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Leader-following

• Two classes of agents: leader and followers.

• The leader moves along a given trajectory.

• The followers have to pursue the leader.

Leader

Followers
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Nonholonomic robots

Unicycle robot: the nonholonomic constraint imposes vLat = 0.

ẋ = v cos θ, ẏ = v sin θ, θ̇ = ω

x, y ∈ R and θ ∈ S
1: planar position and orientation

v, ω: control inputs

.
(x, y)

θ

vLat = 0
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Input constraints

Control input of the robots:

u ∈ U

where U denotes a compact, convex subset
of R

2 containing the origin.

U
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Input constraints

Control input of the robots:

u ∈ U

where U denotes a compact, convex subset
of R

2 containing the origin.

U

When dealing with multiple robots several questions arise:

• How does U affect the achievement of a common task ?

• Which is the effect of U on robots’ control design ?
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Contributions

Leader-following of nonholonomic robots:

1. Formation control

◦ Formation control with input constraints
◦ Vision-based localization for formation control

2. Visibility maintenance

◦ Visibility maintenance with input constraints
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Leader-follower formation control problem

• The initial pose of the leader and the followers is arbitrary.

• The leader moves along a given trajectory.

• The followers have to maintain a desired distance di and orientation φi to the
leader (Das et al. 2002).
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Leader-follower formations

Example: wedge formation (4 followers)
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Leader-follower formations

Video: triangular formation (2 followers)

Video courtesy of GRASP lab, University of Pennsylvania
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Outline

Leader-following of nonholonomic robots:

1. Formation control

◦ Formation control with input constraints
◦ Vision-based localization for formation control

2. Visibility maintenance

◦ Visibility maintenance with input constraints
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Formation control with input constraints

• Basic leader-follower setup:

R1

d1

φ1

R0

• Kinematic models of the leader and follower:

8

>

<

>

:

ẋ0 = v0 cos θ0

ẏ0 = v0 sin θ0

θ̇0 = ω0

8

>

<

>

:

ẋ1 = v1 cos θ1

ẏ1 = v1 sin θ1

θ̇1 = ω1
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Definition
R0 and R1 are in (d1, φ1)-formation at time t, if:

‖P0(t) − P1(t)‖ = d1

arg(P0(t) − P1(t)) − θ1(t) = φ1

• d1 > 0, |φ1| <
π
2
: desired values characterizing the formation.

• P0 , (x0, y0)
T , P1 , (x1, y1)

T.
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Definition
R0 and R1 are in (d1, φ1)-formation at time t, if:

‖P0(t) − P1(t)‖ = d1

arg(P0(t) − P1(t)) − θ1(t) = φ1

• d1 > 0, |φ1| <
π
2
: desired values characterizing the formation.

• P0 , (x0, y0)
T , P1 , (x1, y1)

T.

Assumption

0 < v0(t) ≤ V0, 0 < v1(t) ≤ V1,

K−
0 ≤ κ0(t) ≤ K+

0 , K−
1 ≤ κ1(t) ≤ K+

1 ,

• V0, V1, K
−
0 , K+

0 , K−
1 , K+

1 : real constants.

• κi(t) = ωi(t)/vi(t): curvature of the path followed by Ri at time t.
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Problem
Find V0, K

−
0 , K+

0 that guarantee the existence of controls v1, ω1, such that for
any initial condition (x1(0), y1(0), θ1(0))

T, robots R0, R1, are asymptotically in
(d1, φ1)-formation and ∀ t ≥ 0:

0 < v1(t) ≤ V1 , K−
1 ≤ κ1(t) ≤ K+

1 .
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Problem
Find V0, K

−
0 , K+

0 that guarantee the existence of controls v1, ω1, such that for
any initial condition (x1(0), y1(0), θ1(0))

T, robots R0, R1, are asymptotically in
(d1, φ1)-formation and ∀ t ≥ 0:

0 < v1(t) ≤ V1 , K−
1 ≤ κ1(t) ≤ K+

1 .

Proposition
Suppose that R0 and R1 are in (d1, φ1)-formation. Then,

v1(t) = v0(t)
cos(β1(t) − φ1)

cosφ1
, ω1(t) = v0(t)

sin β1(t)

d1 cosφ1
,

where β1(t) , θ0(t) − θ1(t).
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Stabilizing controller

The stabilizing controller is given by,

v1(t) =

8

>

<

>

:

V1, if β1(t) /∈ Γ1
ǫ

v0(t) cos(β1(t) − φ1)

cosφ1
+ η1(t)

〈E1(t), τ (θ1(t) + φ1)〉

cosφ1
, if β1(t) ∈ Γ1

ǫ

ω1(t) =

8

>

>

>

>

<

>

>

>

>

:

