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Abstract— The paper proposes an original solution to the
range identification problem for perspective dynamical systems.
The depth of a static point observed by a pinhole camera
undergoing a predefined 3-D motion, is estimated from its 2-D
projection on the image plane. The proposed nonlinear observer
relies on the Immersion and Invariance (I&I) methodology and
offers several advantages over the existing range estimators.
The paper also provides an analytical study of nonlinear
observability performed with the Extended Output Jacobian.
Extensive simulation experiments illustrate the theory and show
the effectiveness of the proposed design.

I. I NTRODUCTION

The objective of many vision problems involves interpret-
ing the motion of an object in the 3-D space by observing its
projected feature on the 2-D image space of a CCD camera.
Perspective dynamical systems arise in mathematically de-
scribing such dynamic machine vision problems [1], [2].
Research related to perspective systems has targeted two dual
problems in the literature. The first one is the estimation of
motion parameters when the 3-D coordinates of the object
are available for measurement [2]–[4]. The other problem,
that is the main focus of this paper, is to recover the depth
or range information of the object (and hence, the 3-D space
coordinates) assuming that the motion parameters along with
the image-space feature coordinates are known. In particular,
the case where the motion of the object is described by linear
(time-varying) affine dynamics with known parameters has
received a special attention in the literature.

It is well-known that many geometric structures of a
perspective system are lost if they are studied via lineariza-
tion [2]; hence, to develop an observer, the perspective
system needs to be transformed into a nonlinear dynamic
system. In this respect, a typical method to solve the range
identification problem is the application of the extended
Kalman filter (EKF) [5], [6]. However, the EKF is not easy
to implement, it may not converge in the real applications
and ana priori knowledge about the noise is usually re-
quired. In order to overcome these drawbacks, in [7] the
authors presented a fifth-order discontinuous observer for
general affine perspective systems, that exponentially forces
the observation error to an arbitrarily small neighborhood
of the origin. In [8], a fourth-order estimator based on
disturbance observer results was introduced. The structure
of the observer facilitates a Lyapunov-based analysis that
is less complex than the sliding-mode based analysis used
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in [7] and more significantly, the unknown states are exactly
determined rather than “almost” determined as in [7].

In [9], the authors presented a new methodology, called
Immersion and Invariance (hereafter, I&I), to design asymp-
totically stabilizing and adaptive control laws for nonlinear
systems. The method relies upon two classical tools from
nonlinear regulator theory and geometric control: system
immersion and manifold invariance. The I&I technique was
subsequently adapted in [10] to address the problem of
constructing reduced-order observers for general nonlinear
systems. Actually the problem of constructing an estima-
tor is formulated as a problem of rendering attractive an
appropriately selected invariant manifold in the extended
space of the plant and the observer. In particular, in [10]
(and subsequently improved in [11], [12]), an observer based
on the I&I technique has been proposed by the authors for
the depth estimation problem.

Recently in [13] (see also [14]), the range identification
problem has been presented in a dual setting. In fact,
the authors suppose that a camera rotating and translating
with known (time-varying) angular and linear velocities,
observes astatic point [15] . The unknown depth of the
point is estimated through a nonlinear observer based upon
the persistency of excitation lemma and suitable conditions
(analogous to those established in [7], Th. 1) to achieve
a local exponential convergence of the observation error
to zero, are derived. The observer is easy to implement
and robust to noisy measurements but it suffers from some
theoretical and practical limitations that will be overcome in
the present work.

This paper uses the I&I technique to design a nonlinear
observer alternative to that studied in [13]. Adapting the
design procedure presented in [12] to our specific setup, we
propose an observer that offers several advantages over the
estimator in [13]. First of all, it achievesglobal exponential
convergence of the observation error to zero. Second, it is
reduced order, i.e. the observer has lower dimension than the
system. In addition, it can be easily tuned to achieve the de-
sired convergence rate by regulating asingle gain parameter.
On the other hand, it has a smaller feasibility domain and
is more sensitive to noisy measurements than the observer
in [13]. As an additional contribution, the paper provides an
original study of nonlinear observability conducted with the
analytical tools recently introduced in [16].

The rest of the paper is organized as follows. Sect. II and
Sect. III are devoted respectively to the problem formulation
and to the nonlinear observability analysis. In Sect. IV the
basic theory related to the I&I observer design methodology



is briefly reviewed. In Sect. V the new range estimator
is presented and its most peculiar features are discussed.
In Sect. VI the proposed observer is tested via simulation
experiments. Finally, in Sect. VII the major contributions of
the paper are summarized and future research directions are
highlighted.

