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Abstract—The paper proposes an original solution to the in [7] and more significantly, the unknown states are exactly
range identification problem for perspective dynamical systems. determined rather than “almost” determined as in [7].
The depth of a static point observed by a pinhole camera In [9], the authors presented a new methodology, called

undergoing a predefined 3-D motion, is estimated from its 2-D | : dl . h fter 1&1). to desi
projection on the image plane. The proposed nonlinear observer |MMersion and Invariance (hereafter, 1&1), to design asymp-

relies on the Immersion and Invariance (1&l) methodology and  totically stabilizing and adaptive control laws for nonlinear
offers several advantages over the existing range estimators. systems. The method relies upon two classical tools from
The paper also provides an analytical study of nonlinear nonlinear regulator theory and geometric control: system
observability performed with the Extended Output Jacobian. —jmmersion and manifold invariance. The 1&I technique was
Extensive simulation experiments illustrate the theory and show .

the effectiveness of the proposed design. subsequently adapted in [10] to address the problem of
constructing reduced-order observers for general nonlinear

|. INTRODUCTION systems. Actually the problem of constructing an estima-

L - . . tor is formulated as a problem of rendering attractive an
The objective of many vision problems involves interpret- . . . . .
ing the motion of an obiect in the 3-D space by observin itgpproprlately selected invariant manifold in the extended
9 ) P y 9 é)ace of the plant and the observer. In particular, in [10]

prolected_ feature on the 2-D Image space ofa CCD. camel&ng subsequently improved in [11], [12]), an observer based
Perspective dynamical systems arise in mathematically d

seribing such dynamic machine vision problems [1], [2]0n the 1&l technique has been proposed by the authors for

Research related to perspective systems has targeted two JD%SES::I e?r'aln;fg]o?sep;og:g(r)n.[l 4]), the range identification
problems in the literature. The first one is the estimation of Y ' g

{oblem has been presented in a dual setting. In fact,

motion parameters when the 3-D coordinates of the obje . ;
. e authors suppose that a camera rotating and translating
are available for measurement [2]—[4]. The other problem,. : . . "
ith known (time-varying) angular and linear velocities,

that is th_e main fpcus of this Ppaper, 1S to recover the det0 serves astatic point [15] . The unknown depth of the
or range information of the object (and hence, the 3-D space . . . . .
) . . oint is estimated through a nonlinear observer based upon
coordinates) assuming that the motion parameters along wiih . - . .,
. : ; e persistency of excitation lemma and suitable conditions
the image-space feature coordinates are known. In particular . . .
) S . .~ (ahalogous to those established in [7], Th. 1) to achieve
the case where the motion of the object is described by line

(time-varying) affine dynamics with known parameters haar local exponential convergence of the observation error
received a special attention in the literature.

0 zero, are derived. The observer is easy to implement
It is well-known that many geometric structures of

and robust to noisy measurements but it suffers from some
" A lost if th tudied via | Zheoretical and practical limitations that will be overcome in
perspective system are lost if they are studied via linearizg; present work.

tlont [2]; hegcet, tg dtevelofp andopsterver, tr:_e per(sjpecnvg This paper uses the &l technique to design a nonlinear
system needs 1o be transtormed nto a noniinear dynamlfyseer ajternative to that studied in [13]. Adapting the
system. In this respect, a typical method to solve the ran

dentificati bl s th licati t th q sign procedure presented in [12] to our specific setup, we
dentl |ca'F|on problem s the application o t_e extende ropose an observer that offers several advantages over the
Kalman filter (EKF) [5], [6]. However, the EKF is not easy

