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Abstract— Comparing graph-structured maps is a task of
paramount importance in robotic exploration and cartogra-
phy, but unfortunately the computational cost of the existing
similarity measures, such as the graph edit distance (GED),
is prohibitive for large graphs. In this paper, we introduce
and characterize three new graph distance measures which
satisfy the requirements for a metric. The first one, LogEig,
computes the square root of the sum of the squared logarithms
of the generalized eigenvalues of the shifted Laplacian matrices
associated with the two graphs, while the second calculates
the Bures distance between these positive definite matrices.
The third distance, Rank, computes the rank of the difference
of the graph shift operators associated with the two graphs,
e.g. the adjacency or the Laplacian matrix. Examples and
numerical experiments with graphs from a publicly-available
dataset, show the accuracy and computational efficiency of the
new metrics for 2D topological-map matching, compared to
the GED. The effect of spectral sparsification on the new graph
distance measures is examined as well.

I. INTRODUCTION

Graphs are frequently used to encode high-level infor-
mation and comparing graph-structured data (e.g. computer,
electricity or biological networks) is relevant across a range
of engineering applications. Multiple graph distance mea-
sures' exist in the literature: among them, we mention
here the graph edit distance or GED (it is defined as the
minimum number of operations that transform one graph
into the other [2], [3], [4]), the diffusion distance [5], the
distance based on the maximum common subgraph [6], and
the spectral distances [7], [1]. The notion of cut similarity
of graphs [8] (and its generalization, spectral similarity [9]),
have also received special attention in the past. However, the
algorithms to compute these distances generally have a high
cost and struggle with graphs with hundreds to thousands of
nodes. To speed up the graph-similarity evaluation, learning-
based methods such as SInGNN [10], have recently emerged
but they come with no guarantees of optimality.

Once a graph distance has been chosen, the so-called
graph matching problem can be introduced. Two variants of
this problem exist: in the exact (approximate) graph matching
problem, the two graphs have the same (different) number of
nodes. They have both been the subject of extensive research
in graph theory, computer vision and pattern recognition,
in the last forty years [11], [12], [13].
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IWe refer to these tools as “distance measures”, since, although all
are symmetric, they may fail one or more of the other requirements for
a metric [1].

Comparing 2D or 3D maps built by a single or multiple
robots using measurements collected during the exploration
of an unknown environment, is a crucial task in robotics.
In many instances, a simplified representation of the en-
vironment, called fopological map (an undirected graph),
can be considered [14], [15]. These maps provide a concise
description of the navigable space within the environment,
but they lack scale. However, the topological relationship
between any pair of points of the map (up/down, left/right)
is preserved.

Motivated by applications in mobile robotics, in this article
we propose three new graph distance measures grounded
in algebraic and spectral graph theory, which also satisfy
the axioms for a metric. The first distance, LogEig, relies
on the generalized eigenvalues of the shifted Laplacian
matrices of the two graphs, while the second computes the
Bures distance [16] between these two Laplacians. The third
distance, Rank, is integer-valued as the GED, and it applies
to any graph shift operator (GSO) [17] associated with the
two graphs. The effectiveness of the new metrics in terms
of accuracy and computational complexity, is shown for
the 2D topological-map matching problem. The impact of
spectral sparsification [18] of a large graph (one thousand
nodes), on the new similarity measures is studied as well.
Indeed, spectral sparsification, the approximation of an arbi-
trary graph by a sparse graph on the same set of nodes, has
proved to be a useful tool not only in combinatorial opti-
mization, machine learning and network analysis, but also in
mobile robotics, e.g. for collaborative pose estimation [19].

The rest of this article is organized as follows. In Sect. II,
we review some basic notions of graph theory and geometry.
Sect. III presents the main theoretical results of the paper.
In Sect. IV, the new graph distance measures are compared
using a simple numerical example and 38 instances of
the COLD-TopoMaps dataset [20], for the topological-map
matching problem. We also quantify the effect of spectral
sparsification on the proposed metrics. Finally, in Sect. V, the
main contributions of the paper are summarized and some
priority areas for future research are discussed.