V1K
+
1 , if β1(t) /∈ Γ1

ǫ , K
+
1 ≥ 0

V1K
−
1 , if β1(t) /∈ Γ1

ǫ , K
+
1 < 0

v0(t) sin β1(t)

d1 cosφ1
+ η1(t)

〈E1(t), ν(θ1(t))〉

d1 cosφ1
, if β1(t) ∈ Γ1

ǫ

where

• E1(t) = P0(t) − (P1(t) + d1 τ (θ1(t) + φ1))

• τ (θ1) , (cos θ1, sin θ1)
T , ν(θ1) , (− sin θ1, cos θ1)

T

• Γ1
ǫ = {γ ∈ S1 | (K−

0 − ǫ) d1 cosφ1 ≤ sin γ ≤ (K+
0 + ǫ) d1 cosφ1}
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Solution of the problem

Proposition
Let R0 satisfy the following constraints for all t ≥ 0,

0 < W0 ≤ v0(t) ≤ V0, K−
0 ≤ κ0(t) ≤ K+

0 .

If the following conditions are verified:

K̆−
0 < K−

0 ≤ K+
0 < K̆+

0 , V0 < V̆0 ,

then for any (x1(0), y1(0), θ1(0))
T , the controls defined above are such that,

lim
t→∞

E1(t) = 0 ,

and the following constraints are verified,

0 < W1 ≤ v1(t) ≤ V1, K−
1 ≤ κ1(t) ≤ K+

1 , ∀ t ≥ 0 .
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Proposition (Cont’d)

Furthermore ∀ ǫ > 0, ∃ t̄ ≥ 0 : ∀ t ≥ t̄,

arcsin((K−
0 − ǫ) d1 cosφ1) ≤ β1(t) ≤ arcsin((K+

0 + ǫ) d1 cosφ1). �

Remark

The relative bearing of the robots β1(t) (internal dynamics) remains bounded

during the motion.
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Geometric interpretation

The following property holds true: ∀ ǫ > 0, ∃ t̄ : ∀ t ≥ t̄,

P1(t) ∈ P0(t)+Aǫ
d1(θ0(t)+φ1+π,− arcsin(K+

0 d1 cosφ1),− arcsin(K−
0 d1 cosφ1))

R1

φ1

P1

Aǫd1
(δ, σ1, σ2)

σ1

σ2

P0
θ0

δ

R0

d1

ǫ
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Multiple robots: hierarchical formations

Consider the triple (D,Φ,N ):

• D = (d1, d2, . . . , dn)
T ∈ R

n, di > 0,

• Φ = (φ1, φ2, . . . , φn)T ∈ R
n, |φi| <

π
2
,

• N = (l1, l2, . . . , ln)
T ∈ N

n, li ∈ {0, . . . , i− 1}.

Example: D = (d1, d2, d3)
T , Φ = (φ1, φ2, φ3)

T and N = (0, 0, 2)T .

φ1

R1

d1

R0

d2
φ2

R2

d3
φ3

R3
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Definition (hierarchical formation)
Robots R0, R1, . . . ,Rn are in (D,Φ,N )-formation with leader R0 at time t,
if ∀ i = 1, . . . , n,

‖Pli(t) − Pi(t)‖ = di

arg(Pli(t) − Pi(t)) − θi(t) = φi
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Definition (hierarchical formation)
Robots R0, R1, . . . ,Rn are in (D,Φ,N )-formation with leader R0 at time t,
if ∀ i = 1, . . . , n,

‖Pli(t) − Pi(t)‖ = di

arg(Pli(t) − Pi(t)) − θi(t) = φi

Problem
Find V0, K

−
0 , K+

0 that guarantee the existence of controls vi, ωi, i = 1, . . . , n for
robot Ri such that for any initial condition (xi(0), yi(0), θi(0))

T , the robots
R0, R1, . . ., Rn are asymptotically in (D,Φ,N )-formation with leader R0 and
∀ i = 1, . . . , n, ∀ t ≥ 0,

0 < vi(t) ≤ Vi , K−
i ≤ κi(t) ≤ K+

i .
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Main result

Theorem
Let R0 satisfy the following constraints for all t ≥ 0,

0 < W0 ≤ v0(t) ≤ V0 , K−
0 ≤ κ0(t) ≤ K+

0 .

If the following conditions are satisfied,

K̆−
0 < K−

0 ≤ K+
0 < K̆+

0 , V0 < V̆0 ,

then there exists 2n suitable controls vi, ωi, i = 1, . . . , n such that the robots
R0, R1, . . . , Rn are asymptotically in (D,Φ,N )-formation with leader R0 and
the following conditions are verified,

0 < Wi ≤ vi(t) ≤ Vi, K−
i ≤ κi(t) ≤ K+

i , ∀ t ≥ 0.

