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Abstract— This paper presents a new cooperative active
target-tracking strategy for a team of double-integrator aerial
vehicles equipped with 3-D range-finding sensors. Our strategy
is active because it moves the vehicles along paths that minimize
the combined uncertainty about the target’s position. We pro-
pose a gradient-based control approach that encompasses the
three major optimum experimental-design criteria and relies
on the Kalman filter for estimation fusion. We derive analytical
lower and upper bounds on the target’s position uncertainty by
exploiting the monotonicity property of the Riccati differential
equation arising from the Kalman-Bucy filter. These bounds
allow us to study the impact of sensors’ accuracy and target’s
dynamics on the steady-state performance of our coordination
algorithm. Finally, in the case that the position of the vehicles
is not perfectly known, we introduce a more challenging
problem, termed Active Cooperative Localization and Multi-
target Tracking (ACLMT). In this problem, the vehicles move
in the 3-D space in order to maximize the accuracy of their
own position estimate and that of multiple moving targets.

I. INTRODUCTION

A. Problem statement and related work

This paper deals with the optimal deployment of a team
of autonomous aerial vehicles in the 3-D space, in order
to maximize the accuracy of the combined position es-
timate of one or multiple moving targets (active target-
tracking problem). This problem has relevant applications
in surveillance, military and environmental-monitoring tasks,
and offers two different levels of complexity depending on
whether the position of the agents is perfectly known or
has to be estimated together with that of the targets (co-
operative localization problem). Since testing on real flying
platforms is expensive and time-consuming, analytical tools
are needed to predict the performance of a newly-synthesized
coordination algorithm in an early design phase. This paper
moves towards this direction and presents analytical results
elucidating the role played by the targets’ dynamics and the
accuracy of the on-board sensors, on the steady-state target-
tracking performances.

Multi-agent systems research has lately gained a promi-
nent role in the robotics and control literature [1]. This suc-
cess has been motivated by the sheer increase in autonomy,
computing power and sensing of today’s robots. An essential
capability that an autonomous robot should possess is that
of being able to efficiently measure the surrounding environ-
ment, and to promptly respond to stimuli coming from other
robots or moving targets. Extensive research has been done
in the literature on the subject of tracking targets with static
sensors [2] or on the optimal placement of fixed sensors [3].
Mobile sensor networks offer distinctive advantages over
static-sensor arrays in terms of quality of sensing and es-
timation, area coverage, adaptability to changing conditions,
and robustness against failures. Cooperative active sensing
leverages the mobility of a robotic sensor network in order
to enhance the target tracking performances [4]–[8]: in the
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simplest instance of this problem, n mobile sensors have to
fuse their local measurements and move in the plane in order
to attain the best position estimate of a moving target. In
practice, this amounts to minimize a certain scalar function of
the covariance matrix of the position estimates: in optimum
experimental-design theory [3] this function is typically the
determinant, the trace or the maximum eigenvalue of the
covariance matrix (D-, A- and E-optimality criteria). In [4],
a motion-planning algorithm has been presented for tracking
a 2-D moving target by using range-bearing measurements.
The proposed control law is based on the gradient of the
determinant of the covariance matrix of the target’s position
estimate, with respect to each of the robot’s coordinates.
The multiple-target case is treated as a possible extension
and the role of imperfect communication between agents
is also investigated. The results of [4] have been extended
in [5]. First, by using dynamic average consensus estimators,
the controller in [4] is made implementable in a distributed
way. Second, a new control design procedure based on the
distributed Kalman filter for estimation fusion is presented
and the case of range-only sensors is addressed. In [6],
the authors have presented a target-tracking algorithm for a
team of unicycle robots with bounds on the positive forward
velocity, and shown that the associated optimization problem
is in general NP-hard. Non-trivial relaxations to this problem
are then proposed for determining the set of feasible locations
that each robot should move to in order to collect the most
informative distance measurements. Differently from [4],
where the nonlinearities inherent to the range-bearing model
are “absorbed” into the nonstationary sensor noise, [6] takes
explicitly into account the nonlinear nature of distance-only
measurements. Finally, in [7] the authors have studied the
optimal placement of range-only sensors for non-random
static target position estimation.

Beside [4], [5], another source of inspiration for this work
came from recent papers in the cooperative localization
literature [9]–[12]. In [9], [10], the authors have used the
properties of the Riccati recursion arising from the Kalman
filter to determine explicit upper bounds for the steady-state
accuracy of the Cooperative Localization and Simultaneous
Cooperative Localization and Mapping problems. The anal-
ysis in [9], [10] has been repeated in [11] for the Cooperative
Localization and Target Tracking problem.