II. PROBLEM FORMULATION

Consider a pinhole camera associated to the moving frame
Fc ≡ {Oc ; Xc, Yc, Zc} with Zc coincident with the camera
optical axis (see Fig. 1). The image plane lies at a known
distanceλ (the focal length) fromOc and it is endowed with
a 2-D reference frameFI ≡ {OI ; ū, v̄} with axes parallel
to Xc andYc, respectively.

The first problem in depth estimation is to find an
appropriate model which connects the location of the feature
points on the image plane and the range variables that
we want to estimate. Let us suppose that the camera is
translating and rotating with known (possibly time-varying)
velocitiesv1, v2, v3 andω1, ω2, ω3, respectively. The coor-
dinates[X, Y, Z ]T of a stationary pointP in the moving
camera frame satisfy the following equation,
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The pinhole camera model projects the 3-D pointP into the
image pointp = [ℓ1, ℓ2]

T determined by the intersection of
the projection ray with the image plane (see Fig. 1). From the
standard perspective projection model we have that,
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Differentiating (2) with respect to time and using (1), we get
the following equation,
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Our aim here is to design a nonlinear observer for the

estimation of the unknown depthZ from the image mea-
surementsℓ1, ℓ2. It is convenient to rewrite equations (1)
and (3) in a different form. Letx = [ℓ1, ℓ2, Z]T be the state
vector andu = [v1, v2, v3, ω1, ω2, ω3]

T be the input vector.
The state dynamics is then expressed by the driftless system,
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Fig. 1. Pinhole imaging model: the image of the 3-D pointP is the point
p at the intersection of the ray going through the optical centerOc and the
image plane at distanceλ from Oc.

where the output vectory represents the measurable vari-
ables, i.e. the coordinates of the pointp on the image plane.
Let us now introduce the following change of coordinates,

x̃ =
[
x1, x2,

1

x3

]T

which is globally defined sincex3(t) > λ > 0 (i.e., the point
P is supposed to lie always in front of the camera). In the
new coordinates, system (4) becomes,
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Note that since (5) is driftless and the dimension of the
output is smaller than the dimension of the state, its linear
approximation at any point is unobservable. Therefore, a
suitablenonlinear observer should be designed in order to
correctly solve the range estimation problem.

Before reviewing some basic facts on the I&I observer
design methodology (Sect. IV) and applying this technique to
our system (Sect. V), it is worth performing an observability
study of system (5).

III. O BSERVABILITY ANALYSIS

Consider the nonlinear system,
{

ẋ = f(x, u), x(t0) = x0

y = h(x)
(6)

wherex ∈ M (a C∞-connected manifold of dimensionn)
is the state vector,u ∈ R

p is the vector of control inputs
and y ∈ R

m is the measurement vector. The following
proposition provides a sufficient condition for the local weak
observability of system (6), that is equivalent but more intui-
tive than the well-knownobservability rank condition [17].
The proof is reported in [16], Prop. 2.



Proposition1 (EOJ observability rank condition):
System (6) is locally weakly observable atx0 ∈ M, if there
exists an open neighborhoodS of x0 such that, for arbitrary
x ∈ S, the Extended Output Jacobian (EOJ)J ∈ R

mn×n,
defined as the matrix with rows,

J ,

{
∇x h

(j−1)
i (x), i = 1, 2, . . . , m ; j = 1, 2, . . . , n

}

is full rank. The superscriptj refers to the order of time
differentiation of the functionshi(x).

Prop. 1 states that the observability of system (6) can be
tested by checking the rank of a matrix made of the state
partial derivatives of the output vector and all itsn− 1 time
derivatives. Let us now study the observability of system (5)
by using the condition of Prop. 1. The matrixJ ∈ R

6×3 has
the following structure,
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Those terms whose form is not relevant for the subsequent
analysis are simply denoted with a “∗” in (7). By direct in-
spection of matrixJ , we deduce the following observability
condition.

Proposition2 (Observability condition): System (5) is
locally weakly observable if and only if the following
conditions are satisfied:

1) v1, v2, v3 are not all equal to zero,
2) λv1 6= x̃1v3 andλv2 6= x̃2v3.

Proof: If conditions 1) and 2) are verified, then−λv1 +
x̃1v3, −λv2 + x̃2v3, a(x̃, u, v̇1, v̇3), b(x̃, u, v̇2, v̇3) cannot be
all equal to zero and matrixJ in (7) is full rank. By Prop. 1,
system (5) is then locally weakly observable. By Theo-
rem 3.11 in [17] (see also [18]), it can be easy proved that
conditions 1) and 2) are also necessary for the local weak
observability of system (5). In fact when any of these two
conditions is violated, the EOJ is never full rank.

