢
Wp =
n(E, v(0p)) + vrsin . A
dcos ¢ it 18] < ay IE|
17) Vor cos(¢ + ay) c
i g ST AM = —— A M.
wheren is given by ] 1]
_ (Qr — Kvg)dcos¢ A(ULX1—|WL|)dCOS¢ Thereforevs
(B, v(6r))] (B, v(0r)] eretorevt = fo,
.2
Vi cos ¢ — v cos( — ¢) A UL cos(f8 — ¢) AM IE@) < —(cl|E®)|~" AM)|B®)|?
(E, 7(0F + ¢))] (E, 7(0F + ¢))]

(18)  Wwhich implies thatlim |E(t)]| = 0. [



V. HIERARCHICAL MULTIROBOT FORMATIONS  of the following system

x'i = V; COS 91
This section extends the definition @i, ¢)-formation §i = v; sin 0,
given in Sect. Il for two robotsk;, and Ry, to hierarchical S !
multirobot formations and generalizes the results in SHct. 0; = w;
Definition 2: Let D = {d; : d; > 0,i = 1,...n}, - %w
® = {¢i : 4] < Z,i = 1,...,n} be two sets ' cos¢;
of given parameters. Let;, i = 1,...,n be such that sin 3;
n; € {0,...,i—1}. The set olh+1 robotsRy, Ry, ..., R, Wi =Un; T cos &;
make a(D, ®)-formation (with leadersRy, R,.,, ..., R,,) ‘ ’
if vt >0,fore=1,...,n 2;(0) = 29, y;(0) = v, 6;(0) = 69
T, T where 3;(t) = 0,,(t) — 0:(t) and 29, ¢, 69 are assigned
<yn> (t) = <yz> (t) + di7(0; + i) - (20)  constants. Suppose that
. . . . 1
Note that the structure just introduced with the notion of K, VK| < 7 Vi=1,...,n, (23)
(D, ®)-formation represents a rooted tree in the context _ g
of group theory (see Fig. 3). In particular, if = 1 and then,Vi=1,...,n
n1 = 0 we find again thed, ¢)-formation defined in Sect. II, o< KT < K < 400 (24)
while if n;, =i — 1 for i = 1,...,n we obtain a convoy- g ! '
like formation. The following result is a generalization ofFurthermore, if the robots are D, ®)-formation at time
Theorem 1. t =0, namely, fori =1,...,n,
Theorem 3:Let ROere a robot such that there exist three 20 9 cos(0Y + ¢;)
constantsy, K, K, with the property: Y= i .
oo fo PropeEry )\ sin(69 + )
t wherez? | 0 are assigned values, and
0 < wvo(t) < Vo, Kgng()gKO*, Vt>0. (21) 02 Y, g
vo(t) arcsin(K,, d; cos ¢;) < 3;(0) < arcsin(K;{idi cos ¢;)

then the formation is hel¢ > 0, that is equation (20) is

Let n;, d;, ¢; be as in Definition 2. Define recursively the™'™"" A
satisfiedv ¢ > 0. Moreovery ¢t > 0 the following bounds are

following 2n real extended constants,

satisfied,
1 arcsin(K,, d; cos ¢;) < B(t) < arcsin(K;! d; cos ¢;) (25)
(sign(Kiv) K% — d? cos? ¢; + d; sin (bi)
Kz n1)2 K3 . A
+ \/( O if L d?cos’¢; >0 0<ult) <V (20)
Ki = W v ! w(t)
1 K <=2 <K (27)
Sign(Ks) oo if e —d?eos? ¢ <0 vi(t)
" (22) where
i = 1,...,n, with the convention that+1) - co = +o0, Vi = Vi, cos (0 A arcsin(K;" d; cos ¢;) — ¢
(=1)-00 = —o0. Letxz,, y;, 65, i = 1,...,n be the solution oS ¢; i

A @ — arcsin(K,;_di cos ¢z)) .

Remark 2:Since the internal dynamig$ is bounded, the
following generalization of (12) holds,

<xm>(t)_ <Il>(t) e C(@nI (t) + (bi, arcsin(K,jl:i d; cos d)l))
yni, yi )
where C(0,,(t) + ¢;, arcsin(K: d; cos¢;)) represents a
cone having right, left semiapertueercsin(K,! d; cos ¢;),
arcsin(K,; d; cos ¢;) and axist (0, (t) + ¢;).

Proof of Theorem 3The following equation holds,

Bi = 9711 — 91 Y |:% dz COS (bz — sin 51 .

d; cos ¢; | vn,

Since, by hypothesisarcsin(K,, d;cos¢;) < (;(0) <
arcsin(K,} d; cos ¢;), by (23),

arcsin(K,, d; cos ¢;) < 3;(t) < arcsin(K,! d; cos ¢;) (28)

Fig. 3. Notation used in a sampl&, ®)-formation: P, = (xp, yp).
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for anyt > 0 and therefore (25) holds. To verify (26), remarkand

that it is true fori = 0, by hypothesis (21); suppose that it 1
is trueVj : 0 < j <i-—1, then it is true forj = i. In fact,

owing to (28) and (23)

cos(Bi(t) — ¢i)

CoS ¢;

Um( )

~ cos ¢;

0 (t) = vp, (1) ( |cos B;(t)| cos ¢; —

|sin 3; (t) cos ¢i|) > vn, ( [\/l (| Ky | V| KE|) cos ¢i)2

—di (|I | VK] [sin il | > 0
and
_ cos(fi(t) — ¢i)
vi(t) = vn, (1) s
< cos (0 A arcsin(K,! d; cos ¢;) — ¢;

cos (bz
A ¢; — arcsin(K,, d; cos ¢;)) .