B. Original contributions and organization
This paper elaborates upon [4], [5] and extends them

in several new directions. First, by using a spherical co-
ordinates representation, we present a generalization for a
team of aerial vehicles modeled as double integrators and
equipped with 3-D range-finding sensors. Our gradient-based
control encompasses the three major optimum experimental
design criteria and relies on the Kalman-Bucy filter for the
estimation fusion. Second, inspired by [9], [10], we derive
analytical lower and upper bounds on the target’s position
uncertainty by exploiting the monotonicity property of the
Riccati differential equation arising from the Kalman filter.



These bounds are attractive since they allow us to study
the effect of sensors’ accuracy and target’s dynamics on
the steady-state performance of our coordination strategy.
Third, assuming that the position of the vehicles is not
perfectly known, we present the new Active Cooperative
Localization and Multi-target Tracking (ACLMT) problem.
In ACLMT the aerial vehicles should move along paths that
maximize both the accuracy of their own position estimate
and that of multiple moving targets. Note that differently
from ACLMT, the targets’ motion in [11] is governed by
a zero-velocity model (a random walk), and the planar
robots in [9]–[11] move in open loop (no control feedback).
The rest of the paper is organized as follows. Sect. II presents
the measurement model and gradient-based control for the
aerial vehicles, and deals with the estimation fusion problem.
In Sect. III, the performance of cooperative target tracking is
studied, and in Sect. IV the ACLMT problem is introduced
and its properties are explored. Finally, in Sect. V simulation
results are provided and in Sect. VI conclusions are drawn.

II. PROBLEM FORMULATION

A. Measurement model

Consider a team of n aerial vehicles with positions
p1, . . . , pn ∈ IR3 expressed with respect to a common
global reference frame, and a target moving in 3-D according
to the following model,

ẋ(t) = Fx(t) +Gu(t) +w(t), (1)

where x(t) ∈ IR3 is the position of the target at time t, u(t) ∈
IR3 is an exogenous input, and w(t) ∈ IR3 is a continuous-
time white Gaussian noise with zero mean and covariance
matrix Q. The observation zi(t) ∈ IR3 of the target’s position
made by the i-th vehicle at time t, is given by,

zi(t) = Hi x(t) + vi(t),

where vi(t) is a continuous-time zero-mean white Gaussian
noise. In the following, we will assume that the measurement
noises of the different vehicles are independent and that
the position pi of vehicle i is perfectly known: this last
assumption will be relaxed in Sect. IV. In addition, we
will suppose that each agent is equipped with a magnetic
compass which provides its absolute orientation with respect
to the fixed global reference frame: in this way, we can
assume that the reference frames attached to the vehicles are
all aligned. In a standard 3-D range-finding sensor model [13,
Sect. 4.3.2], Hi = I3 (the 3 × 3 identity matrix) and the
covariance matrix RCar

i (t) of vi(t) is of the form,

RCar
i (t) � Ti(t)Ri(t)T

T
i (t) , (2)

where the rotation matrix Ti (dropping the time index t), is,

Ti=Rz(θi)Ry(φi)=

[
cos θi cosφi − sin θi cos θi sinφi

sin θi cosφi cos θi sin θi sinφi

− sinφi 0 cosφi

]
,

(3)
where Rz(θi) and Ry(φi) denote the standard 3×3 rotation
matrices about the z- and y-axes of an angle θi and φi,
respectively (see Fig. 1).

Remark 1: Note that the transformation (2) from spher-
ical coordinates, Ri, to Cartesian coordinates, RCar

i , is not
exact and it is valid only for small θi and φi. �
Ri in (2), is the covariance matrix of the measurement

noise in the range-bearing-polar frame of vehicle i, and it
has the following diagonal structure,

Ri = diag
(
σ2
φi
, σ2

θi , σ
2
ri

)
. (4)

target

vehicle i

θi

φi

ex

ey

ez

ri
eφ

eθ

er

Fig. 1. Measurement model for the 3-D range-finding sensor on vehicle i.
The spherical coordinates (ri, θi, φi) are used, where ri ∈ [0, +∞) is
the distance from vehicle i to the target, θi ∈ [0, 2π) is the bearing angle
and φi ∈ [0, π] is the polar angle. {ex, ey , ez}, {eφ, eθ, er} represent
the Cartesian and spherical orthonormal bases, respectively.

The variance of the range-measurement noise σ2
ri is typically

represented by a function fr(ri) of the distance ri from
agent i to the target: the polar and bearing measurement
noise variances σ2

φi
, σ2

θi
can also be modeled as dependent

on the range ri, through the functions fφ(ri) and fθ(ri),
respectively. In this paper, we will consider the following
simple but representative form for these functions,

fr(ri) � a2(ri − a1)
2 + a0,

fθ(ri) � αθ fr(ri), fφ(ri) � αφ fr(ri),

where a0, a1, a2, αθ , αφ are strictly positive parameters.
This model assumes the existence of a “sweet spot” located
at a distance a1 from the target, where uncertainty in
measurements is minimal.

