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Abstract—The paper studies the cheap spectral factorization
problem in the state space from a strictly geometric viewpoint.
A new solution based on the geometric properties of the related
Hamiltonian system is proposed and the connection between
the H2-optimal model following and the spectral factorization
problems is pointed out. A numerical example illustrates the
theory and shows the effectiveness of the proposed solution.

I. INTRODUCTION

A standard problem of system theory is that of spectral
factorization: in its commonest form, given a matrix Φ(s)
of real rational functions of the complex variable s, one
is required to find a spectral factor, i.e., a matrix G(s)
satisfying Φ(s) = GT(−s)G(s). The above spectral fac-
torization problem arises in LQ optimal control, Wiener and
Kalman filtering, stochastic realization, network synthesis,
LQG game theory and, notably, in H∞ control [1], [2].
This problem has a long history in control theory [3] and
it stimulated a great deal of research in the last fifty years.
In the celebrated paper of Youla [4] in the early sixties, the
solvability of the spectral factorization problem was proved.
It was established that there are infinite solutions G(s),
but that any two solutions G1(s) and G2(s) are related
through G1(s) = V (s)G2(s) where V (s) is a paraunitary
matrix, that is a matrix satisfying V T(−s)V (s) = I , being
I the identity matrix. The first paper to derive formulae
for the spectral factors by using algebraic manipulations
is [5]. Unfortunately these manipulations are based on highly
unreliable algorithms, including operations on polynomial
matrices and Smith form, thus limiting the significance of the
approach in [5]. A recursive algorithm for computing spectral
factors was successively proposed by the same author and
coworkers in [6]. In the following decade, the interest in
the spectral factorization did not wane and the problem was
addressed, under different assumptions (e.g., Φ(s) polyno-
mial), by many authors [7]–[9], relying on frequency domain
approaches (see also the survey paper [10]). Recently, more
general problems, such as, the J-spectral factorization and
inner-outer factorization have been introduced [11], [12].
In [13], [14], the authors have first shown some connec-
tion between the spectral factorization and the geometric
control theory.
This paper deals with the spectral factorization problem

from a pure geometric viewpoint [15], [16]. In particular,
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following the recent interest for cheap problems in the
geometric framework (see, e.g., [17], [18] for LQR), this
work focuses on the cheap spectral factorization.
Inspired by some recent results on H2-optimal disturbance

decoupling [19], [20], in [21] the exact model following
problem [22], was reformulated in a H2-minimal framework.
The problem was solved for a new controlled system where
the output matrix was replaced with an equally sized one.
This allowed us to approach the H2-optimal control problem
as a disturbance decoupling while keeping the same relative
degree and the steady-state gain of the original system.
The new matrix was derived by applying the standard geo-
metric approach tools to the Hamiltonian system instead of
the original plant and this resulted in a tractable procedure
easy to implement with MATLAB using the basic routines
of the geometric approach [23].
This paper proposes a new solution to the cheap spectral

factorization problem based on the geometric properties of
the related Hamiltonian system. The connection between the
H2-optimal model following and the spectral factorization
problems is investigated and it is shown that the former
is a special case of the latter. The generality of the cheap
case is also discussed. A numerical example is provided in
order to illustrate the theory and show the applicability of
the proposed solution.
The rest of the paper is organized as follows. In Sect. II the

notation and some background definitions on the geometric
approach tools are provided. In Sect. III the geometric
solution to the cheap LQ-optimal control problem proposed
in [18], is briefly reviewed. In Sect. IV the cheap spectral
factorization problem is introduced and the main results of
the paper are presented. In Sect. V the connection between
the H2-optimal model following and the spectral factoriza-
tion problems, is shown. In Sect. VI a numerical example is
provided. In Sect. VII the main contributions of the paper
are summarized and some concluding remarks are given.

II. NOTATION AND BASIC DEFINITIONS

Through the paper, Rn stands for the set of all n-tuples
of real numbers and Cg denotes the open left-half complex
plane. Script capitals, like V , denote vector spaces and
subspaces, while italic capitals, like A, denote matrices.
dimV and V⊥ denote the dimension and the orthogonal
complement of subspace V . imA, kerA, AT, A−1 and A†

are used respectively for the image, the null space, the
transpose, the inverse and the Moore-Penrose pseudo-inverse
of matrix A. The symbol := denotes equality by definition.