Notation: Throughout this article, I,, denotes the n x n
identity matrix, 1 = [1,1,...,1]T the column vector of
n ones, J = %]l]lT the n x n averaging matrix, [A];; the
(i, 7) entry of matrix A and “>=” the matrix inequality in the
positive semidefinite sense. o

II. PRELIMINARIES: GRAPH THEORY AND GEOMETRY

Let G = (V, E) be an undirected graph, where V =
{v1,...,v,} is the set of nodes and £ C V x V is
the set of edges. We assume that G is finite, with no



self-loops or multiple edges: we shall denote this by G € .Z.
Henceforth, we also assume that G is connected.

The following matrices associated with a graph G will be
used in the rest of this paper.

Definition 1 (Adjacency matrix A): The adjacency ma-
trix A of graph G is an n x n matrix defined as [A];; = 1
if {i, j} € E and [A];; = 0 otherwise. o

Definition 2 (Laplacian matrix L): The Laplacian matrix
of graph G is an n X m symmetric, positive semidefinite
matrix defined as L = D — A, where D = diag(A1) is the
degree matrix. o

Three useful variants of the Laplacian matrix L are the
symmetric normalized Laplacian, the reduced Laplacian, and
the shifted Laplacian.

Definition 3 (Symmetric normalized Laplacian L°):

The symmetric normalized Laplacian is an n X n matrix
defined as L' =D~ /LD~ /=1, - D ?’AD™/%. o

It is easy to very that 0 = A\ (L%) < X2(L%) < ... <
An (L) < 2 where A\i(L®) is the k-th eigenvalue of L°.
Therefore, L® as L is a positive semidefinite matrix.

Definition 4 (Reduced Laplacian L*): Let Orth(1) =
{Q € R*(»=1 . QTQ = I,_1, Q"1 = 0}. Select
a matrix Q € Orth(1). The reduced Laplacian is the
(n —1) x (n — 1) symmetric matrix L* = Q"L Q. o

Differently from L and L®, the reduced Laplacian L* is a
positive definite matrix.

Definition 5 (Shifted Laplacian L'): The shifted Lapla-
cian is an n X n symmetric matrix defined as L' =L +J. ¢

The spectrum of L is identical to that of L’ with the
exception of the zero eigenvalue of L, which becomes one
in L. This clearly shows that L’ is positive definite.

As a more general algebraic descriptor of network topol-
ogy, the notion of graph shift operator (GSO) has been
proposed in the literature [17], [21].

Definition 6 (Graph shift operator): The GSO associated
with a graph G is an n x n matrix S, such that [S];; # 0
if and only if ¢ = j or {i, j} € E. o

The sparsity pattern of matrix S captures the local structure
of graph G, but no specific assumptions are made on the
values of its non-zero entries.

Motivated by problems in linear algebra and spectral graph
theory, the notion of spectral similarity for two graphs was
proposed in [18]. _

Definition 7 (Spectral similarity [9]): Let L and L be the
n X n Laplacian matrices of graphs G and G, respectively.
G is a o-spectral approximation of G, if %L <L X oL
where o > 0. o

Graph G is also called a spectral sparsifier of graph G.
Matrices L and L have similar eigenvalues, in fact

In graph theory, an isomorphism of graphs G, and G is a
bijection between the sets of nodes of G, and Gp.

Definition 8 (Isomorphic graphs): Let A, and A, be the
n X n adjacency matrices of graphs G, and G, respec-
tively. G, and G, are isomorphic, denoted by G, ~ Gy,
if and only if there exists a permutation matrix P such that
A, =PA, P o

Definition 9 (Metric space): A metric space is an ordered
pair (#, d) where .# is a set and d is a metric or distance
function on ., i.e. a functiond : .# x .# — R satisfying
the following three axioms Vz,y,z € -

1) (Positivity): d(z,y) > 0 and d(z, y) =

=1y,

2) (Symmetry): d(z, y) = d(y, ),

3) (Triangle inequality): d(z, z) < d(z, y) + d(y, z). ©

0 only if

III. GRAPH DISTANCE MEASURES

In this section, we review two existing graph similarity
measures (Sect. III-A and Sect. III-B) that will be used
in Sect. IV for a comparative analysis. We then define three
new graph distances (see Table I for a summary of their
properties).