. . ; .~ =7 estimator in [13]. First of all, it achievegiobal exponential
to |mplement,_|t may not converge in th? regl appl'cat'onﬁonvergence of the observation error to zero. Second, it is
anq ana priori_knowledge about the noise is us_uaIIy "€ reduced order, i.e. the observer has lower dimension than the
quired. In order to overcome the;e drgwbacks, in [7] thg stem. In addition, it can be easily tuned to achieve the de-
authors presented a fifth-order discontinuous observer fgﬁed convergence rate by regulatingiagle gain parameter.
general affine perspective systems, that exponentially forc

the ob i ¢ bitraril I neiahborh the other hand, it has a smaller feasibility domain and
€ observation error 1o an arbitrarily small NEIghborooR ,4re sensitive to noisy measurements than the observer
of the origin. In [8], a fourth-order estimator based o

"In [13]. As an additional contribution, the paper provides an
disturbance observer results was introduced. The struct [13] ; paper p

o . Lgﬁginal study of nonlinear observability conducted with the
of the observer facilitates a Lyapunov-based analysis thg alytical tools recently introduced in [16]

is less complex than the sliding-mode based analysis use he rest of the paper is organized as follows. Sect. Il and

L . . __Sect. lll are devoted respectively to the problem formulation
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University of Siena, Via Roma 56, 53100 Siena, ltaly. 2Nd 0 the nonlinear observability analysis. In Sect. IV the
Email: {nor bi di , prattichi zzo}@lii.unisi.it. basic theory related to the I&l observer design methodology



is briefly reviewed. In Sect. V the new range estimator
is presented and its most peculiar features are discussed. //' P
In Sect. VI the proposed observer is tested via simulation
experiments. Finally, in Sect. VII the major contributions of /
the paper are summarized and future research directions are
highlighted.

Il. PROBLEM FORMULATION

b=, £2)7

Consider a pinhole camera associated to the moving frame

Fe={0.; X., Y, Z.} with Z. coincident with the camera @

optical axis (see Fig. 1). The image plane lies at a known

distance\ (the focal length) fron©. and it is endowed with

a 2-D reference fram&; = {O;; u, v} with axes parallel

to X, andY,, respectively. Fig. 1. Pinhole imaging model: the image of the 3-D poinP is the point

. . . . . . at the intersection of the ray going through the optical ce@terand the
The first problem in depth estimation is to find anipmage plane at distanck from O.

appropriate model which connects the location of the feature
points on the image plane and the range variables that
we want to estimate. Let us suppose that the camera i

translating and rotating with known (possibly time—varying)Wsnere the output vectoy represents the measurable vari-

g . ables, i.e. the coordinates of the pajnbn the image plane.
velocitiesuy, vy, vg andws, wp, ws, respectively. The coor- | 7 o' o o duce the following change of coordinates
dinates|X, Y, Z|7 of a stationary pointP in the moving 9 9 k

. . . - 1 T
camera frame satisfy the following equation, T = {xh x2, —}
T3

X 0 - X L . . . :
v = | o %3 wwz v |- Zl @ which is globally defined sinces(t) > A > 0 (i.e., the point
. 3 ! > P is supposed to lie always in front of the camera). In the
7 wo —w1 0 A V3 K
new coordinates, system (4) becomes,
The pinhole camera model projects the 3-D pdhinto the - 71 T 72 1
image pointp = [¢1, ¢»]” determined by the intersection of —Azz 0 T1 23 - (/\ + 71) T2
the projection ray with the image plane (see Fig. 1). From the ., o
standard perspective projection model we have that, T=| 0 —Ais Fois Mt 5%2 _xl/\@ —iy|u
X Y
h=X2, b=\_. ) 0o 52 To T3 I T3 0
Differentiating (2) with respect to time and using (1), we get =~ ’ A A N
the following equation, y = [71, T2] 5)
U1 Note that since (5) is driftless and the dimension of the
J A g 4 bl (/\ I g) NI output is smaller than the dimension of the state, its linear
H_| 4 z A A 1] vs _ approximation at any point is unobservable. Therefore, a
/s 0 _% 472 A+ % _% —l || ¢ suitablenonlinear observer should be designed in order to
w2 correctly solve the range estimation problem.
w3 Before reviewing some basic facts on the I&l observer

(3) design methodology (Sect. IV) and applying this technique to

Our aim here is to design a nonlinear observer for thg, system (Sect. V), it is worth performing an observability
estimation of the unknown deptlh from the image mea- study of system (5).

