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Abstract— Planar Catadioptric Stereo vision sensors (PCS)
combine a pinhole camera with two or more planar mirrors.
PCS have recently received an increasing attention since a
stereo view can be easily obtained without the need of exact
multi-camera synchronization and calibration. In this paper
we present a rigorous analytical treatment of the imaging
geometry of PCS, propose new mirror calibration algorithms
and introduce new multi-view properties that can be used
for eye-in-hand camera localization. The effectiveness of the
algorithms is shown via extensive simulation and real-data
experiments on a robotic manipulator.
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. INTRODUCTION ) _ _
o Fig. 1. PCS experimental setup composed of a pinhole camera mounted
A. Motivation and related works on the end-effector of a robotic manipulator and two planar mirrors.
Stereoscopic vision has been playing a leading role in

many fields, such as, e.g. 3-D imaging for entertainment .
and mapping, medicine, industrial robotics and augmentdtiveé been recently presented by Gluckman and Nayar in [12]

reality [1], [2]. Standard stereo sensors are composed by tfef€ [13] for the case of camera networks). The same

coupled pinhole cameras and are generally expensive as withors have studied the set of constraints to be satisfied
as difficult to synchronize and calibrate. In addition than order to obtain rectified stereo images from a catadioptric

limited field of view considerably restricts their applicability SYStem [14]. An affine approximation for epipolar-based PCS

domain. Several works have recently proposed the use gclification has been lately proposed in [15].

catadioptric vision sensors [3]-[6], which, combining both From the previous overview, we see that although some

refracting (lens) and reflecting (mirrors) elements, naturall search has been done in this field, the specmc propernes of

enlarge the field of view of classic pinhole cameras. _CS have _been addressed only sparsely in t.he _I|terature and
By using mirror reflections of a scene, stereo images cdittle attention has been devoted to thg application of these

be captured with a single camera (catadioptric stereo). Singi€NSors to image-based robot navigation.

camera stereo has several advantages over traditional tvg)- Contributions

camera stereo: first, only a single set of internal camera

calibration parameters needs to be determined. Second, Hae original contribution of this paper is twofold:

additional software or hardware is needed for exact camera. We propose a rigorous analytical treatment of the ima-

synchronization [7]. ging properties of PCS composed by a pinhole camera
This paper focuses on a special class of single cam- and two planar mirrors (see Fig. 1) and introduce new
era stereo systems callgdanar catadioptric stereovision algebraic results and geometric properties in the case of

sensors (PCS), consisting of a pinhole camera and two static and moving cameras (multi-view PCS).

(or more) planar mirrors [8]. Industrial robotics could benefit « On the grounds of these results, we propose and com-
from PCS: in fact, multiple planar mirrors disposed in the  pare a suite of original numeric algorithms fanirror
workspace, could be used to improve the pose accuracy calibration and image-based camera localizatidhat

of an eye-in-hand robotic arm performing high precision  can be used as the core of a position based visual
assembling and close manipulation tasks. servoing strategy.

In 9], the authors carried out the first geometric study-ytensive simulation and real-data experiments performed on
on 3-D reconstruction using reflective symmetry inducegp eye-in-hand robot are presented in order to illustrate the

by planar mirrors. Several PCS have been designed afghory and show the effectiveness of the proposed algorithms.
implemented in the last few years (see, e.g. [10], [11]) and

some preliminary results on the geometry and calibratiog. Organization
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B. The virtual camera and the projection equivalence

We introduce now the concept wiftual camera(v) whose
reference frame is simply obtained reflectifaty with respect
to (w) aboutII (see Fig. 2).
Proposition 2 (Camera frame mirroring):Suppose given
a planar mirror(n,,d,) and the cameras ifc) and (v)
(dashed, in Fig. 2). Then the homogeneous matrix transform-
ing vectors from(v) to (w) is given by
M, = DI H;, 2 | tu ], )
Proof: As shown in Prop. 1t% (from (w) to (v))
coincides with the reflection aof¢ , i.e.,

t2 = Dl"ge ©)

Let us now consider the versar,, = [0 0 1]7, where
Fig. 2. Reflection through the planar mirr®I: virtual point X[l and  the subscript indicates that it is theaxis of the camera
virtual camera(u). frame and is expressed ifr). We can writez,.,) =