A. Graph edit distance

The graph edit distance (GED) is commonly used to
measure the dissimilarity between two labeled graphs. It cor-
responds to the number of edge/node changes needed to
make two graphs isomorphic [22].

Definition 10 (Graph edit distance): Let G, = (V,, E,)
and G, = (V,, Ep) be two graphs with n nodes. The graph
edit distance between G, and Gy, dgep(Ga, Gb) : F X F —

Z> is defined as .

dcep(Gas Gb) T S, ; c(0;),
where T'(G,,, Gy) denotes the set of all edit paths (o1, . .., 0k)
that allow to transform G, into (a graph isomorphic to) G
and c(o;) > 0 is the cost associated with the elementary
edit operation o;. Elementary edit operations include node
substitution (v, — vp), edge substitution (e, — ep), node
deletion (v, — 1), edge deletion (e, — 1), node insertion
(n — wvp) and edge insertion (n — ep), where v, € V,,
vy € Vi, 4 € Ey, ey € E} and 1) denotes a dummy node or
edge used to model the insertion or deletion. o

The cost function ¢(-) plays an important role in the
computation of GED and it has significant impact on the
optimization problem. For the sake of simplicity, in the
following we will assume that c(o;) = 1 for all 4. It has
been shown in [3] that each elementary operation satisfies
the three axioms in Definition 9: hence, the GED defines
a metric between graphs. Finally, we recall that the exact
computation of the GED between two graphs is NP-hard.
For this reason, various heuristics have been proposed in the
literature over the past two decades [22], [23], [4].

B. Frobenius norm

The following graph distance has been recently proposed
in [24, Sect. IV-B] to measure the deviation of a swarm of
aerial robots from the desired formation (see also [25]).

Definition 11 (Frobenius norm): Let L} and L} be the
symmetric normalized Laplacians of the connected graphs
with n nodes, G, and G, respectively. Then, dr(G,, Gp) :
F x F — Ry is defined as

dr(Gas Go) = ||L — Ly, = \/trace[(LZ - L3)?],

where || - ||r denotes the Frobenius norm. o




C. LogEig distance

Inspired by [26], where a metric for covariance matrices
is proposed, we define the LogEig distance between two
graphs as follows.

Definition 12 (LogEig distance): Let L and L; be the
shifted Laplacians of the connected graphs with n nodes,
G, and Gy, respectively. The LogEig distance between G,
and Gy, diog(Ga, Gp) : F x F — Rxq is defined as

> (Ni(L, L)),
=1

where X\;(L., L), i € {1,...,n}, are the generalized
eigenvalues of L/ and L;, i.e. they satisfy L], z; = \; L x;,
where x; is the generalized eigenvector associated with the
generalized eigenvalue \;. o
The LogEig distance can be equivalently rewritten
as diog(Ga, G») = (trace[logm®((L;)~'L.)])'/? where
logm(-) denotes the matrix logarithm [26]. The LogEig
distance is a metric on the manifold of symmetric positive
definite matrices [26], since it satisfies the three axioms
in Definition 9. Moreover, it is invariant under congruence
transformations, i.e. for any invertible matrix U € R"*"

Zln

and it is invariant under inversion, i.e.

i In” (\; (LY, Z In®|
i=1

Note that with large graphs, one could focus only on the
first k generalized eigenvalues of L/ and L; with k < n.
In this case, a truncated L.ogEig distance is obtained.

Remark |1 (LogEiqg distance: alternative definition):
The LogEig distance could be equivalently defined by
using the reduced Laplacian L* instead of the shifted
Laplacian L’. The results being identical, the advantage
of L* is that only n — 1 generalized eigenvalues must be
computed. o

The next proposition provides an upper bound on the
LogEig distance between a graph and its spectral sparsifier.