B. Cooperative control

The target measurements zi and the covariances RCar
i

from the n vehicles will be fused together to obtain a
global target position estimate x̂fus and a global position-
error covariance Pfus (see Sect. II-C). In this section, we
will present a cooperative control strategy for our team of
aerial vehicles, that moves the agents in order to minimize
a scalar function of the covariance Pfus, thus reducing the
target localization error. For the design of our gradient-based
controllers, we will consider the cost functions for the three
most popular optimum experimental design criteria [3, p. 16],

J = ln det(Pfus), (5)

for the D-optimality (determinant) criterion,

J = tr(Pfus), (6)

for the A-optimality (trace) criterion, and

J = λmax(Pfus), (7)

for the E-optimality criterion, where λmax(Pfus) denotes the
maximum eigenvalue of Pfus. Note that (5)-(7) are not
convex with respect to the relative pose of the vehicles and
the target, and can possess multiple local minima.

Since the function (7) is not differentiable in general
(in fact, the gradient of λmax(Pfus) does not exist when the
maximum eigenvalue of Pfus is not simple), we henceforth
consider its smoothed version [3, Sect. D.1.3]:

Φε(Pfus) = ε ln
(∑3

i=1 exp(λi(Pfus)/ε)
)
,



where ε > 0 is a fixed smoothing parameter and λi(Pfus)
denotes the i-th eigenvalue of Pfus. Note that Φε(Pfus) is a
C∞ function and limε ↓ 0 Φε(Pfus) = λmax(Pfus): in particu-
lar, it turns out that when ε ∈ [10−4, 10−6], Φε(Pfus) yields
an excellent approximation to λmax(Pfus). The following
double-integrator model will be considered for the aerial
vehicles,

ṗi = qi, q̇i = ui, i ∈ {1, . . . , n},
where qi ∈ IR3 denotes the velocity of vehicle i, and ui ∈
IR3 its control input. The gradient controller of vehicle i has
the form,

ui = −Bqi − ΓTi

[
1

ri sin θi

∂ J

∂ φi
,

1

ri

∂ J

∂ θi
,
∂ J

∂ ri

]T
, (8)

where B ∈ IR3×3, B � 0 is a damping matrix and Γ ∈
IR3×3, Γ � 0 is a gain matrix. In order to simplify the forth-
coming expressions, let us introduce the following matrices,
whose explicit expression will be given in Sect II-C,

Pr
i � ∂ Pfus

∂ ri
, Pθ

i � ∂ Pfus
∂ θi

, Pφ
i � ∂ Pfus

∂ φi
. (9)

By using the differentiation formula in [3, Th. B.17], we can
explicitly compute the partial derivatives on the right-hand
side of (8) for the D-optimality criterion,
∂ J
∂ ri

= tr(P−1
fus P

r
i ),

∂ J
∂ θi

= tr(P−1
fus P

θ
i ),

∂ J
∂ φi

= tr(P−1
fus Pφ

i ),

for the A-optimality criterion,
∂ J
∂ ri

= tr(Pr
i ),

∂ J
∂ θi

= tr(Pθ
i ),

∂ J
∂ φi

= tr(Pφ
i ),

and for E-optimality criterion,
∂ J
∂ ri

= tr(VPr
i ),

∂ J
∂ θi

= tr(VPθ
i ),

∂ J
∂ φi

= tr(VPφ
i ),

where V � UT diag(∇λ Φε(Pfus))U, the k-th component of
the gradient vector ∇λ Φε(Pfus) is,

(∇λ Φε(Pfus))k =
exp(λk(Pfus)/ε)∑3
j=1 exp(λj(Pfus)/ε)

, k ∈ {1, 2, 3},

and the orthogonal matrix U satisfies Pfus =
UT diag(λ(Pfus))U where diag(λ(Pfus)) is
the diagonal matrix with the elements of the
vector λ(Pfus) � [λ1(Pfus), λ2(Pfus), λ3(Pfus)]

T ,
λ1(Pfus) ≥ λ2(Pfus) ≥ λ3(Pfus), put on its main diagonal.

Remark 2: Note that the controller (8) is centralized
since Pfus, Pr

i , Pθ
i and Pφ

i contain information from all
vehicles. Decentralized controllers can be obtained from
(8), by replacing any unavailable global quantity with local
estimates [5], [14]. �
C. Estimation fusion

We present here two methods to fuse the local target
position measurements and error covariance matrices: in this
way, we can compute the three matrices in (9), necessary
to implement the controller (8) The first method uses only
instantaneous observations to obtain x̂fus and Pfus, while the
second method defines x̂fus and Pfus by means of a Kalman-
Bucy filter.