To verify property (27), remark that it is true fér= 0, by
hypothesis (21); suppose that it is trdg¢ : 0 < 7 <7 — 1,
then it is true forj = 4. In fact the curvature of the path of

the ith vehicle is given by

wi(t) _ sin f; _ 1
vi(t)  dicos(B; — ¢;)  di(cot B;cos ¢; + sin ;)
Being the function
! - if 8;#0
F(8;) = d; [cot B; cos ¢; + sin ;)
0 if 8 =0

monotone increasing, it follows by (28) that
1 < wl(t)
d;[cot(arcsin(K,,, d; cos ¢;)) cos ¢; + sin ¢;] ~ vi(t)
1
d;[cot(arcsin(K,f,d; cos ¢;)) cos ¢; + sin ¢;]

<

Wi (t)

- Uy (t)

<

\/(K{ i d? cos? ¢; + d; sin ¢;
' 1
\/(KTP — d? cos? ¢; + d; sin ¢;

(remark that the denominator is not zero since (23) holds)
and the proof of the theorem is over. [ |

VI. SIMULATION RESULTS

Figs. 4 and 5 show the results of the simulation experiments
we carried out to evaluate to the effectiveness of the preghos
control strategies.
In Fig. 4 we used the stabilizing controller presented inGFhe
rem 2. The initial conditions aréry,(0), y..(0), 0.(0))T=
(55 2, 7T/2)T* (IF(O)v yF(O)v oF(O))T = (37 L.5, 7T/8)T
and the desired valued = 1.2 m, ¢ = —x/3 rad.
We setuvr(t) = 1.5 m/s, wi(t) = —sin(0.9t) rad/s,
K =1/1.5=0.6667 rad/m, V, = 1.5 m/s, Vg = 4 m/s,
Qrp =m rad/s. With these values, conditions (13)-(15) are
satisfied. The controller parameters de= 1, y; = 0.85,
x2 = 0.9 (hence condition (16) is verified). Fig. 4(a) shows
the trajectory ofR;, Rr and a limited portion of the infinite
cones defined in Remark 1. The formation converges to
the desired configuration anllr keeps inside the cones at
steady state. In Fig. 4(b) the time history of angl€solid)
and boundst « (dash) is shown. The error vectéris zero
after abouts seconds (Fig. 4(c)).

In Fig. 5 we used the control scheme presented
in Theorem 3. Two (D, ®)-formations are considered:
a convoy-like formatiorand atree formation
The convoy-like formation consists of four robots,
Ry, ..., Rs3, with nt = 0, ng = 1, ng = 2. At time
t = 0 the robots are in formation. We sefy(t) =
1.2 m/s, wo(t) = 0.25 rad/s and we chos&; = 1.2 m/s,
K¥ = +0.25/1.2 = + 0.2083 rad/m. The desired values
ared; =2m, do = 1.5m, d3 = 1.2m, ¢; = =/3rad,
1 =1,2,3. We propagated the curvature bounds according to
equation (22). With these values condition (23) is satisfied
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Fig. 5. Convoy-like formation (a) Trajectory of the robots and cones; (b) Anglgs and boundSarcsin(Ki d;icos¢y), i = 1,2,3.

Tree formation (c) Trajectory of the robots and cones.

and inequality (24) holds. Fig. 5(a) shows the trajectory[2]
of the four robots and the cones defined in Remark 2. "}3]
Fig. 5(b) the time history of the angleés (solid) and bounds
arcsin(K £ d; cos ¢;) (dash),i = 1,2,3 is given. Sinceg;
keep inside the respective bounds, condition (25) is sadisfi 4]
Analogously,u; andw; /v; satisfy conditions (26), (27).

The tree formation consists of seven robats, ..., R,
with ni=ny=0,ng=n4 =1 andn5 = ng = 2. We set
vo(t), wo(t), Vo and K as in the previous case. The desired
values ared; = dy = 2m, ds = dy = ds = dg = 1m,
¢1 = ¢3 = ¢5 = —w/4r1ad, 2 = ¢4 = ¢ = 7/4 rad.
Fig. 5(c) shows the trajectory of the robots and the conesy
The time history of the angles;, i = 1,...,6, is neglected
being similar to that of the convoy-like formation.

VII. CONCLUSIONS AND FUTURE WORKS

In this paper we study leader-follower formations of [g)
nonholonomic mobile robots and we propose a setu
and a control strategy that are alternative to those exiéﬁ)—ol
ing in the literature. The formation control problem hagiy)
been formalized in a geometric framework able to explain
how the geometric properties of the formation affect th
set of the admissible curvatures of the leader trajectory.
We prove that during the control, the vector connecting the
follower to the leader remains in a given cone centered i3l
the leader reference frame. Basic results are extended to
hierarchical multirobot formations described by rootesketr [14]
graphs. Simulation experiments show the effectiveness of
our designs. [15]

Future research lines include the experimental validation
of our control strategies and the extension of Theorem 2 E%]
hierarchical multirobot formations.

(5]

(6]

(8]
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