Proposition 1: Let L’ and L be the n x n shifted Lapla-
cians of graph G and its o-spectral approximation G. Then

n ~1
Z 1n2 <O’An (L ))
~/ .
i=1 (L)
Proof: By Definition 12,

n =\ _
log(g g) Zi:l 1n2 [/\1((]" ) ! L/)]
S (@) ML),
where the inequality fgllows from [27, Fact 8.18.17] and the
observation that \;((L )~*L’) > 1 for all i. By applying the
logarithmic identities and by recalling that the eigenvalues

of an n x n matrix B~ are AT '(B), ..., A ' (B), we obtain:

d/log (gaa gb) =

(UL, U", UL, UT)),

L))

dlog(ga gv) S

IN

Representation

Ga, gb

Measure of the graph connected | d«(-,-) = Metric
GED (V, E) No Yes Yes

Frobenius LS Yes No Yes

LogEig L or L* Yes No Yes
Bures L or L* Yes No Yes
Rank Any GSO No No Yes

TABLE I: Comparison of the five distance measures con-
sidered in Sect. III. The 4th column of the table refers to
the ability of a distance to discern between two isomorphic
graphs. The computational complexity of the last four dis-
tances is O(n?), where n is the number of nodes.

@] - (3.

The statement follows from the application of
inequality (1). |

By analogy with the standard LP-norm, we finally intro-
duce the generalized LogEig distance.

Definition 13 (Generalized LogEig distance): Let L.
and L be the shifted Laplacians of the connected graphs
with n nodes, G, and Gy, respectively. For a real number
p > 1, the generalized LogEig distance between G,
and Gy, diog,p(Ga, Gb) : F x F — Ry is defined as

dlog,p(gaa gb) =70 Z }ln()\

=1

w, 1)l

It is easy to verify that diog2(Ga, Gb) = dlog(ga, gb)
and that lim, _, o diog,p(Ga, G») = max; [In(X;(Ly, Ly))|
(cf. the standard L°°-norm).

D. Bures distance

The Bures metric on the manifold of symmetric positive
definite matrices arises in various optimization problems,
in quantum information and in the theory of optimal trans-
port [16]. We propose to use it to compare two graphs.

Definition 14 (Bures distance): Let L, and L, be the
shifted Laplacians of the connected graphs with n nodes, G,
and Gy, respectively. The Bures distance between G, and G,
dg(Ga, Gp) : F x F — Ry is defined as

dg(Ga, Gp) = \/trace [L; +L, —2((L,)"°L;, (L;)1/2)1/2:|’
(2
where (L)"/? is the matrix square root of L},. o
One can show that dg is a distance on covariance matri-
ces [28, Remark 2.31]. A formula similar to (2) was proposed
in [25], [29] to measure the distance between two graphs.
However, the authors do not compare the graphs directly,
but look at the signal distributions which are governed by the
graphs, and they consider the pseudoinverse of the Laplacian,
instead of the shifted (or reduced) Laplacian.

E. Rank distance

The rank metric measures the distance between two ma-
trices by the rank of their difference. It is widely used in
information and code theory [30], [31], but it has found



no application so far, in graph theory. In this paper, we pro-
pose the following definition, which applies to any GSO
associated with a graph and it is not restricted to positive
definite matrices, as the LogEig and Bures distances.

Definition 15 (Rank distance): Let S, and S, be the
GSOs of the graphs with n nodes, G, and G, respectively.
The Rank distance between G, and Gy, dw(Ga, Gb)
F x F — L> is defined as

drk(gaa gb) = rank(Sa — Sb) N

Note that as the previous measures, the Rank distance is
a metric, since it satisfies the three axioms in Definition 9.

It is easy to verify that if S, = L,, Sy = L (i.e. the GSO
is the Laplacian matrix), di 1.(Ga, Gp) € [0, n — 1], while if
Sa = Au, Sy = Ay then dy a(Ga, Gb) € [0, n]. If two graphs
are isomorphic, a tighter upper bound can be found.

