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Abstract—In this paper we extend theparametric consensus Aerial Vehicle), or the dynamics of a unicycle robot (af-
protocol recently introduced by the author, to more realistic  ter being dynamically feedback linearized) comply with
agents modeled as double integrators and interacting overra this model. The stability properties of the second-order

undirected communication network. The stability properties of . | ied f ial
the new protocol in terms of the real parameter “” are studied parametric consensus protocol are studied for some specia

for some relevant graph topologies, and the connection witthe ~ families of undirected graphs, in terms of parametet. “
notion of bipartite consensus is highlighted. The theory isllus-  The case of bipartite graphs and its connection with the

trated with the help of two worked examples, dealing with the  properties of theignless Laplacian matrix [11], [12], is also
coordination of a team of quadrotor UAVs and with cooperative  jiscussed Although the analysis for general graph tojiesog
temperature measurement in an indoor environment. . ; . . S .

is challenging, thenatrix pencil formalism introduced in [10]
appears still useful for shedding some light into the sitybil
o properties of the new protocol.
A. Motivation and related work Research on second-order consensus algorithms has been

In recent years, a large body of research has started to @gtive since the publication of the s_eminal contributiofis o
plore the system-theoretic properties of the consensus-proRenet a. [13] and Yuet al. [14]. In this paper, some of the
col [1], such as its robustness against communication delay®Sults in [13] are revisited in a more general setting. Two
noisy measurements and switching topologies [2], [3], anyorked examples, deal_lng with the.coord|nat|on of a team of
_ by introducing suitable input/output signals its con- quadrptor UAVs and wnh cooperative temperature measure-
trollability and observability properties with applicatis ment in a bounded environment, are _pr0\_/|ded to |I_Iustrate
to formation control and network reconstruction/securityn® Proposed theory and show its applicative potential.

(see, e.g., [4]-[8] and the references therein). In particu The rest of this paper is organized as follows. Sect. Il
lar, considerable effort has been invested in relatingethe@résents some preliminaries on algebraic graph theory and
properties to the topology of the underlying communication‘f‘tmduc_es the notation. Sect. Il is devoted to the problem
network. However, the set of behaviors unfolding from thdormulation, and the main theoretical results of the paper a
interaction of system- and graph-theoretic propertiesriuds provided in Sect. IV. The Worked_examples are dlscyss_ed in
been yet fully investigated, and a general theory has rezdainSect. V. Finally, Sect._ VI summarizes the main contr!busmpn
so far elusive. of the paper and outlines possible future research dinestio

Following this vibrant line of research and going a step fur- Il. PRELIMINARIES
ther toward the development of such a theory, recent works of . . . . . .
the author [9], [10], have opened the doors to the study of the N this section we briefly review some basic hotions
so-called parametric consensus protocols, i.e. continuous- of algebraic graph theory and introduce the notation used
time consensus protocols whose stability properties dbpquroth the paper. Let = (V, E) be a _graph where
on the value of a real parameter”“which scales the V = {L...,nj is the set of n?des! ar],E is the _set (.)f.
information coming from the neighbors of each node in th§49€s- AllG are assumed to be "schlicht” graphs, i.e., finite
network. In this class of protocols, the inter-node cougdin undwe_c;e_d graphs W'_thOUt self-loops and _mult|ple et_jges.
arenot diffusive (cf. [5]), and parameters” can be regarded __Pefinition 1 (Bipartite graph): A graph is called bipar-
as an “external input” that can be utilized to trigger diéfet tite if its set of nodesl” can be divided into two disjoint .
behaviors in the multi-agent system, thus giving the deﬂignse'[sv1 anq Va, SUCh. that every ed_ge .conn.e_cts a node in
enhanced freedom. As shown in [9], this is particularly ukef Vl to one inVz. If G is connected, its bipartitiofV:, V2}
when the motion of a team of autonomous vehicles needs ' Y"'due- . °
be coordinated by a (human) supervisor, or when a wirelessP€finition 2 (x-regular graph): A graph G is  called
sensor network needs to adapt its operation over time m—r_egular, when every node has precisely < n — 1

|. INTRODUCTION

response to changes in the environment. nelghpqrs. , , . ©
Definition 3 (Adjacency matrix A): The adjacency ma-
B. Original contributions and organization trix A = [a;] of graph@ is ann x n matrix defined as

i . a;; = 11if {i, j} € E anda,; = 0 otherwise. o
In this work, we extend the results in _[10] to agents “pefinition 4 (Laplacian matrix L): The Laplacian matrix
modeled asdouble integrators. The double integrator can of graphG is ann x n symmetric positive semidefinite matrix

be used, indeed, to model numerous real systems: in faghfined ad, — D — A whereD — diag A1) is the degree
the simplified dynamics of a quadrotor UAV (Unmanned,irix and 1 is a column vector of. ones. o