surements;, /». It is convenient to rewrite equations (1)

and (3) in a different form. Let = [¢,, £5, Z]” be the state [1l. OBSERVABILITY ANALYSIS
vector andu = [vy, va, v3, w1, w2, w3]? be the inputvector.  Consider the nonlinear system,
The state dynamics is then expressed by the driftless system, .
, &= f(z,u), xz(ts) =0 ©)
A O L Y I y = h(z)
I3 I3 A A . . .
A\ 2 wherex € M (a C*°-connected manifold of dimensian)
_ €To x5 Tr1 X2 . . .
T = 0 - = A+ 5N - —x1|% is the state vectorn, € RP is the vector of control inputs
T3 T3 andy € R™ is the measurement vector. The following
0 0 1 _rots F1T3 0 proposition provides a sufficient condition for the local weak
A A observability of system (6), that is equivalent but more intui-
y = [z1, IQ]T tive than the well-knowrobservability rank condition [17].

(4) The proof is reported in [16], Prop. 2.



Proposition1 (EQJ observability rank condition): wherey € R™ is the measurable output amde R" is the
System (6) is locally weakly observableaaf € M, if there  unmeasured state. The vector fielf$-), f2(-) are assumed
exists an open neighborhosdof zy such that, for arbitrary to be forward complete, i.e. trajectories starting at titpe
x € S, the Extended Output Jacobian (EQDE R™"*™,  are defined for all timeg > ¢,.
defined as the matrix with rows, Definition 1. The dynamical system,

Jé{vmhl(»j_l)(a:), i:1,2,...,m;j:1,2,...,n} §=a(y,§1) (10)

. - . with £ € RP, p > n, is called arobserver for the system (8)-
is full rank. The superscripj refers to the order of time (9), if there exist mapping8(y, &, £) : R™ x R? x R+ — R?

differentiation of the function&, (x). [ | . .
. and ¢, +(n) : R™ — RP, with ¢, .(n) parameterized by
Prop. 1 states that the observability of system (6) can be dt and left-invertiblé, such that the manifold.

tested by checking the rank of a matrix made of the stafe”"
partial derivatives of the output vector and all its- 1 time Ne={(y,n,6) e R™ x R" x R” : B(y,&,t) = ¢y e(n)}
derivatives. Let us now study the observability of system (5% ) -
by using the condition of Prop. 1. The matrixc R6*3 has Nas the following properties:

the following structure, 1) All trajectories of the extended system (8)-(10) that
) ) start on the manifoldV; at timet remain there for alll
1 0 0 future timesr > t, i.e. \V; is positively invariant.
Favs 4 T2w1=2F1wy  Frwi |, G VI 2) All trajectories of the extended system (8)-(10) that
303 Y ~ 3 1 1V3 . . .
o start in a neighborhood of/; asymptotically converge
J— * * a(T,u, v1,03) to NV, i.e. \; is attractive.
0 1 0 The above definition states that an asymptotic estimate of
_EBawr 0 Gays+2Een—Fiws 3 4o the stater is given by ¢, (3(y, ¢, t)), wheregl, denotes
A a left-inverse of¢, .. The following proposition provides a

L * * b(Z, u, 02, 03) | general tool for constructing a nonlinear observer of the form
7) given in Definition 1.

Those_terms v_vhose form is not reI”e“\_/ant for the_ SUbS_equentPropositions: Consider the system (8)-(10) and suppose
analy_5|s are S|m.ply denoted with a™in (7). By direct IN- " {hat there exist mappingd(-) : R™ x R? x R* — R? and
spection of matrix/, we deduce the following observability Gy4(-) - R" — RP with left-inverseg” ,(-) : R? — R", such
cogdmon.T > (Observabilit dition: Svst 5 that the following conditions hold:

roposition 2 (Observabi ity condi ion): ystem (5) is (A1) det (%) £ 0 for all y, £ andt,
locally weakly observable if and only if the following a¢