Proposition 2 (Rank distance of isomorphic graphs):

If G, ~ Gy, then d A(Ga, Gb) € [0, 2rank(A,)].

Proof: If G, and G, are isomorphic, from Definitions 15
and 8, dw(Ga, G») = rank(A, — Ap) = rank(A, —
PA,P1). By using [27, Fact 2.10.27] and by noticing that
rank(PA,P~!) = rank(A,), the statement follows. [

IV. NUMERICAL EXPERIMENTS

In this section, we start by comparing the graph distance
measures introduced in Sect. III, on a simple example.
In Sect. IV-B, we apply them to the 2D topological-map
matching problem in robotics, using a publicly-available
dataset. Finally, in Sect. IV-C, we study the impact of spectral
sparsification of a large graph, on the proposed metrics.

A. Example

Consider the seven graphs with four nodes shown in Fig. 1.
Note that G, = P (path graph), Gy = K, (complete graph),
and that two pairs of graphs are isomorphic: G, ~ G, and
Gy ~ G.. Let Dgep, DE, Dlog, Dg, Drk,L and ]Drk,A be the
7 x 7 distance matrices corresponding to the graphs G,, G,
..., Gg, relative to the five metrics considered in Sect. III.
We computed Dgpp with the graph_edit_distance
function of NetworkX, a Python package for the analysis of
complex networks [32]. This function implements the exact
GED algorithm proposed in [33]. We obtained:

o 1 1 1 2 3 0
e 0 0O 2 1 2 1
e o 0 2 1 2 1
Dgep=|® © o 0 1 2 1 ,
e o o o 0 1 2
e o o o o 0 3
e o o o o o 0
[0 0.685 0.685 0.820 1.039 1.132 2.0007
. 0 0.831 0.929 0.647 0.801 1.537
. . 0 0.929 0.647 0.801 1.537
D= |e . . 0 1.121 0.817 1.871 | ,
° . . ° 0 0.517 1.039
. . . . . 0 1.132
Le . . . . ° 0 |
[0 1.099 1.099 1.386 1.550 2.048 1.8637]
. 0 1.361 1.087 0.981 1.416 1.633
. ° 0 1.087 0.981 1.416 1.633
Dlog = |e . . 0 0.985 0.980 1.910 |,
. ° ° . 0 0.693 1.550
. . ° ° . 0 2.049
Le . . . . . 0 |

ga gb gc gd ge

SHOSONO>©)
:
HORORORC)

Fig. 1: Seven graphs with four nodes: Gy, G, ..., Gy are
upgrowths of G, obtained by edge insertion from P;.
0 0.680 0.680 0.787 0.981 1.375 1.035
. 0 0.932 0.786 0.671 1.035 0.996
° . 0 0.78 0.671 1.035 0.996
Dg=|e . . 0 0.825 0.828 1.231 | ,
. . . . 0 0.586 0.981
° ° ° . ° 0 1.375
. . . . . . 0

ro 1 1 1 2 3 27

e 0 2 2 1 2 3

e o 0 2 1 2 3

Drk,L = |e e o 0 3 2 2|

e o o o 0 1 2

e o o o o 0 3

Le o e o o o 0]

o 2 2 2 4 4 27

e 0 4 2 2 2 4

e o 0 2 2 2 4

Drk,A = |e e o 0 4 4 3|,

e o o o 0 2 4

e o o o o 0 4

Le o o o o o O]

where only the upper triangular part of the matrices is
reported, since the matrices are symmetric by definition.

By comparing the first row of Dggp, Dy, and Dy 4,
we can see that like the GED, the Rank distance is not able
to discriminate between (Gu, i), (Ga, Ge) and (G, Ga).
If the adjacency matrix is considered, the Rank distance is
not even able to tell (G, G.) and (G,, Gy) apart. In contrast,
the other three metrics, Frobenius, 1ogEig and Bures,
cannot differentiate between (G,, Gp) and (G,, G.), only.
We can also notice that the largest Frobenius norm, [Dg]; 7 =
2.000, is obtained with the pair of isomorphic graphs G,
and G,. This does not happen with the other metrics.