Moreover ∀ ǫ > 0, ∃ t̄ : ∀ t ≥ t̄, ∀ i = 1, . . . , n,

Pi(t)∈Pli(t)+Aǫ
di

(θli(t)+φi +π,− arcsin(K+
li
di cosφi),− arcsin(K−

li
di cosφi)).
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Constraints propagation formulae

Definition
For all i = n, n− 1, . . . , 1,

K̆−
i = max{K−

i , χ
−1
dj ,φj

(K̆−
j ) | j ∈ Li}, K̆−

0 = max{χ−1
dj ,φj

(K̆−
j ) | j ∈ L0},

K̆+
i = min{K+

i , χ
−1
dj,φj

(K̆+
j ) | j ∈ Li}, K̆+

0 = min{χ−1
dj ,φj

(K̆+
j ) | j ∈ L0}

V̆i = min{Vi, V̆j cosφj
`

cos(min{0, (arcsin(K+
i dj cosφj)− φj),

(φj − arcsin(K−
i dj cosφj))})

´−1
| j ∈ Li},

V̆0 = min{V̆j cosφj
`

cos(min{0, (arcsin(K+
0 dj cosφj) − φj),

(φj − arcsin(K−
0 dj cosφj))})

´−1
| j ∈ L0}.
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Backpropagation of the constraints

0

1 2

3 5 6

7 8 9 10 11 12
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Backpropagation of the constraints

0

1 2

3 4 5 6

7 8 9 10 11 12

K̆±
3 ,V̆3 K̆±

4 ,V̆4 K̆±
5 ,V̆5 K̆±

6 ,V̆6
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Backpropagation of the constraints

0

1 2

3 4 5 6

7 8 9 10 11 12

K̆±
3 ,V̆3 K̆±

4 ,V̆4 K̆±
5 ,V̆5 K̆±

6 ,V̆6

K̆±
1 ,V̆1 K̆±

2 ,V̆2
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Backpropagation of the constraints

0

1 2

3 4 5 6

7 8 9 10 11 12

K̆±
3 ,V̆3 K̆±

4 ,V̆4 K̆±
5 ,V̆5 K̆±

6 ,V̆6

K̆±
1 ,V̆1 K̆±

2 ,V̆2

K̆±
0 ,V̆0
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Simulation results

• Trajectory of the robots:

◦ d1 = 2 m, d2 = d3 = 1 m and φ1 = 4π/9 rad, φ2 = φ3 = π/6 rad.
◦ v0(t) = 1.2 m/s, ω0(t) = 0.25 rad/s.

φ1

R1

d1

R0

d2
φ2

R2

d3
φ3

R3
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x [m]

y
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m

]
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R0

R1

R2

R3
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Simulation results

• Norm of the errors: ‖Ei‖, i = 1, 2, 3.

• Internal dynamics: βi, i = 1, 2, 3.
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Conclusions and future work

Summary:

• A new geometric approach to the asymptotic stabilization of leader-follower
formations of unicycle robots with input constraints, is presented.

• The effect of the input constraints on the admissible trajectories of the main
leader is studied.

• A new general class of multirobot formations, called hierarchical formations,
is introduced.
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Conclusions and future work

Summary:

• A new geometric approach to the asymptotic stabilization of leader-follower
formations of unicycle robots with input constraints, is presented.

• The effect of the input constraints on the admissible trajectories of the main
leader is studied.

• A new general class of multirobot formations, called hierarchical formations,
is introduced.

Future work:

• Study of a decentralized version of the formation control strategy.

• Inclusion of communication/visibility constraints among the robots.
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Outline

Leader-following of nonholonomic robots:

1. Formation control

◦ Formation control with input constraints
◦ Vision-based localization for formation control

2. Visibility maintenance

◦ Visibility maintenance with input constraints
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Vision-based localization for formation control

F

L

ψ Leader

Follower

ρ ?

• Leader and followers: unicycle robots
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Vision-based localization for formation control

F

L

ψ Leader

Follower

ρ ?

• Leader and followers: unicycle robots

• The robots are equipped only with uncalibrated panoramic cameras
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Vision-based localization for formation control

F

L

ψ Leader

Follower

ρ ?

• Leader and followers: unicycle robots

• The robots are equipped only with uncalibrated panoramic cameras

Problem: the cameras only provide the view angle to the other robots, but not
the distance ρ that must be estimated
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Vision-based localization for formation control

F

L

ψ Leader

Follower

ρ ?

• Leader and followers: unicycle robots

• The robots are equipped only with uncalibrated panoramic cameras

Problem: the cameras only provide the view angle to the other robots, but not
the distance ρ that must be estimated

What about the observability of the leader-follower system ?
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Leader-follower kinematics in polar coordinates

P

ρ

F

L

θF

θL

d

ψ
β

• ρ: distance from the center of the leader to the marker P on the follower.