2. P (A2) The system,

conditions are satisfied:

1) v1, ve, vg are not all equal to zero,  _ ‘%m( i t) — fily,m,t) + Oy

2= -7 Yy, 1, f yvﬁat
2) vy 75 T103 and U2 75 Tov3. 8U ay 77:7;( )
Proof: If conditions 1) and 2) are verified, thea\v; + 00yt 09yt R 0Py i
%11)3, — AUy +E21)3, a(f,u,i;l,i)g), b(%,u,’[)Q,’L')g) cannot be B 81/ fl(y777,t) + 877 n:fs(y’?%t) B (97’] f2(y777’t)
all equal to zero and matriX in (7) is full rank. By Prop. 1, 06 06
system (5) is then locally weakly observable. By Theo- +a—i’t — 8—:t
rem 3.11 in [17] (see also [18]), it can be easy proved that n=1 (11)

conditions 1) and 2) are also necessary for the local weak

L. ;
observability of system (5). In fact when any of these two with 7) = ¢y,(dy.+(1)) + 2), has an asymptotically

stable equilibrium at = 0, uniformly in n, y andt.

conditions is violated, the EOJ is never full rank. [ | ]
From a geometric viewpoint, Prop. 2 states that system (3)'€n System (10) with,
is locally weakly observable if and only if the camera o3\ 1/ ap X ap
undergoes at least one translational motion and it does no#(¥:&:t) = — P a—yfl(yﬂ?,t) +t 5
move along the projection ray of the image pagint
a(by,t ~ 8¢y,t ~ a¢y,t
_8— fl(yanat)_a— f?(yvnat)_w
IV. OBSERVER DESIGN VIAI&I Y ln=4 M ln=n n=

A L i -
For the reader’s convenience, we report in this section 4N€re7 = ¢, (5(y. &, 1)), is a (reduced-order) observer for

brief overview of the basic theory related to the observdf'® System (8)-(9). o u
design via 1&! [10], [12]. Consider nonlinear, time-varying Note thatz in (A2) is the estimation error of the observer.

systems described by equations of the form, Prop. 3 provides an implicit description of the observer

. 1A mapping oy,t(n) : R® — RP (parameterized byy and t) is
y = h (y,n,t) (8) left-invertible if there exists a mappin@;t(n) : RP — R™ such that

n = faly,n,t) (9) 8L ,(dy,t(n) =n, for all n € R™ (and for ally and?).



dynamics (10) in terms of the mapping§), ¢, .(-), j_rt(~) an observer of the form given in Prop. 3,
which must then be selected to satisfy (A2). Hence the

-1
problem of constructing a reduced observer for the system= — (?) (g_ﬂ (p1(y,t)+g(y,t) ﬁ)—}-%—f—%(pl (y,1)
(8)-(9) reduces to the problem of rendering the system (11) 3 Y Y
asymptotically stable by assigning the functigits), ¢, .(-), DA A — O " Ay s
L 1(-). This peculiar stabilization problem can be extremely ol O ot £ P2y, D)+ vs(t) 7 ))

hard to solve, since, in general, it relies on the solution of & _ o, +)=1 3(y, ¢,1).
set of partial differential equations (or inequalities). However, ' (16)
as we will show in the next section, these equations can fgom (11) the dynamics of the error = B(y,&,t) —
easily solved in the problem under examination. e(y,t)n = e(y,t)(n —n) is given by,