For a more quantitative analysis, the Mantel test, a special
type of randomization test, was used [34], [35]. This non-
parametric test allows to compute the correlation between
two distance matrices. More specifically, it calculates the
significance of the correlation through M permutations of
the rows and columns of one of the input distance matrices.
In principle, any correlation coefficient could be considered,
but the Pearson product-moment correlation coefficient r €
[—1, 1] is typically chosen. A coefficient r being close to —1
(+1) indicates strong negative (positive) correlation, while
7 = 0 means no correlation.

By taking the GED as our ‘“baseline” and setting
M = 5000, we obtained the following values for the
Pearson coefficient r: Mntl(Dggp,Dr) = —0.1794,
Mntl(]D)GED,]D)log) = 0.2711, Mntl(]D)GED,]D)B) = 0.4728,



Mntl(DGED7Drk,L) = 0.3691 and Mntl(DGED,Dﬂ(’A) =
0.2390. These results indicate that Dggp has a strong rela-
tionship with Dp (r = 0.4728): the correlation between Dggp
and Dy 1, Diog, Dk a (in decreasing order), is significant
as well. The proposed graph distance measures are thus
valid and easy-to-use alternatives to the GED. Moreover,
the discriminating power of 1ogEig and Bures distances
is superior to that of the GED.

B. Matching of 2D topological maps in robotics

The proposed metrics have been also compared using
the graphs from the COLD-TopoMaps dataset [36], [20].
The dataset contains 99 topological maps captured on
11 floors of 3 buildings in 3 cities in Germany and Sweden:
Freiburg, Saarbriicken and Stockholm. In our study, we
considered 38 pairs of 2D topological maps: 13 pairs with
90 and 92 nodes in Freiburg, 13 pairs with 52 and 53
nodes in Saarbriicken, and 12 pairs with 107, 122 and
191 nodes in Stockholm (see the table in Fig. 2). For
illustration, in Fig. 2, the topological map segl_sunny4
in Freiburg (92 nodes and 161 edges) is displayed. For the
color convention of the nodes, the reader is referred to [20]
(e.g. orange and dark-green nodes refer to corridors and bath-
rooms, respectively). The table in Fig. 3 reports the Pearson
coefficients of the Mantel test with M = 5000, between
the distance matrix Dgep and Dg, Diog, D, DL, Dk a-
As in Sect. IV-A, the GED was computed with NetworkX’s
graph_edit_distance. To ensure completion, a timeout

Freiburg

# Map 1 Map 2 n

1 seql_sunnyl seql-sunny3 90

2 seqgl_sunnyl seg3_sunnyl 90

3 seql-sunny3 seq3-sunnyl 90

4 seql_cloudy2 segl_night2 92

5 segl_cloudy2 seql_night3 92

6 seql_cloudy2 seql_sunny4 92

7 segl_cloudy2 seg3_sunny3 92

8 seql_night2 seql_night3 92

9 segl_night2 segl_sunny4 92

10 seql_night2 seq3_sunny3 92 o8 20,2122 28

11 seqgl_night3 segl_sunny4 92 16 7 B '25 .

12 seql_night3 seq3_sunny3 92 14 ¢ ‘. 19 2.3 P26

13 seql_sunny4 seq3_sunny3 92 13 2
Saarbriicken 1 12 2'7

1 seg3-cloudyl seq3_nightl 52 s

2 seq3_cloudyl seq3_night3 52 o2 2/ g

3 seq3-nightl seq3-night3 52 T B

4 seg3_cloudy2 seg3_cloudy5 53 1

S seg3-cloudy2 seq3-night2 53 5

6 seq3_cloudy2 seg3_sunnyl 53 6

7 seqg3_cloudy2 seq3_sunny3 53 3

8 seq3_cloudy5 seq3_night2 53

9 seg3_cloudy5 seg3_sunnyl 53 2

10 seq3_cloudy5 seq3_sunny3 53 By 47

11 seq3_night2 seq3_sunnyl 53 34 3375 46/ 48 50

12 seq3-night2 seq3_sunny3 53 ;: 38 42 445

13 seg3_sunnyl seg3_sunny3 53 56 40 49
Stockholm 59 52

1 floor6_base_cloudy_c floor6_base_night_b 107 55 530 54

2 | floor6_base_cloudy.c | floor6_base_sunny.a2 | 107 7y o5

3 floor6_base_night_b | floor6_base_sunny_a2 | 107 50

4 floor4_cloudy-al floor4_night_a2 122 61 86 5:7 8

5 floord_cloudy.-al floord_night_b 122 62 .