From a geometric viewpoint, Prop. 2 states that system (5)
is locally weakly observable if and only if the camera
undergoes at least one translational motion and it does not
move along the projection ray of the image pointp.

IV. OBSERVER DESIGN VIAI&I

For the reader’s convenience, we report in this section a
brief overview of the basic theory related to the observer
design via I&I [10], [12]. Consider nonlinear, time-varying
systems described by equations of the form,

ẏ = f1(y, η, t) (8)

η̇ = f2(y, η, t) (9)

wherey ∈ R
m is the measurable output andη ∈ R

n is the
unmeasured state. The vector fieldsf1(·), f2(·) are assumed
to be forward complete, i.e. trajectories starting at timet0
are defined for all timest ≥ t0.

Definition 1: The dynamical system,

ξ̇ = α(y, ξ, t) (10)

with ξ ∈ R
p, p ≥ n, is called anobserver for the system (8)-

(9), if there exist mappingsβ(y, ξ, t) : R
m×R

p×R
+ → R

p

and φy,t(η) : R
n → R

p, with φy,t(η) parameterized byy
and t and left-invertible1, such that the manifold,

Nt = {(y, η, ξ) ∈ R
m × R

n × R
p : β(y, ξ, t) = φy,t(η)}

has the following properties:

1) All trajectories of the extended system (8)-(10) that
start on the manifoldNt at timet remain there for all
future timesτ > t, i.e. Nt is positively invariant.

2) All trajectories of the extended system (8)-(10) that
start in a neighborhood ofNt asymptotically converge
to Nt, i.e. Nt is attractive.

The above definition states that an asymptotic estimate of
the stateη is given byφL

y,t(β(y, ξ, t)), whereφL
y,t denotes

a left-inverse ofφy,t. The following proposition provides a
general tool for constructing a nonlinear observer of the form
given in Definition 1.

Proposition3: Consider the system (8)-(10) and suppose
that there exist mappingsβ(·) : R

m × R
p × R

+ → R
p and

φy,t(·) : R
n → R

p with left-inverseφL
y,t(·) : R

p → R
n, such

that the following conditions hold:
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with η̂ = φL
y,t(φy,t(η) + z), has an asymptotically

stable equilibrium atz = 0, uniformly in η, y and t.

Then system (10) with,
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whereη̂ = φL
y,t(β(y, ξ, t)), is a (reduced-order) observer for

the system (8)-(9).
Note thatz in (A2) is the estimation error of the observer.

Prop. 3 provides an implicit description of the observer

1A mapping φy,t(η) : Rn → Rp (parameterized byy and t) is
left-invertible if there exists a mappingφL

y,t(η) : Rp → Rn such that
φL

y,t(φy,t(η)) = η, for all η ∈ Rn (and for ally and t).



dynamics (10) in terms of the mappingsβ(·), φy,t(·), φL
y,t(·)

which must then be selected to satisfy (A2). Hence the
problem of constructing a reduced observer for the system
(8)-(9) reduces to the problem of rendering the system (11)
asymptotically stable by assigning the functionsβ(·), φy,t(·),
φL

y,t(·). This peculiar stabilization problem can be extremely
hard to solve, since, in general, it relies on the solution of a
set of partial differential equations (or inequalities). However,
as we will show in the next section, these equations can be
easily solved in the problem under examination.

V. RANGE ESTIMATOR

In order to design the nonlinear observer via I&I, we
should rewrite system (5) in the form (8)-(9). Recalling that
y = [x̃1, x̃2]

T and settingη = x̃3, we obtain,
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(12)
The next proposition provides a global exponential
observer ofη.

Proposition4 (I&I range estimator): Suppose thatu(t),
y(t) are bounded functions of time,v1(t), v2(t) and v3(t)
first order differentiable and the following condition is
satisfied,

√
(−λv1 + v3 y1)2 + (−λv2 + v3 y2)2 ≥ ǫ > 0 (13)

for someǫ and for all t. Then,

ξ̇ = Mg(y, t)T (p1(y, t) + g(y, t) η̂) −

M
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−
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+
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(
v3(p1(y, t) + g(y, t) η̂) +

[
−λv̇1 + y1 v̇3

−λv̇2 + y2 v̇3
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(14)
whereM is a positive gain to be suitably tuned and

η̂ =
(M

2

(
v3(y

2
1 + y2

2) − 2 λ (v1 y1 + v2 y2)
)
− ξ

)
‖g(y, t)‖

(15)
is a globally exponentially convergent observer for
system (12).