A more specialized notation, referred to dynamical
systems without feedthrough, is used for the geome-
tric approach [15], [16]. V∗ := max V (A, imB, kerC) and
S∗ := min S (A, kerC, imB), stand for the maximum output
nulling controlled invariant and the minimum input contain-
ing conditioned invariant of a linear time-invariant system
Σ : (A, B, C). The symbol Z(Σ) is used for the set of
all the invariant zeros of Σ, i.e., the internal unassignable
eigenvalues of V∗. System Σ is said to be left-invertible
if V∗ ∩S∗ = {0} and right-invertible if V∗ +S∗ =X , being
X the state space of Σ. Assume that Σ is right-invertible.
The global relative degree of Σ is defined as the least
integer ρ such that V∗ + Sρ =X , where Sρ denotes the ρ-th
subspace in the well-known conditioned invariant sequence
for computing S∗ [15].

III. THE GEOMETRIC APPROACH TO THE CHEAP

LQ-OPTIMAL CONTROL PROBLEM

In this section we briefly review the geometric solution
to the cheap LQ-optimal control problem proposed in [18].
It is closely related to the solution to the cheap spectral
factorization problem that we will discuss in Sect. IV.
It is well-known that the solution of the infinite-horizon

LQ regulator problem depends on the matrix R weighting
the input in the cost function. When R is positive definite
the problem is said to be regular, singular when R is positive
semidefinite and cheap when R is zero.
Consider the continuous-time linear time-invariant system

Σ : (A, B, C)

ẋ(t) = Ax(t) + B u(t), x(0) = x0,

y(t) = C x(t) (1)

where, for all t≥ 0, x∈X = Rn, u∈Rm and y ∈Rp denote
the state, the control input and the controlled output, respecti-
vely. System Σ is assumed to be stabilizable, left-invertible,
detectable and with no invariant zeros on the imaginary axis.
Without loss of generality, it is assumed that B has linearly
independent columns and C has linearly independent rows.
The cheap LQ-optimal control problem is formulated as

follows:
Problem 1 (Cheap LQ-optimal control problem):

Find the maximum set of initial states L and a stabilizing
state feedback control law u(t)= − K x(t) for system (1)
that minimizes the cost

J =
1
2

∫ ∞

0

xT(t)CTC x(t) dt (2)

for any initial state in L.
Problem 1 reduces to the classical output nulling problem

for the Hamiltonian system Σ̂ : (Â, B̂, Ĉ), defined by

˙̂x(t) = Â x̂(t) + B̂ u(t),

0 = Ĉ x̂(t)
x̂ =

[
x
p

]
(3)

with

Â =

[
A 0

−CTC −AT

]
, B̂ =

[
B

O

]

Ĉ =
[

O BT
]
.

It has been shown in [18] (see Lemma 4.1, Corollary 4.1
and 4.2, Lemma 4.3) that Σ̂ satisfies the following properties:
Property 1: If Σ is left-invertible, Σ̂ is both left and right-

invertible.
Property 2: Let Σ be left-invertible. The invariant zeros of

Σ̂ are opposite by pairs. Σ̂ has no purely imaginary invariant
zeros.
Property 3: Let Σ be left-invertible. The invariant zeros of

Σ are a subset of the invariant zeros of Σ̂, i.e., Z(Σ) ⊆ Z(Σ̂).
Consistently with the notation in Sect. II, let us in-

troduce the subspaces V̂∗ := max V (Â, imB̂, ker Ĉ) and
Ŝ∗ := min S (Â, ker Ĉ, imB̂). The following lemma shows
how the dimension of S∗ := min S (A, kerC, imB) is re-
lated to the dimension of Ŝ∗ and V̂∗.
Lemma 1: Let Σ be left-invertible, and let r be the

dimension of S∗. The following equalities hold:

dim Ŝ∗ = 2r, dim V̂∗ = 2 (n− r). �
The following property, an original result of this paper,

is instrumental to prove the main theorem in Sect. IV.
Property 4: Let zo be any invariant zero of Σ that, owing

to Property 3, is also an eigenvalue of Â + B̂F̂ , being F̂
a friend of V̂∗. The corresponding eigenvector