1) Instantaneous fusion of local measurements: An in-
stantaneous fusion of the current measurements of the n
vehicles leads to the following equations [2, Sect. 12.10.4]:

x̂fus = Pfus
∑n

i=1(R
Car
i )−1zi, Pfus =

(∑n
i=1(R

Car
i )−1

)−1
.

(10)
By using the matrix differentiation formulae in [3, p. 262],
we obtain the following expressions for the matrices Pr

i , Pθ
i

and Pφ
i in (9),

Pr
i = 2 a2(ri − a1)Pfus TiR

−2
i diag(αφ, αθ, 1)T

T
i Pfus,

Pθ
i = −Pfus(Aθi+AT

θi
)Pfus, Aθi = ΘTi R

−1
i TT

i ,

Pφ
i = −Pfus(Aφi+AT

φi
)Pfus, Aφi = Ti ΥR−1

i TT
i , (11)

where Θ =

[
0 −1 0
1 0 0
0 0 0

]
and Υ =

[
0 0 1
0 0 0
−1 0 0

]
.

2) Kalman-filter fusion: The method described in
Sect. II-C.1 fuses the sensor readings from current measure-
ments only. In order to exploit the information about the
past measurements as well, we can employ a Kalman filter
to define x̂fus and Pfus [5]. Consider the Kalman-Bucy filter:

Ṗfus = FPfus + Pfus F
T + Q − Pfus CPfus, (12)

˙̂xfus = F x̂fus + Gu + Pfus (y − Cx̂fus), (13)

where

C �
∑n

i=1(R
Car
i )−1, y �

∑n
i=1(R

Car
i )−1 zi, (14)

and (13) and (12) are initialized with (10). By taking the
partial derivatives with respect to ri, θi and φi on both sides
of the Riccati differential equation (RDE) (12), we get the
following Lyapunov differential equations,

Ṗr
i = (F−Pfus C)Pr

i + Pr
i (F−Pfus C)T

+2 a2(ri − a1)Pfus Ti R
−2
i diag(αφ, αθ, 1)T

T
i Pfus,

Ṗθ
i =(F−PfusC)Pθ

i +Pθ
i (F−PfusC)T−Pfus(Aθi+AT

θi)Pfus,

Ṗφ
i =(F−PfusC)Pφ

i +Pφ
i (F−PfusC)T−Pfus(Aφi+AT

φi
)Pfus.

(15)
The first equation in (15) admits the unique solution,

Pr
i (t) = Ξ(t, t0)P

r
i (t0)Ξ

T(t, t0) +

∫ t

t0

(
2 a2(ri − a1)Ξ(t, τ)

Pfus Ti R
−2
i diag(αφ, αθ, 1)T

T
i Pfus ΞT(t, τ)

)
dτ,

where Ξ(t, t0) is the transition matrix from t0 (the initial
time instant) to t corresponding to F−PfusC [2, Sect. 4.2.2],
and the initial condition Pr

i (t0) is calculated using the first
equation in (11). The second and third equation in (15) admit
analogous solutions.

III. PERFORMANCE OF COOPERATIVE ACTIVE
TARGET TRACKING

In this section we will derive analytical bounds on the
covariance matrix Pfus of the Kalman-Bucy filter, that will
allow us to study the role played by the sensors’ accuracy
and target’s dynamics on the steady-state performance of our
coordination strategy.

In order to state the main result of this section (Prop. 1),
it is worth reviewing here an interesting property of Her-
mitian Riccati differential equations (HRDEs) [15, Ch. 2].
Consider the following RDE,

Ṗ = −A∗(t)P−PA(t)−M(t)+PS(t)P, t ∈ I, (16)

where A∗(t) is the conjugate transpose of A(t) ∈ Cq×q ,
and M(t),S(t) are q× q Hermitian matrices for t ∈ I ⊂ IR.
The coefficients A(t), M(t) and S(t) are assumed to be
piecewise continuous, locally bounded functions of time.
Equation (16) is called HRDE since its solutions with
Hermitian initial values P(t0), are Hermitian.

The following comparison theorem [15, Th. 4.1.4], shows
that Hermitian solutions of HRDEs are monotonically de-
pendent on initial values and on the coefficients.