0 0 0

V. RANGE ESTIMATOR z = _<8_§ 9(y,t) — a—Zpl(y,t) - 8_i —&(y,t) Pz(y,t))

In order to design the nonlinear observer via 1&l, we e
should rewrite system (5) in the form (8)-(9). Recalling that % €(¥,t)""z + (8_y 9y t) +ely,t) U3(f)> (7 = n*).
y = [T1, T2)T and settingy = Z3, we obtain, ' (17)
The observer design problem is now reduced to finding

vivewr (. y_% oy functions 5(-) and ¢(-) # 0 that satisfy the assumptions
. by N ) 2TRE T N+ v (A1)-(A2) in Prop. 3. In view of (17) this can be achieved
y= 9 + 1 by solving the partial differential equations,
Y2 Y1 Y2 w2 —Av2 + Y2 U3
)\—1—7 Wit T W e o 0B Oe Oe
9(u.t) 8—y9(y7t)—a—yp1 (w)—a—s(y,t)pz(yi):ﬁ(y,t)s(yJ)
p1(y,t) 9e
(1w — 1w , oyt t) T el us(t) = 0 (18)
n= — n+ v3n. ) )
for somex(-) > 0. From (18) we obtain the solution,
2(y,t) _
e 12) (0.1) = o, 1) (19)
The next proposition provides a global exponentialhich by (13) is well-defined and nonzero for glland .
observer ofy. Let ri(y,t) = M|lg(y. )II> + (£ p1(y,t) + %) g (y. )| -

Proposition4 (&1 range estimator): Suppose thati(t),  p,(y,t). By boundedness ofi(t) and y(t), it is always
y(t) are bounded functions of timey (¢), v2(t) andvs(t)  possible to find\/ > 0 (sufficiently large) such that(-) > 0.

firs_t prder differentiable and the following condition isgqu. (4) is now reduced té}i g(y,t) = —M)|g(y,1)|
satisfied, which can be solved fof(-) yielding,
M
VE N 0sy1)2 + (“dvg Fo30)2 > e>0  (18)  B(Y.6.1) = —7(113(3/% +13) — 2A (11 + v2y2)) + (€, 1)
(20)
for somee and for allt. Then, wherec(-) is a free function. Selecting(¢,t) = £ ensures
that assumption (Al) is satisfied. Substituting the above
é: Mgy, )T (p1(y, ) + g(y, 1) ) — expression into (17), yields = —«(y, t)z, which is globally

exponentially stable, hence assumption (A2) holds. By sub-
p2(y,t)+v3h?  stituting the expressions (19) and (20) (withe,t) = ¢€)
llg(y, 1)l in (16), we obtain equations (14)-(15). |
Note that if the conditions of Prop. 2 are met, (13) holds
=01 + 11 @3] ) true.

5 (= o3(y +v3) + 2\ (0131 + G2y2)) —

+7 7t + 7t q + . . - .
II? (U?’(pl(y )+ 9(y,£) ) — Ao + Yo U3 Remark1: As pointed out in [7], [15], forvs # O,

(14) condition (13) defines the complement of a semi-circle on
where M is a positive gain to be suitably tuned and the image plane, with center @, /vs, Avo/v3]T and radius
e/vs. Forus # 0, the stater; becomes unobservable from
the outputy when the projected feature is at the point

1= (S (oalu? +43) — 22 (0n 01+ v2)) — &) g, 1)

2 [y1, yo]T = [Mv1/v3, Ave/v3]T which is known asfocus
. . (15)  of expansion.
is a globally exponentially convergent observer for _ _
system (12). A. Discussion

Proof: With reference to the general design procedure Table | summarizes the main differences between the pro-
presented in Sect. IV, let us suppose that(n) = <(y,t)n, posed observer and the observer based upopetsstency
wheree(-) # 0 is a function to be determined [12]. Considerof excitation condition presented in [13].



Observer via 1&1 Observer in [13] ‘ In the second simulation, the camera undergoes a complex

3-D motion, v; = 0.3 m/s, vo = —0.2 m/s, vy =

Global exponential convergence Local exponential convergence

—0.3 m/s, wy = cos(nt) rad/s, w; —7/20 rad/s,

Third order w3 = % cos(%t) rad/s. In this case£(0) = —1.9651 and

First order

lg(y, D)l £ 0, Vit >0 A5Vt > 1, [lg(y, )] = 0 M = 0.02. Fig. 2(b) reports:s, 73 andz'E. Fig. 2(e) shows

the 3-D motion of the camera and Fig. 2(h) the trajectory of

Requiresvy (t), v2(t), 03(t) Does not require (t), v2(t), 03(t)

the image poinp.