[ vo

po

]
is such

that po = 0.
The next proposition [18, Th. 5.1] provides a characteri-

zation of the resolvent controlled invariant subspace V̂∗
g of

the Hamiltonian system.
Proposition 1: If Σ is left-invertible, an (n − r)-

dimensional internally stabilizable (Â, imB̂)-controlled in-
variant subspace V̂∗

g contained in ker Ĉ exists, such that all
its n − r poles, all unassignable, are strictly stable.
Let

[
Vo

Po

]
be a basis matrix of V̂∗

g with

Vo, Po ∈ Rn×(n−r). It has been proved in [18, Lemma 5.1],
that if Σ is left-invertible then matrix Vo is full-rank.
The geometric solution to Problem 1 is given by the next

proposition [18, Th. 5.2].
Proposition 2 (Solution of Problem 1): Let Σ be left-

invertible, stabilizable and with no invariant zeros on the
imaginary axis. Problem 1 is solvable if and only if
x0 ∈ imVo, i.e., if and only if x0 belongs to the projection of
V̂∗

g on the state space X whose dimension is n− r. If this is
the case, let FVo , FPo ∈ Rm×n be obtained by partitioning a
friend F̂o of V̂∗

g as F̂o = [FVo FPo ]. A state-feedback matrix
K solving Problem 1 is then given by

K = −(FVo + FPo Po V †
o ). �

Notice that K may be non-unique, but it is well known
that the possible degrees of freedom provided by its kernel
can be used to obtain a stabilizing state feedback matrix if
Σ is stabilizable as it was assumed [15].
The above solution of Problem 1 yields a set of admissible

initial states Vo := imVo that has been proved to be an



(A, imB)-controlled invariant. Its friend Fo provides the
optimal control uo(t) in state-feedback form. It is easy
to derive the corresponding optimal cost Jo as a positive
semidefinite quadratic form.
Proposition 3: Let x0 be an initial state satisfying the

condition x0 ∈Vo, i.e., such that there exists a vector α0

satisfying
x0 = Vo α0.

The corresponding optimal cost is given by

Jo =
1
2

αT0 Xo α0 (4)

with
Xo = V T

o Po. (5)

Proof: By using the Hamiltonian system (3), we find

Jo =
1
2

∫ ∞

0

(
xT(t)CTC x(t) − uT(t)BTp(t)

)
dt.

Changing the sign and adding/subtracting the term
xT(t)AT p(t) yield

Jo = −1
2

∫ ∞

0

(
xT(t)AT p(t) + uT(t)BTp(t)

−xT(t)CTC x(t) − x T(t)AT p(t)
)

dt

= −1
2

∫ ∞

0

((
xT(t)AT + uT(t)BT

)
p(t)

−xT(t)
(
CTC x(t) + AT p(t)

))
dt

= −1
2

∫ ∞

0

(
ẋT(t) p(t) + xT(t) ṗ(t)

)
dt

= −1
2

∫ ∞

0

d

dt

(
xT(t) p(t)

)
dt

=
1
2

xT(t) p(t)
∣∣∣0
∞

=
1
2

xT(0) p(0) =
1
2

αT0 V T
o Po α0.

IV. GEOMETRIC SOLUTION TO THE CHEAP SPECTRAL

FACTORIZATION PROBLEM

Let us start by defining the spectrum of system Σ [1].

Definition 1 (Spectrum): The spectrum of Σ is defined as
the function

Φ(s) := G∗(s)G(s) = BT(−sI −AT)−1 CTC(sI −A)−1B

where G(s) and G∗(s) := GT(−s) are the transfer func-
tions of Σ and of the adjoint system Σ∗ : (−AT,−CT, BT),
respectively. G(s) is called spectral factor.
The cheap spectral factorization problem considered in this

paper can be formulated as follows:

Problem 2 (Cheap spectral factorization problem):
Consider the system Σ, that is assumed to be square,
strictly stable, left and right invertible, observable and
with no invariant zeros on the imaginary axis. Determine a
matrix C1 such that the new system Σ1 : (A, B, C1), whose
spectrum is Φ1(s), satisfies the following conditions:

1) Φ1(s)= Φ(s);
2) Σ1 and Σ have the same number of outputs;
3) Σ1 is minimum-phase;
4) Σ1 has the same global relative degree as Σ;
5) Σ1 has the same steady-state gain as Σ.