• ψ: view-angle from the y-axis of the leader to the marker P .

• β: relative bearing of the robots: β , θL − θF.
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Leader-follower model

Proposition
The leader-follower kinematic model can be written as follows:

ṡ = G(s)u ,

where s , (ρ, ψ, β)T , u , (vF, ωF, vL, ωL)
T and,

G(s) =

2

6

4

cos γ d sin γ − cosψ 0
− sin γ
ρ

d cos γ
ρ

sinψ
ρ

−1

0 −1 0 1

3

7

5
,

where γ , β + ψ.

Note: the extension to q > 1 followers is straightforward.
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Sensing and communication

• The state estimation and control computation are centralized on the leader.

• The leader transmits to the follower the control input (vF, ωF)
T .

• The leader measures a two dimensional output vector,

y , (y1, y2)
T = (ψ, β)T.

(ψ, β)

F

L
(vF, ωF)
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Observability of nonlinear systems

Consider a generic nonlinear system,

Σ :

(

ṡ(t) = f(s(t), u(t)), s(0) ≡ s0

y(t) = h(s(t)) = (h1, h2, . . . , hm)T

where s(t) is the state, y(t) the measurements vector and u(t) the input vector.
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Observability of nonlinear systems

Consider a generic nonlinear system,

Σ :

(

ṡ(t) = f(s(t), u(t)), s(0) ≡ s0

y(t) = h(s(t)) = (h1, h2, . . . , hm)T

where s(t) is the state, y(t) the measurements vector and u(t) the input vector.

Proposition (EOJ observability rank condition)
Σ is locally weakly observable at a point s0 ∈ S , if there exist an open
neighborhood M of s0 such that, for arbitrary s ∈ M, the Extended Output
Jacobian J ∈ R

mn×n defined as the matrix with rows,

J ,

n

∇s
d(j−1)hi
dt(j−1)

˛

˛ i = 1, . . . ,m; j = 1, . . . , n
o

,

is full rank.
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Observability of leader-follower formations

The observability of the leader-follower system with output y, is guaranteed when
at least one 3 × 3 submatrix of the whole 6 × 3 EOJ is nonsingular.
Consider, e.g.,

J̄ =

2

6

6

4

∂y1
∂ρ

∂y1
∂ψ

∂y1
∂β

∂ẏ1
∂ρ

∂ẏ1
∂ψ

∂ẏ1
∂β

∂y2
∂ρ

∂y2
∂ψ

∂y2
∂β

3

7

7

5

=

2

6

4

0 1 0

∂ψ̇

∂ρ

∂ψ̇

∂ψ

∂ψ̇

∂β

0 0 1

3

7

5
,

whose determinant,

det(J̄) = −
∂ψ̇

∂ρ
=

1

ρ

h

ψ̇ + ωL

i

.

Therefore, if ψ̇ + ωL 6= 0, the state s is (locally weakly) observable.
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A geometrical interpretation of the EOJ singularity

• A leader and two followers are considered at times t = 0 and t = 1.

• vL = vF1 = vF2 = const. and ωL = ωF1 = ωF2 = 0.

• ψ2(1) 6= ψ2(0) and thus ψ̇2 6= 0. Then the state s2 is observable.

• ψ1(1) = ψ1(0) and thus ψ̇1 = 0. Can we conclude that s1 is not observable ?

F2 F1 L

t = 0

t=1

ψ1(0) = ψ2(0)

ψ2(1)
ψ1(1)
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Observer design

In order to control the formation, an estimate ŝ of the true state s is required.

• An extended Kalman filter has been designed to estimate the state s given
the input vector u and the output y.

• An alternative observer based on the Immersion and Invariance technique

(Karagiannis et al. 2005) has been also proposed:

◦ Reduced-order (dimension 1)
◦ Globally uniformly asymptotically convergent estimate of the range ρ
◦ Easy to tune (single gain parameter) and to implement

Leader-follower system

Observer
Formation 

controller

y

ŝ

(vF, ωF)

(vL, ωL)
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Input-state feedback linearizing control

Consider the set of kinematic equations equivalent to ṡ = G(s)u :

ṡr = F (s)uL + H(s)uF (1)

β̇ = ωL − ωF (2)

where sr , (ρ, ψ)T is the reduced state-space vector.
Select,

uF = H−1(s)(p− F (s)uL) (3)

where,
p = ṡdesr −K (sr − sdesr ), K = diag{k1, k2}, k1, k2 > 0. (4)

Proposition
Let us suppose that vL > 0, |ωL| < Wmax, |β(0)| < π and that ṡdesr is bounded.
Then the control law (3)-(4) stabilizes the dynamics (1)-(2). �
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Dealing with distant robots

y

ψ

• It is easier to detect the centroid of the robots than the colored marker P :
this corresponds to set d = 0.