Definition 5 (Sgnless Laplacian matrix 11]):
The author is with the “Networked Controlled System” (NeG8&am, ( g P Q [ ])

Inria Grenoble Rhéne-Alpes, 655 Avenue de I'Europe, 38B®stbonnot The_ signless Laplacian matrix of graghis ann x n matrix
Saint Martin, France. Emaif abi 0. norbi di @nria. fr defined asQ = D + A. o



As L, the signless Laplaciaf) is a symmetric positive
semidefinite matrix, but it i;mot necessarily singular.
Property 1 (Spectral properties of Q [11], [15]):

1) Let G be a k-regular graph. Then py(\)

(=1)"pq(2k — A) wherepr,()\) denotes the charac-

teristic polynomial of the Laplaciah.

If G is abipartite graph, thenpr,(\) = pq(A).
2)

equal to0 if and only if the graph isipartite. In this

case,0 is a simple eigenvalue and the correspondin

eigenvector isv. = [vx] wherev, = 1,4 € V4 and
= —1, j € V, being{V1, V} the bipartition ofg.

3)
of Q is equal to the number dbipartite connected
components of G. o

In a sense, the least eigenvalue@fcan be interpreted

as a measure of how closgis to being a bipartite graph.

A similar idea has been utilized for the second-smallest Lemmal:

The least eigenvalue o) of a connected graph is

In any graph, the multiplicity of the eigenvalue O hm |z (t) —

wherev £ [vy,...,v,]T € R",
=]
S =
Ly(s) vLy(s)

and L,(s) = D — sA is called theparametric Lapla-
cian [10]. Note thatL,(s) € R™*" is a symmetric matrix
(but not positive semidefinite ad., in general), and that
L,(1) = L, L,(—1) = Q. Assuming that the grapf is
onnected, our objective is to study the stability properties
f system (5) in terms of the real parameteMVe will say
that consensus is reached asymptotically if,

zi(t)] =0, lim [v;(t) —vi(t)| = 0, Vj #1,

—00

for any initial conditionsxy andvg = [v1(0),. .., v, (0)]7.
Note that in the special case af = 1, we have the

following result (cf. Lemma 4.1 and 4.2 in [13]).

If s 1, system (5) achieves consensus

eigenvalue oL, which is known as the algebraic connectivityasymptotically for anyy > 0. In particular, for larget,
of G [16]. For this reason, the authors of [17] call the leaswe have that,

eigenvalue of@Q the algebraic bipartiteness of G.
Notation: In the remainder of the paperk
[-1,1,-1,1,..., (=)L (-=1)]T € R™, 0,, will denote
then x n zeros matrix,I,, then x n identity matrix, J.,,, x»
them xn ones matrix® the Kronecker product, | the floor

A

function which maps a real number to the largest previous Lemmaz2: Let p;(s) be thei-th eigenvalue of-L

integer, |B| the cardinality of the se3, and defp(s)] the
degree of the polynomial with real coefficientss). o

IIl. PROBLEM FORMULATION
For agents modeled by

ie{l,...,n}, (1)

wherex; € R is the state of agentandu; € R its input,
a first-order consensus protocol was proposed in [2], as

u; = Z (xj — ), i€{l,...,n}, 2
JEN()

whereN (i) denotes the set of nodes adjacent to noidethe
undirected communication gragh By applying control (2),
equation (1) can be rewritten in matrix form as= —Lx
wherex £ [z,...,2,]7 € R™. If the graphg is con-
nected, it is well known thak asymptotically converges to
Ly 2(0) = 2 x{1, wherexg £ [21(0), ..., z,(0)]7
is the vector of initial states. In this paper, we consider
double-integrator model for the agents,

ie{l,...,n}, ®3)

where [z;, ;)7 € ]R2 is the state vector of ageritand

Ti = Uqg,

.T _VZ) _ul)

x(t) — l]l]lT(>(0+1/0 t) and v(t) — l]l]lTVo.
n n u
In fact, the eigenvalues dL,(s) and I'(s) are closely
related, as shown by the next lemma (see [13, p. 1007]).
p(8)-

Then, the eigenvalues efI‘(s) are:

)\i(s) _ '791 i\/’y +4Qz( )

ie{l,...,n},
where \; +(s) and )\i_(s) are the eigenvalues ofI'(s)
associated t@;(s). [

Another special case worth mentioning is the following
(cf. [12, Th. 5] and recall item 2 of Property 1).