Note that since Σ is assumed to be stable, right-invertible
and with no invariant zeros on the imaginary axis, then its
steady-state gain G := − CA−1B is finite and nonsingular.
Before presenting the solution to Problem 2, let us intro-

duce the following lemma:
Lemma 2: The following property holds

Vo ∩ imB = {0} (6)

where Vo is the (A, imB)-controlled invariant defined
in Sect. III.
Proof: Recall that[

O BT] [
Vo

Po

]
= O

or analogously imB ⊆ (imPo)⊥. Let
[ vo

po

] ∈ V̂∗. From the
cost formulation of the optimal control problem (cf. Prop. 3),
it results that vTo po ≥ 0, but, owing to Property 4, vTo po =0
is possible only if vo is an eigenvector corresponding to an
invariant zero of Σ, and in such a case po =0. This proves
property (6).
Theorem 1 (Solution of Problem 2): Under the previous

assumptions on Σ, there exists a unique matrix

C1 := GḠ−1 C̄1 (7)

such that all the conditions of Problem 2 are satisfied.
Ḡ denotes the state-state gain of the triple (A, B, C̄1), where
C̄1 is the transpose of any basis matrix of the subspace(Vo + S∗ ∩ kerC

)⊥
.

Proof: To prove condition 1 in the statement of Prob-
lem 2, we must show that the two systems Σ̂ : (Â, B̂, Ĉ)
and Σ̂1 : (Â, B̂, Ĉ1) are equivalent. In particular, they must
have the same poles and the same invariant zero structures.
Let us define the subspace

C1 = Vo + S∗ ∩ C (8)

with C := kerC, and denote with C̄1 any matrix such that
ker C̄1 = C1. For instance, let us select any matrix C̄1 such
that im(C̄T1 )= C⊥

1 , or, for the sake of greater generality,
such that

im(MC̄1)T = C⊥
1 (9)

where M is an arbitrary p× p nonsingular matrix yielding
an arbitrary linear combination of the rows of the temporary
output matrix C̄1.
From Lemma 2, if (6) is satisfied and C1 is any subspace

containing Vo, like that defined in (8), it follows that

Vo ∩ S∗
1 = {0} (10)

where S∗
1 is defined as the minimum (A, C1)-conditioned

invariant containing imB. Hence, Σ1 is left-invertible like Σ.
Let us recall that for any system Σ : (A, B, C) the subspace



S∗ ∩C is the maximum subspace reachable from the origin
by using distributions in control. Since, owing to (6), it is
not possible to reach any state in Vo from the origin by using
distributions, it then follows that

S∗
1 = S∗. (11)

If Σ is right-invertible, the dimensions of V∗ and Vo are
equal and, due to (10) and (11), Σ1 is also right-invertible.
Let us now focus on the remaining conditions of Problem 2.
− Condition 2 is satisfied since C := kerC and C1 = kerC1

=ker C̄1 by construction have the same dimension.
− Condition 3 is satisfied since the invariant zeros of Σ1 are
the internal eigenvalues of Vo, stable by construction.
− Condition 4 is satisfied since both Σ1 and Σ have S∗ as the
minimum conditioned invariant containing imB and, since
both Vo and V∗ have null intersection with S∗, the dimen-
sions of Vo +Si and V∗ +Si are each other equal for all i
(recall the algorithm for the computation of the minimum
conditioned invariant contained in a given subspace [15]).
− To satisfy condition 5, assume in (9)

M = GḠ−1 (12)

where G is the steady-state gain of Σ and Ḡ that of the
triple (A, B, C̄1). Thus, in the multivariable case a partic-
ular spectral factorization satisfying Φ1(0)=Φ(0) has been
obtained. Uniqueness of matrix C1 is due to uniqueness of
all the subspaces involved in the constructive procedure of C1