6 floor4_cloudy.-al floor5_night_c 122 83 a % e R 884 %%

7 floor4_night_a2 floor4_night_b 122 o 67 P e w0

8 floor4_night_a2 floor5_night_c 122 69 80

9 floor4_night_b floor5_night_c 122] ;7 " ®7e 81

10| floor7_cloudy.a2 floor7_cloudy b 191 72 W1 7

11 floor7_cloudy-a2 floor7_night_a2 91 4, 7 74 75 82

12 floor7_cloudy_b floor7_night_a2 191 77¢ V78

Fig. 2: (Left) Pairs of topological maps from the COLD-
TopoMaps dataset, considered in Sect. IV-B. (Right) Exam-
ple of a map with 92 nodes in Freiburg: segl_sunny4.

[ Mntl(Dgep, -) | D [ Dig | Dg [ Dur | Dua |
Freiburg, n = 90 0.9973 | 0.9827 | 0.9985 | 0.9848 | 0.9753
Freiburg, n = 92 0.9130 | 0.9588 | 0.9556 | 0.9395 | 0.9229
Saarbriicken, n = 52 || 0.9976 | 0.9813 | 0.9955 | 0.9970 | 0.9728
Saarbriicken, n = 53 || 0.8392 | 0.9545 | 0.9395 | 0.7285 | 0.7364
Stockholm, n = 107 || 0.9826 | 0.9366 | 0.9636 | 0.9658 | 0.9892
Stockholm, n = 122 || 0.0628 | 0.6496 | 0.5960 | 0.3785 | 0.3545
Stockholm, n = 191 0.9332 | 0.9284 | 0.9183 | 0.9793 | 0.9702

‘ Mean value || 0.8180 ‘ 0.9131 | 0.9183 ‘ 0.8520 ‘ 0.8475 |

200 [ d i
1g} | I diog
[ ds

167 | -

& 14 [ drk,A

£

< 12}

£

=

2

g

3

1S

o

3}

90 92 52 53 107 122 191

L I 1 I L |

Saarbrucken Stockholm
Number of nodes n

Freiburg

Fig. 3: (Top) Pearson coefficients r from the Mantel tests
between Dgep and D, ]D)log’ Dg, Drk7L’ Drk7A in the COLD-
TopoMaps dataset. (Bottom) Mean and standard deviation of
the computation time of the five metrics (milliseconds).

of 180 seconds, reached in all trials, was considered (after
timeout has expired, the current best GED is returned).

In line with the results at the end of Sect. IV-A, the
analysis of the mean values in the table in Fig. 3 shows
that Dggp has a strong relationship with D and Dy: the
correlation between Dggp and Dy 1,, Dy 4 is strong as well,
and superior to that between Dggp and Dg.

The histogram in Fig. 3 reports the mean and standard
deviation of the computation time of the five metrics (in mil-
liseconds), over pairs of maps with the same number of
nodes in Freiburg, Saarbriicken, and Stockholm. We ran our
tests in Matlab R2017a, on a MacBook Pro with 2.3 GHz
Quad-Core Intel Core 17 processor and 32 GB of RAM. For a
fair comparison, the adjacency matrix A and the Laplacian L
of all graphs, have been precomputed and stored in memory.
From the histogram, we can see that the computation time
of LogEig and rank is small (less than 4 ms), in all
cases. In view of their speed and accuracy, these distances
are thus well suited for complex robotic exploration and
mapping tasks. Finally, unlike the GED, whose calculation is
exceedingly slow, the Bures distance can still be computed
in real time (for maps with up to 200 nodes).