DI"H¢ 7., and thenM},z,(,) = DI"HS Z, ., where
. o . Zy) = [0 0 1]7 andH, = [Rva tfw}. We easily obtain,
image-based camera localization. These algorithms are o~ 0 1 o~
tested via simulation and real-data experiments in Sect. for all 4, [ri,i" 0] +ti, = D"([r;,] 0] +t), where
In Sect. VI, the main contributions of the paper are summax,; andrg,; are theith columns of matriceR;, and R,

rized and future research directions are highlighted. respectively. Exploiting the first three rows and using (3)
we get,
Il. PLANAR MIRRORS AND PERSPECTIVE PROJECTION QY =Sl Re. (4)
A. The virtual point and the reflection matrix From (4) and (3), we obtain (2). ™

Let us consider the setup reported in Fig. 2 where a Tq highlight the different nature of the homogeneous
perspective cameréc) is in front of a planar mirrorfT ~ Marices in Prop. 2, two symbolsM and H, have been
described by a normal vectar, in the world frame(w) = Used: in factH; < SE3), while M;, < E(3) being
{O;z, y, z} and by its distancé, from (w). A 3-D point det(Qy,) =-1L o _

X 2 [zy 2T in (w) is in front of the mirror X indicates Proposition 3 (\ﬁrtugl camera projection equwalepce):

its extension in homogeneous coordinates). For the sake lgft u be the perspective projection {@) of a 3-D pointX
clearness and without affecting the generality of our resultfter its reflection odI. Then, we have,

Fig. 2 shows a simplified planar camera-mirror arrangement.
Note that the perspective image (pixels) of X after its
reflection by the planar mirrafI can be also calculated asbeingul™ the perspective projection &X onto the image

u=ul",

the direct projection ori) of the so-calledvirtual pointX!™)  plane of the virtual camere). u
(see Fig. 2). In the next propositiogflR¥, t*) denotes the  Prop. 3 states that the perspective projectioof X!
rigid transformation from the camera frameé to the mirror  (i.e., X" centered in(c), see Fig. 2) coincides with the
frame (w). perspective projectionl™ of X,, (i.e., X in (v)).
Proposition 1 (Planar mirror perspective projection): Remark 1 (Reflective epipolar geometryYhe epipolar
Consider the setup in Fig. 2. The perspective projectiogeometry between(c) and (v) is well defined, i.e.,
i = [u v 1]T (pixels) of 3D pointX in (w) after its (@7 K-TEM K-8 = 0 where the essential matrix

mirroring on1II is given by, El" = 2d,()[n.(¢))x, With d.() andn,., representing
distance and the normal of the mirror measured fr@in.

~ _ w o pw 7] % H + X
Au=K[R; t]DT X with Ae R, The epipoles or{c) and (v) are equal an@&, ~ n ).

whereK is the intrinsic camera calibration matrix aij™! 1. SINGLE AND MULTI -VIEW GEOMETRY FORPCS
is the (homogeneousgflection matrixabout the mirrom,; . .
. A. Single-view geometry
defined as, ) ) . )
Sl 94 n In this section we will assume to have two planar mirrors
s s . . . .
(7] — o7 ) , (1) n; andny as in Fig. 3. In this case two virtual cameras)
and(vq) exist, as well as suitable epipolar geometry relating
whereS!™l 21— 21, n. - (c) with both (v1) and (v2). The generalization to multiple
Note that SI™ e 0(3)’ det(S[’T]) = -1 and that 1[.]x is the matrix form of the cross product operator such that for any

(DI7)~1 = DI, vectorsa andb, a x b = [a]« b.
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Fig. 3. The camera (c) and the virtual cameras (v1) and (v2).

mirrors is straightforward and it will be not discussed in
this paper. Let be given the image points u“] u?],

1,...,n in {c), projections of a set of n > 8 3-D points
Xl- reﬂected onto n; and ns, respectively (in the present
context, for convenience, the subscript 7 in n; and n, will
be henceforth neglected). Note that, while the subscript ¢
is the point index, the superscript inside the brackets will
always refer to the mirror number through which that 3-D

point is reflected. From Prop. 2 we can write:

M2 = DUHS, (5)

M2 DPH, (6)

where DUl is asin (1). By solving (5) and (6) with respect
to H¢, it yields:

M? M® = DDl 2 [fO‘g ﬂ , )

From (7), Rp and tp are given by,

Rp = I+4(n; -ny) n1n2T - 2n1nf - 2n2ng7

tD = 2d1n1 — 2(d1(n1 . IIQ) + dQ)IlQ.