• Problem: If d = 0, the decoupling matrix H(s) becomes singular.

• Solution: Design a feedback linearizing control via dynamic extension
(Descusse et al. IJC85) with output vector (ρ, ψ)T by adding integrators on a
subset of the input channels.
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Simulation results

• Trajectory of the robots: sdesr = (0.3, 3π/4, 0.3, 5π/4)T.
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Simulation results

• Consistency : normalized estimation error squared (NEES).

• Time history of det(J̄).
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Experimental results

• Video (Scarab robots, GRASP lab, University of Pennsylvania):
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Experimental results

• Trajectory of the robots: sdesr = (0.5, 5/4π)T
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Experimental results

• Time history of the estimation error, control error, det
`

J̄
´
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Conclusions and future work

Summary

• The vision-based localization for leader-follower formation control has
been studied.

• The localization problem has been addressed using a new observability
condition based on the Extended Output Jacobian.

• The range information is estimated via the EKF and an input-state feedback
linearizing control is designed to stabilize the formation.

• Some extensions to the basic setup have been discussed.
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Conclusions and future work

Summary

• The vision-based localization for leader-follower formation control has
been studied.

• The localization problem has been addressed using a new observability
condition based on the Extended Output Jacobian.

• The range information is estimated via the EKF and an input-state feedback
linearizing control is designed to stabilize the formation.

• Some extensions to the basic setup have been discussed.

Future work

• Study of a decentralized version of the formation control strategy.

• Integration of different sensor typologies, such as, e.g., laser range finders
and inertial measurement units (IMUs).
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Outline

Leader-following of nonholonomic robots:

1. Formation control

◦ Formation control with input constraints
◦ Vision-based localization for formation control

2. Visibility maintenance

◦ Visibility maintenance with input constraints
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Visibility maintenance problem

• Multiple robots, equipped with a sensor with limited sensing range

(e.g., camera, laser range finder, etc.), move to accomplish a common task.
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Visibility maintenance problem

• Multiple robots, equipped with a sensor with limited sensing range

(e.g., camera, laser range finder, etc.), move to accomplish a common task.

• Problem: Find suitable controls for the robots such that each one is able to
maintain one or more of the others inside its visibility set.
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Visibility maintenance problem
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Visibility maintenance problem

• Multiple robots, equipped with a sensor with limited sensing range

(e.g., camera, laser range finder, etc.), move to accomplish a common task.

• Problem: Find suitable controls for the robots such that each one is able to
maintain one or more of the others inside its visibility set.

• Solutions: Potential field methods (Dimarogonas et al. T-RO08, Zavlanos
et al. T-RO08) or Geometric optimization (Ganguli et al. T-RO08)

Additional constraint: bounded control inputs
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Visibility maintenance problem: leader-following

L

F

S

• Key idea: If we find a control that makes S positive invariant with respect to
the relative dynamics of L and F , this automatically guarantees L will remain
inside S forever.
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Visibility maintenance problem: leader-following

L

F

S

• Key idea: If we find a control that makes S positive invariant with respect to
the relative dynamics of L and F , this automatically guarantees L will remain
inside S forever.

• The control input of L acts as a disturbance −→ positive D-invariance.
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Positive D-invariance

ṡ(t) = As(t) +B u(t) +E δ(t)

S ⊂ R
n is positively D-invariant (PDI) if for every s(0) ∈ S and all admissible

δ(t) ∈ D, the solution obtained for u(t) ≡ 0, satisfies s(t) ∈ S for t > 0.

s(0)
S
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Positive D-invariance

ṡ(t) = As(t) +B u(t) +E δ(t)

S ⊂ R
n is positively D-invariant (PDI) if for every s(0) ∈ S and all admissible

δ(t) ∈ D, the solution obtained for u(t) ≡ 0, satisfies s(t) ∈ S for t > 0.

s(0)
S

ṡ(t) = A(q(t)) s(t) +B(q(t))u(t) + E(q(t)) δ(t)

S ⊂ R
n is positively D-invariant (PDI) if for every s(0) ∈ S and all admissible

q(t) ∈ Q, δ(t) ∈ D, the solution obtained for u(t) ≡ 0, satisfies s(t) ∈ S for t > 0.
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Linear constrained regulation with additive disturbances (DLCRP)

Problem (DLCRP)
Given the system Σ,

ṡ(t) = A(q(t)) s(t) +B(q(t))u(t) + E(q(t)) δ(t),

find a feedback control law u(t) = Ks(t) and a set S ⊂ X such that, for every
s(0) ∈ S and every admissible q(t) ∈ Q, δ(t) ∈ D:

s(t) ∈ X , u(t) ∈ U , for t > 0.
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Solution of the DLCRP

Definition
S ⊂ R

n is said to be admissible for the control law u = Ks, if and only if, for
every s ∈ S , the condition u ∈ U holds.