Proposition1: Consider the systenk —Qx. If the
graphg is connected and bipartite with bipartitigi;, 15},
we have that,

lim z;(t) = — lim z;(t) = l(z x;(0) — Z z;(0)),

t— oo t— o0 n
ieVi VAL ieVi jeVs
and the quantity -, c v, zi(t) — >, v,
invariant.

This behavior is referred to dspartite consensus in [18]
and cluster anticonsensus in [12]: in fact the states of the
nodes inV; andV; asymptotically assume the same absolute
value but have opposite signs.

In the next section, we will focus on some special families
of graphs for which the eigenvalues and eigenvectors of

xj(t) is time

u; € R its input, and inspired by [10], [13] we propose ther(s) can be computed in closed form and thus the stability

following second-order parametric consensus protocol:

wi= Y ((swj—a) +7(svy—w)l, i€{l,...,n}, (4)
JEN()

where v is a positive constant anel is a real parameter.

properties of system (5) can be easily established.

IV. STABILITY CONDITIONS FOR SOME SPECIAL
FAMILIES OF GRAPHS

This section presents a sequence of seven propositions,

By applying control (4), system (3) can be rewritten ingroviding stability conditions for system (5) in the case of

compact form as:

path, cyclem-cube (or hypercube), Petersen, complete, com-
plete bipartite, and Hamming graphs (the reader is referred
to [16], [19] for a precise definition of these graphs).



Proposition2 (Path graph P,): For the path graphP, Proof: Since the eigenvalues of-L,(s) are in this

with n > 2 nodes (we number the nodes from 1s#oin case, —m + s(m — 2¢) with multiplicity (")),
the natural order from left to right), we have that: ¢ € {0,...,m}, from Lemma 2, we have that the
« For|s| < 1, system (5) is asymptotically stable. eigenvalues Of ~I(s) are [y(—m + s(m — 20)) +
o For|s| > 1, system (5) is unstable. VY2 (=m + s(m —20))2 + 4(—m + s(m — 2¢))]/2  with
o Fors = —1 and for larget we have that: multipI|C|ty () ) It is easy to verify that these eigenvalues

1. 7 1. 7 are all negative only fots| < 1, which proves the first two
x(t) = ~ ki (xo +wot) and v(t) = —klvo. (6) jtems of the statement. For the third item, we can rely on
Prop. 1, after a suitable labeling of the node<nf . |
Proposition5 (Petersen graph J(5,2,0)):

For the Petersen graph, we have that:

o Forse (—3/2, 1), system (5) is asymptotically stable.

o Fors>1ors< —3/2, system (5) is unstable.

o For s = —3/2, the components of the state subvector
first two items of the statement. The third item follows ¥ ©f System (5) asymptotically converge, in general, to
from Prop. 1. u ten different values.

Proposition3 (Cyc|e graph Cn) For the Cyc|e graphjjn Proof: Since the eigenvalues Of-Lp(S) are in this case,
with n > 2 nodes (we number the nodes from 1rtan the 3s — 3 with multiplicity 1, s — 3 with multiplicity 5
natural order, moving counterclockwise), we have that: and —2s — 3 with multiplicity 4, from Lemma 2 we

. If nis even: have that the eigenvalues ofI'(s) are [v(3s — 3) +

— For |s| < 1, system (5) is asymptotically stable. V7 (3s _ )+ 42(35 — 3)/2 with multiplicity 1, [y (s -

— For |s| > 1, system (5) is unstable. 3) £ /72(s — 3)2 +4(s — 3)]/2 with multiplicity 5, and

— Fors — —1 and for larget, the state vector of [~7(25+3)%1/72(2s +3)2 — 4(2s + 3)]/2 with multiplic-
system (5) obeys (6). ity 4, from. Whlch the first two items of the statement follow.

« If nis odd, lety £ 1/ cos (n_ﬂﬂ) Then: For the third item, by numbering the nodes from 1 to 5 and

’ no ) e from 6 to 10 in the natural order moving counterclockwise
- Fors € (i, 1), system (5) is asvmptotlcally stable. along the external and internal “ring” of the graph, (cf. [19
— Fors < pors>1, system (5) is unstable.