(cf. equ. (8)) and to relation (12) that sets a unique value for
the steady-state gain of Σ1.
Remark 1 (Extension of Theorem 1): Note that the right-

invertibility assumption in Problem 2 may be convenient
in some specific applications (see, e.g., Sect. V), but it is
not generally considered in spectral factorization problems.
The extension of Theorem 1 to non-right invertible systems
is straightforward from an operative point of view: in fact,
the matrix inversion appearing in equ. (7) should be simply
replaced by a pseudoinversion. However, such an extension
involves a series of theoretical issues that have yet to be
fully solved. Finally, note that it is not mandatory for the
system Σ to be strictly stable and observable, and results
analogous to those of Theorem 1 hold under milder assump-
tions (namely, Σ stabilizable and detectable).
Remark 2 (On the generality of the cheap case): When

the system Σ also includes a nonzero feedthrough matrix D,
it is possible to refer to the new system Σ′ : (A′, B′, C′)
shown in Fig. 1, with the state suitably extended, where the
auxiliary system Σe : (Ae, Be, Ce) is defined as Ae = − Im,
Be = Im, Ce = Im, i.e., it consists of the parallel connection
of m elementary stable first-order SISO systems, and the
reduced system Σr = (A, B, C) is the original system
without feedthrough. The matrices of the extended system
are defined as

A′ =
[

A B
O −Im

]
, B′ =

[
O
Im

]
C′ =

[
C D

]
.

(13)

� �
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Σe
v y

D
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Σr : (A, B, C)

Σ′ : (A′, B′, C′)

Fig. 1. State extension to deal with a system with feedthrough.

Let us consider a basis matrix of the output nulling subspace
of Σ′, partitioned like (13)

V ′ = im
[

V
Y

]
.

A basis matrix of V∗, the output nulling of Σ:(A, B, C, D),
is a basis matrix of imV (in fact in general, V is not
maximum rank). The reduced spectral factorization prob-
lem concerning Σ′ yields an overall new output matrix
C′

1 = [ C1 D1] that, partitioned as shown, also provides
the solution (C1, D1) of the spectral factorization problem
concerning Σ.

V. THE SPECTRAL FACTORIZATION AND THE

H2-OPTIMAL MODEL FOLLOWING PROBLEM

In this section we show that the H2-optimal model follow-
ing problem studied in [21], can be interpreted as a special
spectral factorization problem. The exact feedforward model
following problem can be stated in the following terms:

Problem 3 (Exact feedforward model following problem):
Refer to the scheme reported in Fig. 2. Given a plant
Σ : (A, B, C) and a model Σm described by

ẋm(t) = Am xm(t) + Bm h(t)

ym(t) = Cm xm(t)

where xm ∈Rq , h∈Rp and ym ∈Rp denote the state, the
exogenous input and the output, design a linear dynamic
stable feedforward compensator Σc : (Ac, Bc, Cc, Dc) such
that the forced evolution of η is zero for every admissible
(piecewise continuous) input h.
Both Σ and Σm are assumed to be minimal, stable, with

no common poles and zeros, square, left and right invertible
and steady-state completely output controllable (i.e., with the
matrices C A−1 B and Cm A−1

m Bm finite and nonsingular).
Problem 3 is solvable if

Z(Σ) ⊆ Cg (14)

ρ(Σ) ≤ γ(Σm) (15)

i.e., if Σ is minimum-phase and the global relative degree ρ
of Σ is not greater than the minimum delay γ of Σm, that
is defined as the minimum value of i such that Cm Ai

m Bm

is nonzero.
It is well known that the exact feedforward model fol-

lowing problem with stability is a particular case of the
standard (exact) measurable disturbance decoupling problem
with stability (MDDPS) [15], for an extended system Σ also
including the model, as shown in Fig. 2.
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Fig. 4. Feedback model following as a cheap spectral factorization problem.