Theorem 1 (Comparison theorem): Let I ⊂ IR≥0 be
some interval, t0 ∈ I, and let the Hamiltonian matrices,[

Aj(t) −Sj(t)

−Mj(t) −A∗
j (t)

]
, j ∈ {1, 2},

be piecewise continuous and locally bounded on I. If Pj ,
j ∈ {1, 2}, are on I solutions of,

Ṗj = −A∗
j (t)Pj −Pj Aj(t)−Mj(t)+Pj Sj(t)Pj , (17)

with P1(t0) � P2(t0), then,[
M1(t) A∗

1(t)

A1(t) −S1(t)

]
�

[
M2(t) A∗

2(t)

A2(t) −S2(t)

]
for t ∈ I,

implies P1(t) � P2(t) for t ∈ I ∩ [t0, +∞), i.e., the

solutions of (17) depend monotonically on
[
Mj(t) A∗

j (t)

Aj(t) −Sj(t)

]
,

j ∈ {1, 2}, (and in particular on Mj(t) and −Sj(t)) and
on Pj(t0). �

From Th. 1, we immediately deduce the following result
concerning the existence of lower and upper bounds on the
solution of the RDE (12).

Proposition 1 (Bounds on Pfus): Let I ⊂ IR≥0 be some
interval and t0 ∈ I. If PL

fus, Pfus and PU
fus are on I solutions

of the following RDEs,
ṖL

fus = FPL
fus +PL

fus F
T +Q−PL

fus CU PL
fus, (18)

Ṗfus = FPfus +Pfus F
T +Q−Pfus C(t)Pfus, (19)

ṖU
fus = FPU

fus +PU
fus F

T +Q−PU
fus CL P

U
fus, (20)

with PL
fus(t0) = Pfus(t0) = PU

fus(t0) and CL, CU constant
symmetric matrices, then CL � C(t) � CU for t ∈ I,
implies

PL
fus(t) � Pfus(t) � PU

fus(t) for t ∈ I ∩ [t0, +∞). (21)
�

Prop. 1 states that in order to determine a lower and
upper bound for the covariance matrix Pfus, it suffices to
determine a lower and upper bound for the matrix C(t),
and to solve two constant-coefficient RDEs (equations (18)
and (20)), with the same initial condition Pfus(t0).

In order to complete our analysis, let us now derive explicit
expressions for the matrices CU and CL appearing in (18)
and (20). From the first equation in (14), we have that,

C(t) �
∑n

i=1 Ti diag
(

1
αφfr(ri)

, 1
αθfr(ri)

, 1
fr(ri)

)
TT

i

� 1
a0

∑n
i=1 Ti diag

(
1
αφ

, 1
αθ

, 1
)
TT

i

� n
a0

max
{

1
αφ

, 1
αθ

, 1
}
I3 � CU ,

where the last inequality follows from [16, Cor. 8.4.2] and
the observation that matrix Ti diag

(
1
αφ

, 1
αθ

, 1
)
TT

i is related

to diag
(

1
αφ

, 1
αθ

, 1
)

by a similarity transformation (recall

that T−1
i = TT

i , being Ti a rotation matrix), therefore the
two matrices have the same eigenvalues. Analogously, we
have that,

C(t) � 1
fr(rM)

∑n
i=1 Ti diag

(
1
αφ

, 1
αθ

, 1
)
TT

i

� n
fr(rM) min

{
1
αφ

, 1
αθ

, 1
}
I3 � CL ,

where rM is the maximum range at which a vehicle-to-target
position measurement can occur, determined, e.g., by the size
of the environment in which the agents move.

A simple substitution of CU and CL in (18) and (20), and
a numerical evaluation of the solution of the two equations,
yields a lower and upper bound on Pfus at any time instant
after the deployment of the team of aerial vehicles. Since
the system under investigation is completely observable, then

after an initial transient phase, Pfus will reach a steady state.
It is therefore interesting to study the steady-state behavior
of the uncertainty over the target’s position: this information
is provided by the asymptotic solutions PL

fus(∞), PU
fus(∞)

to the equations (18), (20). Let the pair (P�, C�) denotes
either (PL

fus, CU) or (PU
fus, CL). From Kalman-filter theory,

we know that if the pair (F,Q1/2) is stabilizable, then the
solution of Ṗ�(t) = FP�(t)+P�(t)F

T+Q−P�(t)C� P�(t)
converges to a unique positive definite matrix at steady state
from any initial condition P�(t0), determined by solving the
continuous-time algebraic Riccati equation (CARE),

FP�(∞) +P�(∞)FT +Q−P�(∞)C� P�(∞) = 0.