51 of 71



Solution of the DLCRP

Definition
S ⊂ R

n is said to be admissible for the control law u = Ks, if and only if, for
every s ∈ S , the condition u ∈ U holds.

Theorem (Blanchini JOTA91)
The DLCRP has a solution if and only if there exists a feedback matrix K and a
set S ⊂ X that is:

1. PDI

2. Admissible for the closed-loop system:

ṡ(t) = F (q(t)) s(t) + E(q(t)) δ(t),

where F (q(t)) = A(q(t)) +B(q(t))K.
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Simplifying hypotheses

• S ⊂ X ⊂ R
n compact and convex

polyhedron containing the origin in its
interior.

• U ⊂ R
m, Q ⊂ R

p compact and convex
polyhedra.

• D ⊂ R
l compact and convex polyhedron

containing the origin.

A(q(t)) = A0 +
p

P

l=1
Al ql(t),

B(q(t)) = B0 +
p

P

l=1
Bl ql(t),

E(q(t)) = E0 +
p

P

l=1
El ql(t)

O

S
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Since U and S are convex polyhedral sets, the admissibility of S is simply
equivalent to,

K vi ∈ U , vi ∈ vert(S), i ∈ {1, . . . , µ}.

Corollary (extension of Blanchini TAC90)
The set S is PDI for Σ, if and only if, for every τ > 0 and every vi ∈ vert(S),
ωj ∈ vert(Q),

(In + τF (wj)) vi ∈ C⋆i , i ∈ {1, . . . , µ}, j ∈ {1, . . . , ν},

where,
C⋆i , {gTh s ≤ ξh − maxjk{τ g

T
hE(wj) rk}, ωj ∈ vert(Q),

rk ∈ vert(D), for every gTh : gTh vi = ξh}.
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DLCRP: solution

Theorem
The DLCRP has a solution if and only if there exists a matrix K and a set S ⊂ X
that is:

1. PDI

2. Admissible for the closed-loop system.

Conditions:

(In + τF (wj)) vi ∈ C⋆i , i ∈ {1, . . . , µ}, j ∈ {1, . . . , ν},

K vi ∈ U , vi ∈ vert(S), i ∈ {1, . . . , µ},

provide us with a set of inequalities in the unknowns K defining the polytope K

of all the feedback matrices solving the DLCRP.
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Dynamic model

• Leader-follower pair of robots with single
integrator dynamics:

ṗ F
F = σF

F ,

θ̇F = ωF ,

ṗ L
L = σL

L

θ̇ L = ωL

◦ σF
F , σ

L
L : linear velocities

◦ ωF, ωL : angular velocities x0

y0

P

0

xF
yF

θF
P

F

xL

yL θL

P

L

• Let β , θL − θF , then,

2

4

ṗF
L

—
β̇

3

5=

2

6

6

4

−I2

pF
L[2]

−pF
L[1]

0 0 −1

3

7

7

5

2

4

σF
F

—
ωF

3

5 +

2

6

4

RF
L(β)

0

0

0 0 1

3

7

5

2

4

σL
L

—
ωL

3

5

55 of 71



We suppose the robots can move only forward (Dubins-like vehicles):

σF
F = (1 + vF, 0)

T , σL
L = (1 + vL, 0)

T ,

where
|vF(t)| < 1, |vL(t)| < 1, ∀ t ≥ 0.

Model of relative dynamics:

2

6

4

ṗF
L[1]

ṗF
L[2]

β̇

3

7

5
=

2

6

4

cosβ − 1

sin β

0

3

7

5
+

2

6

4

−1 pF
L[2]

0 −pF
L[1]

0 −1

3

7

5

»

vF

ωF

–

+

2

6

4

cosβ 0

sin β 0

0 1

3

7

5

»

vL

ωL

–

where,

s = (pF
L[1], p

F
L[2], β)T ∈ X ⊂ R

2× S
1 : state vector

u = (vF, ωF)
T ∈ U ⊂ (−1, 1) × R : input vector (F )

δ = (vL, ωL)
T ∈ D ⊂ (−1, 1) × R : disturbance vector (L)
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Problem formulation

• The follower is equipped with a sensor (panoramic camera, range finder, etc.)
with limited sensing range.

• Robot L moves along an arbitrary trajectory. Robot F has to keep L always
inside its visibility set S while respecting the control bound U .
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Problem formulation

• The follower is equipped with a sensor (panoramic camera, range finder, etc.)
with limited sensing range.