C. Distance between a graph and its spectral sparsifier

To study the impact of spectral sparsification on the new
distance measures, we considered a random graph G with
n = 1000 nodes located in [0, 1] x [0, 1] m2. This family of
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Fig. 4: Spectral sparsification of a random graph with 1000 nodes: the plots report statistics over 50 trials. (a) Mean number
of edges of G as e grows; (b) Mean distance between G and G as € grows, according to the five metrics, and (c) corresponding
mean computation time in milliseconds. In (b) and (c), a logarithmic scale is used on the vertical axis.

graphs is well known in robotics and it has been already used,
e.g. for cooperative exploration [37]. We generated G with
the gsp_sensor function (param.distribute = 1)
of GSPBox toolbox [38] (see Fig. 5(a)). We sparsified G
with Spielman & Srivastava’s algorithm, implemented in the
gsp-graph_sparsify function. According to [39, Th. 1],
the sparsification parameter ¢ = o — 1 (cf. Definition 7) must
satisfy the condition 0.0316 = 1/y/n < € < 1 (note that the
larger e, the sparser the graph). We varied e between 0.05 and
0.45, with step size 0.01. An example of spectral sparsifier
G with € = 0.45 is shown in Fig. 5(b).

Fig. 4 reports statistical results over 50 trials (i.e. random
graph G was generated 50 times). Graph G has 3364 + 12
edges and Fig. 4(a) shows how the mean number of edges
of the spectral sparsifier G decreases as ¢ grows. Fig. 4(b)
reports the mean distance between G and G as € grows,
for the five metrics (a logarithmic scale is used on the
vertical axis). Note that dggp is not shown in Fig. 4(b), since
NetworkX’s graph_edit_distance failed to deliver a
result for any e. The mean computation time relative to
Fig. 4(b), is shown in Fig. 4(c). As expected, in Fig. 4(b),
the larger the value of ¢, the larger the five graph distances.

Fig. 5: Spectral sparsification of a random graph with 1000
nodes. (a) Original graph G; (b) Example of spectral spar-
sifier G with ¢ = 0.45. The box in the bottom right corner
highlights the difference between G and G.

In spite of the different scale, the five curves have a similar
profile: in particular, dios almost coincides with dg (cf. the
Definitions 12 and 14). On the other hand (see Fig. 4(c)), the
mean computation time of the Rank distance and Frobenius
norm is comparable (between 52 and 65 ms), while that
of the LogEig distance ranges between 41 and 49 ms,
thus delivering the best performance. As already noted in
Sect. IV-B, the computational cost of the Bures distance is
much higher: the runtime is between 662 and 686 ms, i.e.
it is 10 times larger than that of the other four metrics.

V. CONCLUSION AND FUTURE WORK

In this paper, we have proposed three new graph distance
measures (LogEig, Bures and Rank), which satisfy the
axioms for a metric. Topological-map matching in robotics
served as a benchmark problem, revealing that the new mea-
sures compare favorably with other existing metrics (graph
edit distance, Frobenius norm), for pairs of complex graphs
in the COLD-TopoMaps dataset. The new distance measures
have also been applied to graphs with up to one thousand
nodes to study the effect of spectral sparsification. LogEig
and Rank stood out, ensuring real-time performance on a
standard laptop.

While the results presented in this article are promising,
several open problems deserve further attention. A practical
limitation of the proposed metrics is that the two graphs must
have the same number of nodes and must be connected (with
the exception of Rank). Unfortunately, if a topological map
is compared to the one incrementally built by a robot explor-
ing an unknown environment, this is rarely the case. In the
future, we will then turn our attention to the more challenging
approximate graph matching problem [11]. For time-varying
maps, the sum-rank metric [31], a generalization of rank
metric, represents an interesting option. The case of directed
graphs will be investigated as well. Finally, to broaden the
scope of this work, we plan to measure the dissimilarity
between maps generated from 3D point clouds [15] and to
take advantage of our metrics for fast loop-closure detection
in (topological) SLAM.
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