Remark 3 (Bounds on the cost functions): From condi-
tion (21) and Weyl’s inequality [16, Th. 8.4.9], it follows
that for t ∈ I ∩ [t0, +∞),

ln det(PL
fus(t)) ≤ ln det(Pfus(t)) ≤ ln det(PU

fus(t)). (22)

Therefore, if the pair (F, Q1/2) is stabilizable,
ln det(PL

fus(∞)) and ln det(PU
fus(∞)) represent steady-

state lower and upper bounds on the value of the cost
function (5) of the D-optimality criterion. Inequalities
analogous to (22) hold with the cost functions (6) and (7)
of the A- and E-optimality criteria. �

IV. ACTIVE COOPERATIVE LOCALIZATION AND
MULTI-TARGET TRACKING

In this section, we extend the scenario of Sect. II to one in
which we have m moving targets with positions x1, . . . ,xm,
and n aerial vehicles whose location p1, . . . ,pn is not exactly
known. The agents simultaneously perform vehicle-to-target
and vehicle-to-vehicle relative measurements, and they move
along trajectories that maximize the accuracy of their own
and the other targets’/vehicles’ position estimate. We will re-
fer to this new problem as “Active Cooperative Localization
and Multi-target Tracking” (ACLMT). In what follows, we
will assume that each vehicle is capable of distinguishing
the other agents/targets. The “assignment information” (i.e.,
which vehicle is assigned to which target/vehicle) is incor-
porated into the association matrix Λ that is instrumental in
defining the control for the n vehicles.

Definition 1 (Association matrix):
Let xtot � [xT

1 , . . . ,x
T
m,pT

1 , . . . ,p
T
n ]

T ∈ IR3(m+n) be
the stacked vector of the positions of the m targets and
n vehicles. Let G(xtot(t)) = (V , T ∪ V , E(xtot(t))) be a
bipartite dynamic digraph with vertex sets V and T ∪ V
(where V = {v1, . . . , vn} is relative to the vehicles
and T = {τ1, . . . , τm} to the targets), and edge set
E(xtot(t)). Let us suppose that all the vertices in T ∪ V
are reachable from the vertices in V and that G(·) has
no self loops. We define the association matrix of G(·)
to be the n × (m + n) matrix Λ(xtot(t)) = [
ih(xtot(t))],∑m+n

h=1 
ih(xtot(t)) = 1, such that 
ih(xtot(t)) > 0 if
(vi, {τj , vi}) ∈ E(xtot(t)) and 
ih(xtot(t)) = 0 otherwise,
i ∈ {1, . . . , n}, j ∈ {1, . . . ,m}. �

We will assume that 
ih(xtot(t)) = 0 when vehicle i is
not able to sense the h-th target/vehicle at time t. On the
other hand, the value of the positive weights 
ih(xtot(t))
may vary according to the distance of vehicle i to the
h-th target/vehicle or it may be chosen according to other
priority/hierarchical criteria. Extending (1), let us suppose
that the motion of the m targets is governed by ẋj =
Fj xj + Gj uj + wj , j ∈ {1, . . . ,m}, where xj is the
position of target j, uj is an exogenous input and wj

is a continuous-time zero-mean white Gaussian noise with



covariance matrix Qj . For the aerial vehicles, we will use
the simple model ṗi = ni, i ∈ {1, . . . , n}, where ni is
a continuous-time white Gaussian noise with mean μi and
diagonal covariance matrix Ni. The entire system will then
evolve according to,
ẋtot = Ftot xtot +Gtot utot +wtot

� blkdiag(F1, . . . ,Fm,03×3, . . . ,03×3)xtot

+ blkdiag(G1, . . . ,Gm,03×3, . . . ,03×3)utot +wtot,

(23)

where utot � [uT
1 , . . . ,u

T
m,01×3, . . . ,01×3]

T , wtot �
[wT

1 , . . . ,w
T
m, nT

1 , . . . ,n
T
n ]

T , blkdiag(·) denotes a block di-
agonal matrix, and 03×3 is the 3× 3 matrix of zeros.

A. Measurement model, estimation fusion and control

As in Sect. II-A, we assume here that each vehicle is
equipped with a 3-D range-finding sensor: this time, however,
we suppose that the position pi of agent i is not perfectly
known. The measurement model of agent i is then,

zi = xtot + vi + di , (24)

where the covariance matrix RCar
i of the vehicle-

to-vehicle/vehicle-to-target measurement noise
vi ∈ IR3(m+n) is again of the form (2), but with
Ri = blkdiag(Rpi

x1
, . . . ,Rpi

xm
,Rpi

p1
, . . . ,Rpi

pn
) and

Ti = blkdiag(Tpi
x1
, . . . ,Tpi

xm
,Tpi

p1
, . . . ,Tpi

pn
) where Rpi

xj
,

Rpi
pk

are 3× 3 covariance matrices of the form (4) and Tpi
xj

,
Tpi

pk
are 3 × 3 rotation matrices of the form (3), relative

to vehicle i, with respect to target j ∈ {1, . . . ,m} and
vehicle k ∈ {1, . . . , n}, respectively. Note that Rpi

pi
= 03×3

and Tpi
pi

= I3. The zero-mean white Gaussian noise
di ∈ IR3(m+n) models instead the uncertainty on the self-
localization of vehicle i and it has a 3(m+ n)× 3(m+ n)
covariance matrix Δi = blkdiag(Di, . . . ,Di), where Di is a
3×3 diagonal matrix. The noises vi and di are assumed to be
independent. The fusion methods described in Sect. II-C are
still valid in the scenario of this section, as long as suitable
modifications are introduced. In particular, the expressions
in (10) now become, x̂fus = Pfus