• Robot L moves along an arbitrary trajectory. Robot F has to keep L always
inside its visibility set S while respecting the control bound U .

Problem (VMP)
Suppose that s(0) ∈ S . Find a control u(t) such that for all δ(t) ∈ D,
the conditions s(t) ∈ S and u(t) ∈ U are fulfilled for t > 0.

If we rewrite our system in a linear parametric form, then:

VMP −→ DLCRP
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After simple matrix manipulations we come up with (∆pF
L[1] , pF

L[1] − d, d > 0):

2

6

4

∆ṗF
L[1]

ṗF
L[2]

β̇

3

7

5
=

2

6

4

0 0 cos β−1
β

0 0 sinβ
β

0 0 0

3

7

5

2

6

4

∆pF
L[1]

pF
L[2]

β

3

7

5
+

2

6

4

−1 pF
L[2]

0 −∆pF
L[1] − d

0 −1

3

7

5

»

vF

ωF

–

+

2

4

cos β 0

sinβ 0

0 1

3

5

»

vL

ωL

–

which can be written in the linear parametric form with,

A(q) =

2

6

4

0 0 q2

0 0 1 + q1

0 0 0

3

7

5

, B(q) =

2

6

4

−1 q4

0 −d− q3

0 −1

3

7

5

, E(q) =

2

6

4

1 + q5 0

q6 0

0 1

3

7

5

,

where

q1 = sinβ
β

− 1, q2 = cos β−1
β

, q3 = ∆pF
L[1],

q4 = pF
L[2], q5 = cos β − 1, q6 = sin β.

58 of 71



Box bounds

U =
˘

(vF, ωF)
T : −VF ≤ vF ≤ VF, −ΩF ≤ ωF ≤ ΩF

¯

,

D =
˘

(vL, ωL)
T : −VL ≤ vL ≤ VL, −ΩL ≤ ωL ≤ ΩL

¯

,

S =
˘

(∆pF
L[1], p

F
L[2], β)T : −a ≤ ∆pF

L[1] ≤ a, −a ≤ pF
L[2] ≤ a, −b ≤ β ≤ b

¯

where 0 < VF < 1, 0 < VL < 1, ΩF > 0, ΩL > 0 and a > 0 and b > 0.
The polyhedron Q ⊂ R

6 is defined by,

q1 ∈
ˆ

sin b
b

− 1, 0
˜

, q4 ∈ [−a, a] ,

q2 ∈
ˆ

cos b−1
b

, 1−cos b
b

˜

, q5 ∈
ˆ

cos b− 1, 0
˜

,

q3 ∈ [−a, a] , q6 ∈ [− sin b, sin b] . d

F

a
a

b
L

2
2

2

xL

y
L

S
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Main result

Theorem (solvability of the VMP)
Let d > a, 0 < b ≤ π/2. The VMP has a solution if the following conditions are
satisfied,

VF ≥ VL

„

1 +
a sin b

d− a

«

+ 1 − cos b +
a b

d− a
,

ΩL ≤
(1 − VL) sin b

d+ a
,

VL sin b+ b

d− a
≤ ΩF .

Proof: Based on the application of the Corollary and on the Fourier-Motzkin
elimination method.
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Extension: rejection of UBB disturbances

2

6

6

4

∆ṗF
L[1]

ṗF
L[2]

β̇

3

7

7

5

=

2

6

6

4

0 0 cos β−1
β

0 0 sinβ
β

0 0 0

3

7

7

5

2

6

6

4

∆pF
L[1]

pF
L[2]

β

3

7

7

5

+

2

6

4

−1 0 pF
L[2]

0 −1 −∆pF
L[1] − d

0 0 −1

3

7

5

2

6

4

vF

hF

ωF

3

7

5

+

2

6

4

cos β − sinβ 0

sinβ cos β 0

0 0 1

3

7

5

2

6

4

vL

hL

ωL

3

7

5

• hF, hL: UBB disturbances (e.g., lateral wind).

• Collect together all the perturbations acting on the nominal system
(i.e., vL, ωL, hF and hL).

L

F
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Define

D = {(vL, ωL, hF, hL)
T : −VL ≤ vL ≤ VL ,−ΩL ≤ ωL ≤ ΩL,

−HF ≤ hF ≤ HF, −HL ≤ hL ≤ HL},

where HF and HL are strictly positive constants.

Corollary (solvability of the VMP with UBB disturbances)
Let d > a, 0 < b ≤ π/2. The VMP in the presence of the UBB disturbances hF,
hL has a solution if the following conditions are satisfied,

VF ≥ VL

„

1+
a sin b

d− a

«

+ 1 − cos b+
a(HF + HL + b)

d− a
+HL sin b ,

ΩL ≤
(1 − VL) sin b − (HF + HL)

d+ a
,
VL sin b + b + (HF + HL)

d− a
≤ ΩF .
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Remark
Because of the terms HF and HL, the conditions of the corollary are stricter than
those of the main theorem and hence K is smaller in this case.