Proof: With reference to the general design procedure
presented in Sect. IV, let us suppose thatφy,t(η) = ε(y, t) η,
whereε(·) 6= 0 is a function to be determined [12]. Consider

an observer of the form given in Prop. 3,

ξ̇ = −

(
∂β
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)
−1(

∂β

∂y
(p1(y, t)+g(y, t) η̂)+
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∂t
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(p1(y, t)

+ g(y, t) η̂) η̂ −
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∂t
η̂ − ε(y, t)(p2(y, t) η̂ + v3(t) η̂2)

)

η̂ = ε(y, t)−1 β(y, ξ, t) .
(16)

From (11) the dynamics of the errorz = β(y, ξ, t) −
ε(y, t) η = ε(y, t)(η̂ − η) is given by,

ż = −

(
∂β

∂y
g(y, t) −

∂ε

∂y
p1(y, t) −

∂ε

∂t
− ε(y, t) p2(y, t)

)

× ε(y, t)−1 z +

(
∂ε

∂y
g(y, t) + ε(y, t) v3(t)

)
(η̂2 − η2).

(17)
The observer design problem is now reduced to finding
functions β(·) and ε(·) 6= 0 that satisfy the assumptions
(A1)-(A2) in Prop. 3. In view of (17) this can be achieved
by solving the partial differential equations,

∂β

∂y
g(y, t)−

∂ε

∂y
p1(y, t)−

∂ε

∂t
−ε(y, t)p2(y, t)=κ(y, t) ε(y, t)

∂ε

∂y
g(y, t) + ε(y, t) v3(t) = 0 (18)

for someκ(·) > 0. From (18) we obtain the solution,

ε(y, t) = −‖g(y, t)‖−1 (19)

which by (13) is well-defined and nonzero for ally and t.
Let κ(y, t) = M‖g(y, t)‖3 +

(
∂ε
∂y

p1(y, t) + ∂ε
∂t

)
‖g(y, t)‖ −

p2(y, t). By boundedness ofu(t) and y(t), it is always
possible to findM > 0 (sufficiently large) such thatκ(·) > 0.
Equ. (4) is now reduced to∂β

∂y
g(y, t) = −M‖g(y, t)‖2

which can be solved forβ(·) yielding,

β(y, ξ, t) = −
M

2

(
v3(y

2
1 + y2

2)− 2λ(v1y1 + v2y2)
)
+ c(ξ, t)

(20)
wherec(·) is a free function. Selectingc(ξ, t) = ξ ensures
that assumption (A1) is satisfied. Substituting the above
expression into (17), yieldṡz = −κ(y, t)z, which is globally
exponentially stable, hence assumption (A2) holds. By sub-
stituting the expressions (19) and (20) (withc(ξ, t) = ξ)
in (16), we obtain equations (14)-(15).

Note that if the conditions of Prop. 2 are met, (13) holds
true.

Remark1: As pointed out in [7], [15], forv3 6= 0,
condition (13) defines the complement of a semi-circle on
the image plane, with center at[λv1/v3, λv2/v3]

T and radius
ǫ/v3. For v3 6= 0, the statẽx3 becomes unobservable from
the output y when the projected feature is at the point
[y1, y2]

T = [λv1/v3, λv2/v3]
T which is known asfocus

of expansion.

A. Discussion

Table I summarizes the main differences between the pro-
posed observer and the observer based upon thepersistency
of excitation condition presented in [13].



Observer via I&I Observer in [13]

Global exponential convergence Local exponential convergence

First order Third order

‖g(y, t)‖ 6= 0, ∀ t > 0 ∄ t̄ : ∀ t > t̄, ‖g(y, t)‖ = 0

Requiresv̇1(t), v̇2(t), v̇3(t) Does not requirėv1(t), v̇2(t), v̇3(t)

TABLE I

DI FFERENCES BETWEEN THE OBSERVERS

• The proposed observer achievesglobal exponential
convergence of the observation error to zero. On the
contrary, the stability result in [13] is only oflocal
nature, i.e. the convergence of the error to zero is only
guaranteed in a suitable neighborhood of the origin.

• The observer in Prop. 4 is ofreduced-order. In fact,
differently from [13], it has lower dimension than
system (12). The observer via I&I can be easily tuned
to achieve the desired convergence rate by acting on the
single gain M (instead on the three gains as in [13]).