Note that (Rp,tp) only depend on the mirror setup
(i.e., n1, ny and dy, ds). Since uE” and u?] in {c) are
corresponding, the epipolar geometry between (v1) and (vs)
doesexigt, i.e, il 'F @) = 0, where F is the fundamental
matrix, from wh|ch we can compute both the epipoles e; and
e and the epipolar lines [16]. In addition, given the internal
camera calibration matrix K, from F we can compute the
essential matrix E = [t] R where (R, t) is the rigid body
motion between (v;) and (vs) (see Fig. 3). Once E is known,
it can be decomposed to retrieve the rotation matrix R and
the vector t (up to a scale factor), [16].

B. Multi-view geometry

Asfrom Fig. 4, in this section we suppose given two views
(c1) and (c2) of aset of 3-D scene points, mirrored through
two planar mirrors.

Fig. 4. Multi-view geometry for the cameras (c1) and (c2).

Also, let Hy be the homogeneous transformatlon matrix

el (2]
between (c1) and (c,) and let Hc2 H L H 2 Hc[ll] be the
four transformation matrices for aII the pa| rs o? V|rtual views.

Proposition 4 (Multiple cameras mirroring): The follow-
ing equation holds true,

2! ol
H = =H;'H [11] Hp. )

Proof: It is easy to verify that the following equalities,
concerning the relative motion between (c1) and {c2), hold

[1]

true Hp = H2 = H} by _H ,» being,
c c[ll] —1 0[21]
HZ = (Mw ) M. 9
From (14), it yields,
DERIpL M O M 10
w 0[11] C[11]7 ( )
N
DEp MG H) MY (11)
2
0
Retrieving My from (9), we get,
1) 0
M =M HY (12)

and, analogously, retrieving M*,, from (9) yields,

Mwm =Hg Mwm - (13)

Substltutmg $12) and (13) in (10) we obtain DPIDM =
Mc2 HeL HC[II]HC MZJM. Comparing this last equation
with (11), we fi nally obtain (8). [ |
Note thet equation (8) allows the computation of the rigid
motion Hy also when the epipolar geometry between (c;)
and (c2) isnot well-defined (e.g. small baseline case). In fact,
the epipolar geometry between the virtual cameras is aways
well-defined by construction.
Proposition 5 (Virtual cameras mirroring): The follow-
ing equality holds true,
M,'Hg

= DPDMMY, (14)



whereHyp £ HY2 = [} '] is the homogeneous transfor-\ T sy Or
mation matrix representing the rigid-body motion between (02) : ° RS
the virtual cameragv,) and (vs). N

Proof: From (7) it directly follows that, . »
M2 — DD (15) ny
and sinceHg = M} Mp2, we haveM;? = M;'Hg. L)
Substituting into (15), we obtain (14). m (w) TP
Remark 2: Without loss of generality, we can assume that bo /r -
the z—axis of (w) coincides with the mirrors screw axis and (c)
the z—axis lies on mirror 1, so thab!!l becomes, e
< Ny,
1 0 00
m_ |0 -1 00
DU = 0o o0 1 ol (16)
0O 0 0 1 Fig. 5. Vectorp(t<,) and virtual cameras epipoles®2 ande(21].

Moreover, we assume a calibrated mirror setup, suchtRat
(the 3 x 3 reflection matrix inD!?l) is known. Then, (14)

can be decomposed as, Proposition 7 (Calibration with virtual epipoles):

The anglefl between the mirrora; andns is given by,
QY RZS[Q]S[”QZ} (17) g7
QU t + (I—SsPIsihtn —o. (18) 2

Note that the translation vectors in (18) are assumed to kIJBe' Image-based camera localization
unknown and that only the rotation matifi can be obtained ~ This section presents a set of algorithms for the estimation

from the E-matrix decomposition. of the rigid-motion (RS, tS) from image measurements.
In particular, Prop. 8 provides a method to estimBig and
IV. ALGORITHMS FOR MIRROR CALIBRATION AND Prop. 9 two methods to compute the projectiortffon the
IMAGE-BASED CAMERA LOCALIZATION plane defined by the camera centers.

In this section we present a suite of algorithms for Let I be the plane defined by the center of the cameras
mirror calibration (i.e., computation of the anglebetween (), (v1) and (v;) andnr () the normal vector td" written
the mirrors) and for image-based localization of a movin (¢) (see Fig. 5) . Let; be the epipole with unitary norm

camera, based on the properties presented in Sects. Il and #igfined in Prop. 6 and let.) = e; x np(.).
Proposition 8 (R, estimation): For every rigid-motion

A. Mirror calibration (RS, t<,), the following equation holds true,
Consider the setup in Fig. 3 in which at least 8 points 0 0 -1
i [— ¢ -1
are directly observed by the camei@ atu}, i =1,...,n. RE=[0 1 0|[nre e ae] (19)