5
5.5

6
6.5

1

2

3

4

0. 4

0. 5

0. 6

0. 7

0. 8

0. 9

1

k11k22

k
2
3

Example

a = 0.15 m, b = π/3 rad, d = 1.6 m,
VF = 0.95 m/s, VL = 0.1 m/s,
ΩF = π/2 rad/s, ΩL = π/20 rad/s.

Blue: with UBB disturbances
(HF = 0.2 m/s, HL = 0.1 m/s)
Green: without UBB disturbances
(HF = HL = 0 m/s).
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Extension: VMP on a circle

Consider the change of variables:

(pF
L[1], p

F
L[2], β)T → (∆pF

L[1],∆p
F
L[2],∆β)T ,

(vL, ωL)
T → (vL,∆ωL)

T ,

(vF, ωF)
T → (vF,∆ωF)

T ,

where

∆pF
L[1] = pF

L[1] −
sin γ
ρ
,

∆pF
L[2] = pF

L[2] −
1−cos γ

ρ
,

∆β = β − γ,

∆ωL = ωL − ρ,

∆ωF = ωF − ρ.

Parameters 0 < γ < π/2 and ρ > 0
define the pose of robot L w.r.t.
the frame of robot F .

xL

y
L

γ

ρ

F

L
S

`

sin γ
ρ
, 1−cos γ

ρ

´
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Theorem (solvability of the VMP on a circle)
Let 1 − cos γ > ρa, 0 ≤ b± γ ≤ π/2. The VMP on a circle has a solution if the
following conditions are satisfied,

VF ≥ VL

“

cos(b− γ) +
sin(b+ γ)(1 − cos γ − ρ a)

sin γ + ρa

”

+ cos γ + ρa

−
1 − cos γ − ρ a

sin γ + ρa

`

sin(b+ γ) − sin γ + ρa
´

− cos(b+ γ),

ΩL ≤ ρ

„

(1 − VL) sin(b+ γ)

sin γ + ρa
− 1

«

,

ΩF ≥
ρ (VL sin(b+ γ) + sin(b− γ) + sin γ + ρa)

sin γ − ρa
.
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Extension: chain of n robots

1 2 nn 1_

S2

S3 Sn

Extending the conditions of the main theorem to a chain of n robots:

Vk+1 ≥ Vk
“

1+
ak+1 sin bk+1

dk+1 −ak+1

”

+ 1−cos bk+1 +
ak+1 bk+1

dk+1 −ak+1
,

Ω1 ≤ (1−V1) sin b2
d2 + a2

, Ωn ≥
Vn−1 sin bn+bn

dn − an
,

Vk−1 sin bk+bk
dk −ak

≤ Ωk ≤
(1−Vk) sin bk+1

dk+1 + ak+1
.

• If ak = a, bk = b, dk = d, Vk = V the problem is unfeasible.

• The chain can contain only a finite number of robots and can not be closed.
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Simulation results

vL(t) = 0.05 sin(t),

ωL(t) = π
20

cos(t/10),

VL = 0.1 m/s, VF = 0.9 m/s,

ΩL = π/15 rad/s, ΩF = π/3 rad/s,

a = 0.4 m, b = π/4 rad, d = 2 m.

We chose the gain matrix in K with
minimum 2-norm:

K =

»

1.5173 0 0

0 0.3707 0.4925

–

.

Since K ∈ int(K), the asymptotic
stability is assured.
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Simulation results

• Time history of ∆pF
L[1], p

F
L[2], β and bounds ± a, ± a, ± b.

• Control inputs vF, ωF and bounds ±VF, ±ΩF.
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Conclusions and future work

Summary:

• The VMP for leader-follower Dubins-like vehicles has been approached using
the notion of controlled invariance.

• The VMP is reformulated as a DLCRP.

• The feasibility of the VMP is studied using new PDI conditions for linear
uncertain systems with parametric disturbance matrix.
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Conclusions and future work

Summary:

• The VMP for leader-follower Dubins-like vehicles has been approached using
the notion of controlled invariance.

• The VMP is reformulated as a DLCRP.

• The feasibility of the VMP is studied using new PDI conditions for linear
uncertain systems with parametric disturbance matrix.

Future work:

• Application of the proposed approach to the study of consensus, rendezvous
and coverage problems in the presence of visibility constraints.

• Extension of the results to more general multiagent formations.

• More realistic visibility sets (e.g., cones).

• Drawbacks of our approach: a great amount of computational work is
necessary to determine matrix K. All the vertices of the set S are required.
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