∑n
i=1(R

Car
i + Δi)

−1 zi,
Pfus = (

∑n
i=1(R

Car
i + Δi)

−1)−1. The equations of the
Kalman-Bucy filter for system (23)-(24), being ni non-zero
mean, are instead:

Ṗfus = Ftot Pfus + Pfus F
T
tot − Pfus Ctot Pfus

+ blkdiag(Q1, . . . ,Qm,N1, . . . ,Nn) , (25)
˙̂xfus = Ftot x̂fus + Gtot utot + Pfus (ytot −Ctot x̂fus)

+ [01×3, . . . ,01×3, μ
T
1 , . . . ,μ

T
n ]

T ,

where Ctot �
∑n

i=1(R
Car
i +Δi)

−1 and ytot �
∑n

i=1 (R
Car
i +

Δi)
−1 zi. For the control design, let uih denote the control

of vehicle i due to the influence of the h-th vehicle/target,

uih = −Bqi − ΓTih

[
1

rih sin θih
∂ J
∂ φih

, 1
rih

∂ J
∂ θih

, ∂ J
∂ rih

]T
,

where the symbols Tih, rih, θih and φih have an obvious
meaning. Then, according to Def. 1, we can define the
(overall) control of vehicle i as ui �

∑m+n
h=1 
ih(xtot)uih.

B. Performance of ACLMT

The analysis of Sect. III can be repeated, with little modi-
fications, on the covariance matrix Pfus of the Kalman filter
in (25). However, we will not move in this direction herein:
instead, in the next proposition, by taking advantage of Th. 1,
we will study the impact of the process noises wj and ni on
the targets’ and vehicles’ position uncertainty. To this end,
let us partition the matrix Pfus as Pfus =

[
PVV PVT

PTV PTT

]
, where

PVV ∈ IR3n×3n is the covariance matrix corresponding
to the vehicles’ position estimate, PTT ∈ IR3m×3m is the
covariance matrix relative to the targets’ position estimate,
and PVT ∈ IR3n×3m is the cross-correlation matrix between
the vehicles and targets.

Proposition 2 (Bounds on PVV and PTT): Let I ⊂ IR≥0

be some interval and t0 ∈ I. Let P′
fus and Pfus be the

solutions of the following RDEs on I,
Ṗ′

fus = Ftot P
′
fus +P′

fus F
T
tot −P′

fus Ctot(t)P
′
fus

+ blkdiag(Q1, . . . ,Q
′
j , . . . ,Qm,N1, . . . ,Nn),

Ṗfus = Ftot Pfus +Pfus F
T
tot −Pfus Ctot(t)Pfus

+ blkdiag(Q1, . . . ,Qj , . . . ,Qm,N1, . . . ,Nn). (26)

Then, if Q′
j � Qj for a certain j ∈ {1, . . . ,m}, we have that

P′
VV(t) � PVV(t) for t ∈ I ∩ [t0, +∞). Analogously, let

P′
fus and Pfus be the solutions of the following RDEs on I,

Ṗ′
fus = Ftot P

′
fus +P′

fus F
T
tot −P′

fus Ctot(t)P
′
fus

+ blkdiag(Q1, . . . ,Qm,N1, . . . ,N
′
i, . . . ,Nn),

Ṗfus = Ftot Pfus +Pfus F
T
tot −Pfus Ctot(t)Pfus

+ blkdiag(Q1, . . . ,Qm,N1, . . . ,Ni, . . . ,Nn).

Then, if N′
i � Ni for a certain i ∈ {1, . . . , n}, we have that

P′
TT(t) � PTT(t) for t ∈ I ∩ [t0, +∞).
Proof: If Q′

j � Qj for a certain j ∈ {1, . . . ,m}, the
application of Th. 1 to (26) leads to the condition,

Y(t) �
[
P′

VV(t)−PVV(t) P′
VT(t)−PVT(t)

P′
TV(t)−PTV(t) P′

TT(t)−PTT(t)

]
� 0 , (27)

for t ∈ I ∩ [t0, +∞). From the property of the Schur
complement of P′

VV − PVV with respect to Y [16,
Prop. 8.2.4, ii)], (27) implies P′

VV −PVV � 0. The second
part of the statement can be proved in an analogous way,
by considering the Schur complement of P′

TT − PTT with
respect to Y. �

Prop. 2 states that an increase in the velocity uncertainty
for one of the targets (Q′

j � Qj), directly translates into an
uncertainty growth in the vehicles’ position (P′

VV � PVV).
Viceversa, an increase in the velocity uncertainty for one of
the vehicles (N′

i � Ni), leads to an uncertainty growth in
the targets’ position (P′

TT � PTT).