The same points are also reflected by the mirrorandn,
atul” andu!? (white dots). In this scenario two fundamental _
matrices F; and F» exist and they are computed from Proof: For every pose ofc), the camera center I|esTon
the corresponding pairail”, u}) and(u'?, ), respectively the same plané having normal vectonr,, = [0 0 1]
(cf. Prop. 3). FronF,; andF, we can then find the epipoles in (w). Hence, als@!'? ande*!l lie onT". Let £ be the line
e; ande, as their right null-spaces (black dots). Since théo'”"lglghe Sp2|1pole_9e[121 and e*!l expressed in(c), then
direction of each epipole;, j = 1,2, is always parallel ¢ = elt?l x @l ].TSmceZ is the projection of the plan&
to n;, we obtain the following: in (c), nr(,) = K" £ and,

Proposition 6 (Calibration with epipoles):The angle 0 —nr(,) = R}, nr(). (20)
between the mirrors; andn, is given by,

-1 0 0

N N Similarly, being e; a unit norm vector obtained as the
9 — arccos((K_l &) (K™! 92)) right null-space of the fundamental mat®; between(c)
[K-1e | |K-1es /) and (v1), e1(,) = [0 1 0]7 in (w). Then,

In the next proposition we uses the epipoles between e1(,) = R e (21)
the virtual cameras to solve the mirror calibration problem ) )
(see Fig. 5). LeF2!] be the fundamental matrix computedFinally, sincee;(,, L —nr(,) ande., L nr(), being
from the corresponding pointail, ul?) and~ the angle &@w) = ©€1(w) X —NOre) andae) = ei) x nr(), we
between the virtual epipole[e[]”i and ?[2]1]. It is easy to Ot')ttr?l?zz()w) jé{% a(c)- :S'n%htgf last equation tog];ether

; _ (K 'e2hT (k=18 Wi an , we have Nrw) ©€l(w) QAw)l =
verify thaty = al“CCOS( K—TemI [ [K-Lal2| ) Re, [nF(c) e a(c)]’ from which (19) ]£O|)|OWS$ ) Hw) n




Consider the setup in Fig. 5 and lgft¢,) € IR* contain Ry, [deg] ty, (m]
the first two components of the projection tff onto the Roll Pitch Yaw
plane . Prop. 9 provides two methods to estimate the || —400 | —303 | —37.07 | [0.147 ~0824 0.3771
direction of p(t<)), i.e., (2l 2 g(o(t<)). The first one b| 816 | —349 | —4313 | [0.157 —0.824 0.610f
v lloCes, )l v c| 1399 | —2087 | —4057 | [0.432 —0.960 0.532]
uses the fundamental matrRl*? between(v;) and (v;) ' : ' ' ' '
. . d| —638 | —9.01 | —51.60 | [0.106 —0.613 0.408]
and the second one the Sylvester equation derived from (14). 363 326 273 | 0215 0824 0557
Let X be the plane defined by the mirr@srew axigi.e., the f _7 ‘74 _13‘) = _35'60 [0'313 _0'%0 0.535T
3-D line of intersection between the mirrors) and the center : = s [0.313 —0. :
of (c), and letny, be the normal t&:, (see Fig. 5). TABLE |
In the next propositionR . () denotes a rotation matrix DISPLACEMENTS CONSIDERED INFIGS. 6(E) AND 6(F).
of an angley about thez-axis.
Proposition 9 (Estimation ofd(p(t<,))): The direction
of p(tS,) is given by,
C *
d(p(ts)) = —— (22) supposed to be solved by manually selecting the cor-

I respondences. The rigid-motion between the camera and
wheret{* can be computed as ifi) or in (i), as follows: world frame isR¢ = R.(40°) R,(—20°) R, (30°) and
, - T t¢ =[0.6 —2 —0.2]7 m. In Figs. 6(a)-(c), we rarl00
(i) ty = [a(l) a@)]", (23) iterati£)ns of the I\/}—estimator [18], (used to estimate the
with a = R.(—90°) ng, nx(1) > 0; fundamental matrix), for increasing values of the image pixel
., B , hoise standard deviation. Fig. 6(a) reports the mirror angle
(i7) to=[2 DU C)na(Una(2)a(?) a@na(U—alin:@)] oqtimation error|d — 6| for the two algorithms discussed