• Condition (13) isstricter than the persistency of exci-
tation condition in [13] (see equ. (8) therein). Actually,
the former requires that‖g(y, t)‖ 6= 0, ∀ t > 0, while
the latter requires that there must not exist at̄ such
that ∀ t > t̄, ‖g(y, t)‖ = 0. In this respect, the camera
motion considered in the first simulation experiment
in [13] can not be addressed by the observer via I&I.

• Differently from [13], the proposed observer requires
the explicit computation of the accelerationsv̇1(t),
v̇2(t), v̇3(t) and this involves ahigher sensitivity to
noisy measurements. However the sensitivity to noise
decreases with the gainM .

VI. SIMULATION EXPERIMENTS

Simulation experiments have been conducted to show
the effectiveness of the proposed observer. In the three
numerical simulations carried out with MATLABEpipo-
lar Geometry Toolbox [19], we set λ = 30 pixels and
x̃(0) = [10, 5, 2]T m. The gains of the estimator in [13] are
k1 = k2 = 20, k3 = 1.

In the first simulation, the camera undergoes a planar
motion with v1 = 0.25 m

/
s, v2 = 0 m

/
s, v3 = −0.2 m

/
s,

ω1 = ω3 = 0 rad
/

s, ω2 = −π/20 rad
/

s. The observer
via I&I has been initialized withξ(0) = −2.2734 and the
gain M = 0.02. Fig. 2(a) shows the actual depthx3, the
depth estimated by the proposed observerx̂3 and the depth
estimated by the observer based upon the persistency of
excitation condition̂xPE

3 (distances are in meters). From the
figure it is evident that the two observers have comparable
performances: however, running many other simulations with
different parameters, we noticed that the transient perfor-
mance of the proposed observer is usually significantly
superior. Fig. 2(d) shows the planar motion of the camera
and Fig. 2(g) reports the trajectory of the pointp on the
image plane.

In the second simulation, the camera undergoes a complex
3-D motion, v1 = 0.3 m

/
s, v2 = −0.2 m

/
s, v3 =

−0.3 m
/

s, ω1 = cos(πt) rad
/

s, ω2 = −π/20 rad
/

s,
ω3 = 1

2 cos(π
2 t) rad

/
s. In this case,ξ(0) = −1.9651 and

M = 0.02. Fig. 2(b) reportsx3, x̂3 andx̂PE
3 . Fig. 2(e) shows

the 3-D motion of the camera and Fig. 2(h) the trajectory of
the image pointp.

In the last simulation (see Figs. 2(c), 2(f), 2(i)), additive
white Gaussian noise with zero mean and variance10−4, has
been injected into the measurementsy1(t), y2(t). The ca-
mera moves with velocities,v1 = 0.3 m

/
s, v2 = 2

5 +
1
10 sin(π

4 t) m
/

s, v3 = −0.3 m
/

s, ω1 = ω3 = 0 rad
/

s,
ω2 = −π/30 rad

/
s. The proposed observer has been ini-

tialized with ξ(0) = −0.7831 and the gainM = 3 × 10−3.
As expected, the noise has a stronger effect on the observer
via I&I than on the estimator in [13]. However, as shown
in Fig. 2(c), the proposed scheme exhibits good disturbance
rejection properties.

VII. C ONCLUSIONS AND FUTURE WORK

The paper presents an original solution to the range
identification problem for perspective dynamical systems.
The depth of a static point observed by a pinhole camera
moving in the 3-D space with known velocities, is estimated
from its 2-D projection on the image plane. The proposed
nonlinear observer relies on a new technique called Immer-
sion and Invariance (I&I) and it is an improvement over the
existing approaches. The paper also provides an analytical
study of nonlinear observability conducted with the Extended
Output Jacobian. Extensive simulation experiments show the
effectiveness of the proposed design.

Future research lines include the experimental validation
of the range estimator on an eye-in-hand robot and the inves-
tigation of suitable design strategies to reduce its sensitivity
to noise and enlarge its feasibility domain.
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Fig. 2. Simulation 1: (a) x3, bx3 and bxPE
3

; (d) Planar motion of the camera; (g) Trajectory of the image pointp. Simulation 2: (b) x3, bx3 and bxPE
3

;
(e) 3-D motion of the camera; (h) Trajectory of the image pointp. Simulation 3: (c) x3, bx3 and bxPE

3
; (f) 3-D motion of the camera; (i) Trajectory of

the image pointp.
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