V. SIMULATION EXPERIMENTS

Two simulation experiments have been performed: in both
of them, we used the D-optimality criterion for the control
design (because of its invariance under any nonsingular
reparametrization), and the Kalman-Bucy filter for the es-
timation fusion. Fig. 2(a) shows the trajectory of 4 aerial
agents while tracking a target whose motion is governed by
system (1), with F = −5 diag(10−3, 10−4, 10−2), G = I3,
u(t) = [0, −10−2, 0]T and Q = 0.07 I3. The initial veloci-
ties of the vehicles are zero, and the initial positions of the
agents and target are denoted by circles and a square in the
figure. The parameters of the measurement model are a0 =
0.2, a1 = 3, a2 = 0.2, αθ = αφ = 0.8, and the gain and
damping matrices are Γ = 0.5 I3 and B = 2 I3, respectively.
Fig. 2(b) reports the time history of J = ln det(Pfus) (solid),
and of ln det(PL

fus) (dotted) and ln det(PU
fus) (dashed): the

maximum range rM = 5m. In Fig. 2(c) the position esti-
mation error x − x̂fus (blue, solid) is plotted and compared
against the ±3 σ values associated with the actual position
estimate’s covariance matrix (black, solid), and with the the-
oretical lower and upper bounds for Pfus (dotted and dashed,
respectively). Fig. 2(d) reports the trajectory of 2 targets
and 3 vehicles performing ACLMT. In system (23), we set
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Fig. 2. Simul. 1: (a) Trajectory of the 4 agents (colored) and of the target (black): the initial positions are denoted by circles and a square, respectively;
(b) Time history of J = lndet(Pfus) (solid), and of ln det(PL

fus) (dotted) and ln det(PL
fus) (dashed); (c) Time evolution of the error x − x̂fus (blue,

solid) and ±3σ enveloping lines associated with the actual estimate’s error covariance matrix (black, solid) and theoretical lower and upper bounds (dotted
and dashed, respectively). Simul. 2: (d) Trajectory of the 2 targets (black and gray) and 3 agents (colored) performing ACLMT; (e) Time history of
J = lndet(Pfus); (f) Time evolution of the error xtot(1:3) − x̂fus(1:3) for the first target (solid) and corresponding ±3σ enveloping lines (dashed).

F1 = F2 = −diag(10−3, 10−3, 10−4), G1 = G2 = I3,
u1 = [−0.7, −0.01, −0.01]T , u2 = [−0.7, 0.03, −0.01]T ,
Q1 = Q2 = 0.05 I3, N1 = N2 = N3 = 0.03 I3,
D1 = D2 = D3 = 0.05 I3, μ1 = μ2 = μ3 =
[−0.5, −0.03, 0]T , and the initial velocity of the vehicles
is set to zero. The parameters of the measurement model are
a0 = 0.2, a1 = 5, a2 = 0.2, αθ = αφ = 1 and Γ = 3 I3
and B = 35 I3. Finally, the association matrix Λ(xtot(t)) =[ 1 0 0 0 0
1/2 1/2 0 0 0
0 1 0 0 0

]
, ∀ t ≥ t0 = 0. Fig. 2(e) reports the time

history of J = ln det(Pfus), and Fig. 2(f) the time evolution
of the estimation error xtot(1:3) − x̂fus(1:3) for the first
target (solid), and the corresponding ±3σ enveloping lines
(dashed): similar errors were obtained for the second target
and the three vehicles.

VI. CONCLUSIONS AND FUTURE WORK

In this paper we have proposed a new cooperative active
target-tracking strategy to deploy a team of aerial vehicles
along paths that minimize the combined uncertainty about the
position of a moving target. A gradient-based control design
procedure has been presented and a study of the properties
of the Riccati differential equation arising from the Kalman-
Bucy filter which describes the propagation of uncertainty
through time, has yielded guaranteed performance bounds for
our coordination algorithm. Finally, a new problem, called
Active Cooperative Localization and Multi-target Tracking
(ACLMT) has been introduced and its properties have been
investigated. In future research, we aim at extending the
proposed results to heterogeneous teams of ground and aerial
vehicles, and at taking advantage of the theoretical analysis
of Sect. III to synthesize more efficient controllers.
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