Fig. 1.8]), we have that for lar
— For s = u, the components of the state subveator g ) o9&

Proof: Usmg the Sturm sequence property, it has been
shown in [10] that the eigenvalues(s) of —L,(s) are
strictly negative for| | < 1. But from Lemma 2, being
|y 0i(s) ]\/7 s)+40i(s)| for oi(s) < 0, i €
{1,. n} it foIIows that the eigenvalues;; (s) of —T'(s)
have negative real parts fos| < 1, thus proving the

1 1 1 1

of system (5) asymptotically converge, in generalexp(_r(_3/2)t) 3(N+35J10x10) 3(N+5T10x10)1

to n different values. 010 T(N+£J10x10)
Proof: Since the eigenvalues ofL,(s) are (cf. [10]), h

2 (i—1) : N where

2 cos (Fo—)s — 2,4 € {1,..., n}, invoking Lemma 2,
we have that the eigenvalues ofI'(s) are, fori ¢ N — |cirelt, =1, 0,0, -1] —Is
1,...,n) 715 circll, 0, —1, —1, 0] |”
~[cos (L= — 1] being cird -] a circulant matrix as defined in Prop. 3. B

: Proposition6 (Complete graph K,): For the complete
i\/y%os?(@)s%r 2(1 —~2)cos (Z0=)5 4 42— 2. graphK, with n > 2 nodes, we have that:
(7 e Fors € (—(n —1), 1), system (5) is asymptotically

From a systematic study of (7) for variable the first two stable.
bullets of each item in the statement are immediately proved « Fors < —(n — 1) or s > 1, system (5) is unstable.
Finally, if n is even ands = —1 we can utilize Prop. 1, and  + Fors = —(n—1), the components of the state subvector
if n is odd ands = y, for larget we have that: v of system (5) asymptotically converge, in general, to
(=T ) — M Mt n different values.
eXPp H 0, M|’ Proof: Since the eigenvalues ofL,(s) are in this case,
o 27 [n/2]-0 27 [n/2]1 (n —1)s — (n — 1) with multiplicity 1, and —s — (n — 1)
M= EC”C[COS (771 )aCOS (771 )’ with multiplicity » — 1, from Lemma 2 we have that
cos (QWLZ/QJ.Q) . cos (27an/273~(71*1)):|7 the eigenvalues of-T'(s) are [y((n — 1)s — (n — 1)) £

VAZ((n = 1)s = (n—1)2 5 4{(n — D)5 — (n = 1))}/2
and cird-] denotes a circulant matrix [20], i.e. each subsewith mUltlp“C'ty 1, and [y(=s (n — 1)) +
quent row of the matrix is simply the row above shifted one,/72(—s — (n — 1))2 + 4(—s — (n — 1))]/2  with mul-
element to the right (and wrapped around, i.e. modu).dli tlpIiCity n — 1, from which the first two items of the

Proposition4 (m-cube Q,,,): For them-cube (or hyper- statement are immediately proved. For the third item, it is
cube) graph?,, with n = 2™ > 4 nodes, we have that: sufficient to observe that for large

o For|s| < 1, system (5) is asymptotically stable. I 173 (I — L Jpn) t
« For|s| > 1, system (5) is unstable. exp(=T(=(n—1))t) —» | " e e
o Fors = —1 and for large, the state vector of system (5) 0, Ly = 7 Jnxn

obeys (6). |



Proposition7 (Complete bipartite graph K, ,,): For the | Graph name ‘ Asympt. stab. for: ‘

complete bipartite graphi,,, = (Vi U V3, E), where  [oa oraonp 7 > 2 ls| < 1
V1| =m, |[Va| = n, with m > 1, n > 2 (we number the Cvele aranhC: P— )
nodes inV; from 1 tom and the nodes i, from m + 1 ycle graphtn, n > 2, n eve sl <
tom + n), we have that: Cycle graphC,,, n > 2, n odd s € (M, 1)
o For|s| < 1, system (5) is asymptotically stable. m-cube,Qm, n = 2™ >4 ls| <1
o For|s| > 1, system (5) is unstable. Petersen graph (5, 2, 0) s€(=3/2, 1)
« Fors = —1 and for larget we have that: Complete graph,,, n > 2 se(—(n—-1),1)
1 Jmsxm  —Jmxn Complete bipartite grapt, », m > 1, n > 2 Is| <1
x(t) — (xo +vot), ,
m4+n |—Juxm  Jnxn Hamming graphfZ(d, q), d > 1, g > 2 s€(=(g—1),1)
1 J —J
m+n |[—Jnxm Tnsen SUMMARY OF THE STABILITY PROPERTIES OF SYSTEM5) FOR SEVEN