2nZ(1) 2n3(1)
with a = —RC t¥1 (24) in Sect. IV-A. The estimation with the virtual cameras
w Tv2 . . .
Proof: Let us start by proving part) of the statement. €pipoles is more accurate: the mean error corresponding to
tc and p(t<)) lie on the planes with normal vectomy, =  the maximum noise power is about 1.¥1ig. 6(b) shows the

ns(1) ns(2) 0]7 in (w). Since all the corresponding Ri estimation error (cf. Prop. 8) computed as the roll-pitch-
epipolar lines computed from the fundamental maFix? ~ yaw angle error. As we can see in the figure, the proposed
intersect at the image projection of the screw axis[12], method is robust to noisy data: in fact the maxinlum mean
we haveny = RS (K”m), where K”m is the normal €rror is around 2 Fig. 6(c) finally reports the errart;,) =
vector toX in (c). Sincens L p(tS), it is then sufficient [[d(p(t5,)) — d(p(t7,))], for the two algorithms in Prop. 9:

to rotatens, of —90° around thez-axis in order to obtain (i) Screw axisand (i) Sylvester equatiarFrom Fig. 6(c), we

t¢* in (23). To prove parti) of the statement, consider the NOte that the second method is less sensitive to noise since

following Sylvester equation derived from (14), it does not rely on the direct computation of the epipoles.
H; H! = DPIDVHS, (25) B. Experiments
whereD!!, DI?! are as in (16). LeR¢, be given (computed,  In order to test the proposed methods in real scenarios we

e.g. using Prop. 8) an®?, n, be estimated using one performed a series of experiments using the setup shown in
of the algorithms in Sect. IV-A. LefHy also be given Fig. 1, where a LumenefalLU071C camera mounted on

(cf. Prop. 5). From (25) we havB< t2: + t¢, = SI2sllte . the end-effector of a 6 axes KUKA KR 3 manipulator,

w “v2 .
Collecting t¢, on the left-hand side of this equation, weobserves a structured scene composed by several objects
get (I — SEISy ¢ = —Rg t2, from which, after few mirrored by two planar mirrors. The calibration matiig

maniputations, we obtain (24). Note that the normalizatioi$ the same as in (26). The observed objects are in a box of
of t¢* in (22), removes the ambiguity due to the up to scalé-0.085, 0.34] x [-0.15, —0.44] m in (w). Fig. 6(d) shows
estimation oft?:. B the estimation erroff — 6| of the algorithms in Sect. IV-A,
when# € {30°, 45°, 60°}. The values reported in Fig. 6(d)
are the average of 5 experiments we conducted for éach
In accordance with the simulation results, the method based
Simulation experiments have been performed with thgn the virtual cameras epipoles is more accurate, with a
Epipolar Geometry Toolbox [17]. The setup consists of gean error of about® Fig. 6(e) shows th&<, estimation

V. SIMULATION AND EXPERIMENTAL RESULTS
A. Simulations

pinhole camera with calibration matrix, error, computed as the roll-pitch-yaw angle error, for the
951.8 0  640.66 rotational displacements reported in Table I. The mirror angle

K= [ 0 9518 605.11] ) (26) 6 = 60°. As pointed out in Sect. V-A, the proposed algorithm
0 0 1 has a reduced sensitivity to noise: in fact, the maximum

and two planar mirrors with normal vectora; =  error isAabou15.5°. Finally, Fig. 6(f) depicts the estimation
0 —10]7 and n, = [-0.866 0.5 0]7, correspond- errors(t¢) for the translational displacements reported in
ing to an angular displacemert = 60°. The cam- Tablel. Asin Sect. V-A, the algorithm based on the Sylvester

era observes directly 20 random points: the matching isquation exhibits the best performance.
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Fig. 6. Simulations: (a) Mirror angle estimation error for the algorithms in Sect IV-A; B, estimation error for the algorithm in Prop. 8; (c) ErEQEﬁJ)
for the algorithms in Prop. 9Experiments: (d) Mirror angle estimation error foé € {30°, 45°, 60°}; (e) R, estimation error for the rotational
displacements reported in Table I; (f) ErroftS,) for the translational displacements reported in Table I.

VI. CONCLUSIONS AND FUTURE WORK

(6]

The paper presents a systematic study of the imam

ging geometry ofPlanar Catadioptric Stereovision sen-

sors (PCS). New algebraic and geometric properties are
presented in the cases of static and moving pinhole cameré%
(multi-view PCS). On the basis of these new results, we profo]
pose a suite of algorithms for mirror calibration and camera

localization using image data solely.

The extension of our results to sensors composed Ipo]
multiple cameras and multiple planar mirrors is a subject of
on-going research. Future investigations will also study thﬁl]
connection between the imaging geometry of two mirrors

PCS and trifocal geometry [16].
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