In the last simulation (see Figs. 2(c), 2(f), 2(i)), additive
white Gaussian noise with zero mean and variaiice, has
been injected into the measuremenpist), y»(¢). The ca-
mera moves with velocitiesy; 0.3 m/s, vy 2+
ssin(5t) m/s, vz = —0.3 m/s, w; = w3 = 0 rad/s,

The proposed observer achievgiobal exponential we = —m/30 rad/s. The proposed observer has been ini-
convergence of the observation error to zero. On thigalized with £(0) = —0.7831 and the gainM/ = 3 x 1075.
contrary, the stability result in [13] is only dfocal As expected, the noise has a stronger effect on the observer
nature, i.e. the convergence of the error to zero is onlyia 1&l than on the estimator in [13]. However, as shown
guaranteed in a suitable neighborhood of the origin. in Fig. 2(c), the proposed scheme exhibits good disturbance
The observer in Prop. 4 is akduced-order. In fact, rejection properties.

differently from [13], it has lower dimension than
system (12). The observer via 1&l can be easily tuned o .
to achieve the desired convergence rate by acting on the "€ paper presents an original solution to the range
single gain M (instead on the three gains as in [13]). identification problem for_ perspective dynam_wal systems.
Condition (13) isstricter than the persistency of exci- 1he depth of a static point observed by a pinhole camera
tation condition in [13] (see equ. (8) therein). Actually,moving in the 3-D space with known velocities, is estimated

the former requires thaltg(y, t)|| # 0, Yt > 0, while from its 2-D projection on the image plane. The proposed
the latter requires that there must not exist auch nonlinear observer relies on a new technique called Immer-

thatVt > 7, |lg(y.t)| = 0. In this respect, the camera Sion and Invariance (1&l) and it is an improvement over the

motion considered in the first simulation experimen€Xisting approaches. The paper also provides an analytical
in [13] can not be addressed by the observer via 1&|. Study of nonlinear observability conducted with the Extended

Differently from [13], the proposed observer requiresOUtpUt Jacobian. Extensive simulation experiments show the

TABLE |
DIFFERENCES BETWEEN THE OBSERVERS

VII. CONCLUSIONS AND FUTURE WORK

the explicit computation of the accelerationis(t),
02(t), 03(t) and this involves ahigher sensitivity to

effectiveness of the proposed design.
Future research lines include the experimental validation

noisy measurements. However the sensitivity to noisef the range estimator on an eye-in-hand robot and the inves-

decreases with the gait/.

tigation of suitable design strategies to reduce its sensitivity

to noise and enlarge its feasibility domain.

VI. SIMULATION EXPERIMENTS

Simulation experiments have been conducted to sho
the effectiveness of the proposed observer. In the thre
numerical simulations carried out with MATLAHEpipo-
lar Geometry Toolbox [19], we setA = 30 pixels and
2(0) = [10, 5, 2] m. The gains of the estimator in [13] are
k1 = ko =20, k3 = 1. [3]

In the first simulation, the camera undergoes a planar
motion withv; = 0.25 m/s, v, = 0 m/s, v3 = —0.2 m/s, [4]
wi = wy = 0 rad/s, wy = —7m/20 rad/s. The observer
via 1&l has been initialized with{(0) = —2.2734 and the
gain M = 0.02. Fig. 2(a) shows the actual depih, the
depth estimated by the proposed obsefernd the depth [6]
estimated by the observer based upon the persistency of
excitation conditiorz?’ ¥ (distances are in meters). From the
figure it is evident that the two observers have comparablgs]
performances: however, running many other simulations with
different parameters, we noticed that the transient perfor
mance of the proposed observer is usually significantly
superior. Fig. 2(d) shows the planar motion of the camerfi\o]
and Fig. 2(g) reports the trajectory of the pojnton the
image plane.

1]

(2]

(5]

] A. Astolfi and R. Ortega.
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