SPECIAL FAMILIES OF GRAPHS CONSENSUS IS REACHED

Proof: Since them + n eigenvalues of—L,(s) are —n
ASYMPTOTICALLY IN ALL CASES FORs = 1.

with multiplicity m — 1, —m with multiplicity n — 1,
and —1(n+m) +1./(n—m)? + 4mns> with multiplic-
ity 1, from Lemma 2 we conclude that th&(m + n)

eigenvalues of-I'(s) are [-yn + /(yn)? —4n]/2 and

[—ym=+/(ym)? — 4m]/2 with multiplicity m—1 andn—1, Remark 1 (The second-order Laplacian pencil): In order

respectively, and to study the stability properties of system (5) for general
5 > graphsg, it is convenient to interprdf(s) as a matrix pencil

v [_ n—m=£ \/(” —m)? + dmns ]/4 in the indeterminates: note, in fact, that we can rewrite

1 72 I'(s) as,
+-1/v2mns®> + (F—(Mn+m) £ 2)\/(71 —m)? + dmns?
A2 T'(s) = — s ,
+7(2+m2)—2(n+m), D 4D A A

with multiplicity 1. By noticing that all the eigenvaluesear Which we call thesecond-order Laplacian pencil to distin-
negative only for|s| < 1, we obtain the first two items of guish it from the Laplacian pendl,(s) studied in [10]. Itis
the statement. The third item follows from Prop. 1. W  €asy to verify that:

Proposition8 (Hamming graph H(d, ¢)): For the Ham- o The second-order Laplacian pencil isreyular pencil
ming graphH (d, q), with n = ¢¢ nodes andl > 1, ¢ > 2, (in fact, we always havéet(I'(s)) = det(D) # 0 for
we have that: s =0, cf. [22, Def. 4.7]).
« Fors € (—(¢ — 1), 1), system (5) is asymptotically * Let spe¢:| denote the spectrum of enatrix pencil
stable. and speg| -] the spectrum of a matrix pencil without
« Fors < —(qg—1) ors > 1, system (5) is unstable. the eigenvalues at infinity. Then, according to [22,
« Fors=—(q—1): Prop. 4.6], we have that:
gb(éy; %G)for larget the state vector of system (5) spedD(s)] = speg|—L,(s)] U (00)" U (—c0)",  (8)
— If ¢ > 2, the components of the state subveator where r = n — deg[det(L,(s))] and (-)" indicates
of system (5) asymptotically converge, in general,  an eigenvalue with algebraic multiplicity. Since the
to n different values. Laplacian pencil has all real eigenvalues then from (8)
Proof: Since then eigenvalues of the adjacency matrix of also the second-order Laplacian pencil has all real
the Hamming graph aréq — 1)d — ¢k with multiplicity eigenvalues.

(k) = ({) (g — 1)F, k € {0, 1,...,d} [16, Sect. 12.4.1]
and the graph ig(q — 1)-regular, the eigenvalues ofL,(s) . ;
are—d(q—1)+((q—1)d—qk)s with multiplicity T1(k). Then, the smallest and second smallest eigenvalue in modulus of

; the negated Laplacian pencil, are the values é6r which
from Lemma 2, the eigenvalues of'(s) are[y(—d(q—1)+ ) ) . .
(g — 1)d — qk)s) + \/972(—d(q — 1)(+)((q —hl()d quk)z)g the systemx = —L,(s) x is marginally stable, and that it is
(=D + (g = DJd—qk)s)]/2, again with multi- asymptotically stable for alt between these two values. We

licity TI(k). Bv noticina that all th iqenval ; have not found so far counterexamples to this property for
plicity (k). By noticing that al ese egenvalues a esystem (5): however, a formal proof of this statement is the
negative only fors € (—(¢ — 1), 1), we obtain the first

two items of the statement. For the first bullet of the thir(beJeCt of ongoing research. ©
item, note thatd (d, 2) = Qq, and for the second bullet that
H(1,q) = K, with ¢ > 2 (cf. [21, Sect. 9.2]). [

For the reader’s convenience, all the main results found in The theory presented in the previous section is here
this section are summarized in Table I. illustrated with the help of two numerical examples.