When the plant Σ is nonminimum-phase, a possible stra-
tegy consists in reformulating Problem 3 in a H2-minimal
context. Unfortunately condition (14) does not guarantee in
general the existence of a solution of this more general
problem. Actually, it can be proved that when ρ(Σ) ≥ 2 it
does not admit solutions of the type sketched in Fig. 2 since
Σc cannot generate distributions. Hence, a suitable pseudo-
optimal solution to the problem is sought [21].

Let us refer to the modified feedforward scheme shown
in Fig. 3, where the output y1 is provided through the
matrix C1 that solves Problem 2, so that the new system
Σ1 : (A, B, C1), is minimum-phase, right-invertible, and has
the same number of outputs, the same global relative degree
and the same steady-state gain as Σ. This auxiliary output
may be provided by a standard full or reduced order observer
Σo, that could also be used to provide a stabilizing feedback
for Σ if necessary. In this case, a solution of the classical row-
by-row decoupling problem is also achieved if a model Σm

is chosen consisting in several independent SISO systems.

Let us recall that the more general feedback model follow-
ing problem corresponding to the layout shown in Fig. 4 can
be traced back to the above feedforward scheme, and the pos-
sibility of including in Σc a suitable multiple internal model
of steps, ramps, etc., is also easily achieved [21], [24].
This solution can be regarded as a new contribution to
the standard multivariable regulator problem, deeply investi-
gated with pole assignment techniques during the seventies
(see [25] and references therein).

VI. AN ILLUSTRATIVE EXAMPLE

Let Σ be defined by

A =

⎡⎢⎢⎣
−1.19 16.32 9.43 10.83
2.15 −0.35 0 0
−8.84 −34.16 −14.49 −6.33
−4.53 −16.15 0.39 −5.56

⎤⎥⎥⎦ ,

B =

⎡⎢⎢⎣
−1 −1
0 0
0 −1
−1 0

⎤⎥⎥⎦ , C =
[

1 2 3 4
2 1 5 6

]
.

Note that Σ is nonminimum-phase, being Z(Σ) =
{10.9786, −10.6053}. According to Theorem 1, from (7),
the output matrix

C1 =

[
2.5491 5.4594 4.2728 5.2290
0.5159 −2.3140 3.7806 4.8226

]
.

The triple (A, B, C1) satisfies all the conditions of Prob-
lem 2: in fact, Φ1(s) = Φ(s), C1 and C have the same
number of rows, Σ1 is minimum-phase being Z(Σ1) =
{−10.9786, −10.6053}, Σ1 has the same global relative
degree of Σ (equal to 1), and Σ1 and Σ have the same steady-
state gain

−C1 A−1B = −C A−1B =

[
0.5862 0.5982
1.1090 1.0124

]
.

The new output matrix C1 has been used to implement the
feedforward or feedback model following schemes shown in
Fig. 3 and in Fig. 4 (the disparity in these two layouts only
reflects in different regulators Σc, while the time responses
are equal). In Fig. 5, Fig. 6 and Fig. 7 the step responses
corresponding to the model Σm defined by

Am =
[ −2 0

0 −3

]
, Bm = Cm =

[ √
2 0

0
√

3

]
(that is diagonal, thus providing steady-state row-by-row
decoupling), are shown.
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Fig. 5. Step response of the system Σ.



0

0.5

1

1.5
From: U(1)

T
o:

 Y
(1

)
From: U(2)

0 1 2 3 4

0

0.5

1

1.5

T
o:

 Y
(2

)

0 1 2 3 4

time [sec.] time [sec.]

Fig. 6. Step responses of the model Σm (dashed) and the regulated system
Σ1Σc (solid).
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Fig. 7. Step tracking error.

VII. CONCLUSIONS AND FUTURE WORK

In this paper the cheap spectral factorization problem
has been addressed by using the standard techniques of
the geometric approach, thus providing a significant link
between the analyses of this problem in the state space and in
the frequency domain. An application, concerning a specific
formulation of the general regulator problem with internal
model (hence steady-state robust) for nonminimum-phase
multivariable systems, has been presented.
The solution of the J-spectral factorization problem with

the geometric approach tools proposed in this paper is being
investigated. As pointed out in Remark 1, work is in progress
to extend the results of Theorem 1 to more general classes
of systems, and notably to non-right invertible systems.
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