It has been shown in [10], that if the graghis regular,

V. WORKED EXAMPLES
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Fig. 1. Example 1 — coordination of a team of UAVs: (a), (c) time evolution of the positions, and (b), (d) evimnotof the velocities of the 6 UAVs
interacting via the communication graghiz 3: in (a)-(b), we sets = —1, in (c)-(d) we sets = 0, at all times. In (b), (d), the initial velocities of the

vehicles are marked with circles: note that in (a), (c) theea&olor convention as in (b), (d) has been adopted.

A. Example 1: coordination of a team of quadrotor UAVS B. Example 2: network of temperature sensors

Consider a team ofn quadrotor UAVs modeled as Consider a static network of sensors in a 2-D bounded
Pi =u;, i € {1,...,n}, wherep; = [piz, piy, piz]” € R®  environment2, locally measuring temperatures (in C°)
denotes the 3-D position of thieth UAV in a fixed global agnd gradients of temperatures, i € {1,...,n} (see the
reference frame and; € R? its acceleration input. The col- jllustration in Fig. 2). Sensof collects noisy measurements
lective dynamics of the UAVs adopting control (4), can be with variances? and interacts with the other sensors through

written in compact form as the visibility graphGyis: in this connected undirected graph,
. _ (T I 9 two sensors are neighbors if they are visible to each other,
q = (-T(s) ® I3)q, © e {i, j} € FE if the closed segment from to j is

contained in2. The set of neighbors of agentin G is
. 4 7 3L, n . denoted byNV,is(7). By taking the variance of the measure-
[Viz, viy, viz]" € R” is the velocity vector of the-th UAV. o "0 account, the state vector, ;)7 of sensori

Figs. 1(a)-(b) show the time history of the positions an - " ;
the velocity profiles ofn = 6 UAVS communicating over q:an be updated according to the followimyerse-variance

the graphKs s: in the simulation, the damping parameter

whereq = [p7,vT,....pl,vT)T € R andv; =

~v =20, s = —1 at all times, and the initial conditiogy has

been chosen at random. Figs. 1(c)-(d) report again the time- 7 @ * 8 11
history of the positions and the velocity profiles of the UAVs ’
but nows = 0 at all times §o and all the other simulation ; : !
parameters have been left unchanged). As it is evident from ‘¢ S TG | @ .
Fig. 1, in the case of = —1 the velocities of UAVs 1, 2 1 : o5 e 2

and 3 converge te* = [0.396, —0.0702, 1.128]7 and the
velocities of UAVs 4, 5, and 6 converge tav* (cf. Prop. 1): Fig. 2. kEémfilﬁ EI *kczf?plffaﬁvz tgﬂpﬁzﬂfre ”m?faﬂ% the S_entSOFS

H e : re marked wi acl ISKS an ashed lines Indicate thenaamcation
for s = 0, instead, al_l the velocities converge to zero bemgattern in the bounded environmegt (e.g., the plan of a museum).
system (9) asymptotically stable (cf. Prop. 7).
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Fig. 3. Example 2: time evolution of the Euclidean norm of the state
subvectorv(t) of system (11), for different values of varianeg.

weighted sum-like criterion:

& = v, 1€{1,...,n},
. 1 1 \71? 1 1
n=| X ()l 2 (o)
JEMNs(i) 7 v J € Nus(i) J v
w ()]
7 2w p vi)|.
’ (10)

If we now assume for simplicity that; = 1, 0; = 0,V j # 4,
and defines £ 1/42, then (10) reduces to:

T, = v, 1€4{1,...,n},
1

Vi = [(szj —xi) +7v(sv; —vi)].
IMis(2)] (s + 1)j€%s(i)

VI. CONCLUSIONS AND FUTURE WORK

In this paper we have presented an extension of the
parametric consensus protocol to agents modeled as double
integrators. The stability properties of the new protocol i

terms of the real parametes™ have been studied for some
relevant graph topologies and the theory has been illestrat
with the help of two worked examples.

In future research, as mentioned in Remark 1, we aim
at establishing general stability conditions for arbigrar
(weighted) undirected communication networks, and at ad-
dressing the more challenging case of directed topologies.
We are also interested in studying the robustness of the
proposed protocol when the states of the neighbors of
nodei are not perfectly known.
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